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6.1 Characteristic Functions

Definition (Characteristic Function). Let (2, F,P) be a given probability space, and let X be an F-
measurable RV. Then, the characteristic function of X denoted as ¢x (w), for w € R, is defined as

¢x (w) = Efexp (jwX)], weR,

where j = /—1.

Remark. |¢x (w)| < 1,Vw € R. Hence, the characteristic function is bounded in magnitude.

We now compute the characteristic function of the standard normal RV.

Example (Characteristic function of the standard normal). Let X ~ A (0,1). For a fixed w € R,

¢x (w) = Efexp (jwX)]
= E [cos (wX)] +j E [(sin (wX))] .

Ly (W) Lo (w)

17 g
Now, Lo (w) = — / sin (wzx)e” 2 dx =0,

27
since sin (wz) : R — [—1,1] is an odd function.
Further, L = —1 X m2d
rther, w) = cos(wX)e zdx

oo

2 12
= —— [ cos(wX)e 2 dx.
7”0/ (wX)

The second equality is valid because cos (wz) : R — [—1,1] is an even function. We now take the derivative
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of ¢x (w) and use the bounded convergence theorem (because |cos (wX)| < 1) to get

d¢X (w) - dLl (w)
do —  dw

(oo}

=2 [ —zsin (wz)

(=)

1
V2T

Exercise 6.1. Show that for a,b € R
bax b (W) = € Pax (W) = /P ox (aw).
Use this to show that for Y ~ N (u,0?), for p € R,0? > 0,

¢Y (w) _ ejwu7w202/2

6.1.1 Joint Characteristic Functions

Definition (Joint Characteristic Function). Let (2, F,P) be a probability space, and let X1, Xo,..., X, be
F-measurable RVs. Then, the joint characteristic function of X = (X1, Xs,...,X,,) is denoted by ¢ x (w)
and is defined for all w = (w1, ws,...,w,) € R™ as

¢x (W) =E {eijx} —E lexp (jzn:win)] , wi €R, Vi € [n].

Remark. Note that w is an n-length vector of real numbers, which are not necessarily identical.

We now state two important results about characteristic functions.

Theorem (Joint Characteristic Functions and Independence). Let (€2, F,P) be a probability space and for
n €N, let X1, Xo,...,X, be F-measurable RVs. Then X, Xo,..., X, are mutually independent iff

¢X (w):H¢X1 (wz) vw:(wl,w%"'awn)eRn'
i=1

Remark. Note that the condition stated above must hold for all w and for not just w = (0, ®,...,0) € R,
for independence to hold true.

Theorem (Characteristic Functions and Distributions). Let (Q, F,P) be a probability space, and let X and
Y be two F-measurable RVs such that

ox (W) =y (W), YweR.
Then, Fx (z) = Fy () for all x € R.
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Remark. Thus, in order to show that two RVs have the same distribution, it suffices to show that their
characteristic functions are identical.

6.2 Jointly Gaussian Random Variables

Before we proceed to study joint Gaussianity in general, here is a small exercise on independent Gaussian
RVs.

Exercise 6.2. Suppose that (Q,F,P) is a probability space, and X;, Xo,...,X,, are independent F-
measurable RVs. Then, any linear combination Y = a1 X1 + a2 Xo + ... + a, X, for a; € R)i € [n], is
a Gaussian RV.

Hint: We know the form of the characteristic function of a RV Z = N(,u,aQ). Use the inde-
pendence property to compute ¢y (w), for w € R, and use the theorem about characteristic
functions and distributions stated above.

Exercise 6.3 (Supplementary exercise on Normal RVs). Let X be a RV with the N (0,1) distribution and
let @ > 0. Show that the RV Y given by

v — X, if | X| < a,
=X, if |X|>a,

has the N (0,1) distribution.

Let us now define jointly Gaussian RVs.

Definition (Jointly Gaussian RV). A collection (X; : 4 € I), for some index set I C R, of RVs has a joint
Gaussian distribution if every finite linear combination of (X; : ¢ € I) is a Gaussian RV.

Remark. A random vector X is called a Gaussian random vector if its co-ordinate random variables are
jointly Gaussian.

Let X7, Xo,..., X, be F-measurable jointly Gaussian RVs with finite means, and let X = (X1, Xs,..., X,).
Further let

'u,é (]E[Xl]7]E[X2]7"'7]E[Xn])7

and
KEE[(X —p) (X -p)7].

Remark. K is called the covariance matrix of the random vector X. Note that K, by definition, is
positive semi-definite, i.e.,

'Kz >0, xcR"

Then, the following lemma holds.

Lemma (Characteristic Function of Jointly Gaussian RVs). If X = (X1, Xa, ..., X,,) is a Gaussian random
vector, then its characteristic function is given by

: 1
dpx (W) =E [eijx} = exp (ijp, — 2wTKw> , VYweR™
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Proof. Fix w = (w1, ws,...,w,) € R". Then, the RV wTX is Gaussian (why?)
with mean E [w™X] = wTpu,

and variance E[(wTX — wTp)T (WX —wTp)] = wTKw.

Since the charac;cezristic function of a Gaussian RV Y with mean ji € R and variance #2 > 0 is given by
Py (w) = eIWA=w"0°/2 it follows that

6 (@) = duorx (1) = exp T - GwTKw).

O

Remark. In fact, it can be show that a random vector X with characteristic function ¢x (w) = exp (ij6 — %wTQw)
for some § € R™ and a positive semi-definite real matrix Q € M,,«,. The proof of this statement is left as

an exercise.

Hint: We need to show that any finite linear combination Y = a; X;+...+a, X, for (a1,a9,...,a,) €

R’ is Gaussian. To show this, it suffices to show that the characteristic function ¢y (w),w € R,

is in the form of the characteristic function of a Gaussian RV V(aq,as,...,a,) € R™.

From the above observation, it follows that the vector = (E [X1],E[X3],...,E[X,]), and the covariance
matrix K are sufficient to fully characterize a Gaussian random vector.

Exercise 6.4. Let X = (X3, X4,...,X,) be a Gaussian random vector with mean p and covariance matrix
K. Show that (X; : ¢ € [n]) are independent iff K is diagonal.
Hint: Use the theorem on joint characteristic functions and independence.

Proposition. A Gaussian random vector X with mean p and covariance matrix K, such that K is non-
singular, has a pdf given by

2) = 1 o @ K@—p)
Fx (@) (2m)F (det (K))F p( 2 )

Proof. Let X be a Gaussian random vector with mean p and covariance matrix K. Read the following fact
about non-singular positive semi-definite (or positive definite) matrices.

Fact 6.5. Since K is positive semi-definite and non-singular, it can be written as K = UAUT, where U
is an orthonormal matriz, i.e., UUT = UTU = I, and A is a diagonal matrix with positive eigenvalues
A1, Az, ..., A, along the diagonal.

Let Y =UT (X — p). Then Y is a Gaussian vector (why?) of mean 0 and covariance matrix
Q=E[YYT]|=UTKU = A.

Since A is diagonal, Y is a vector of independent Gaussian RVs (follows from the exercise), and Y; ~ N (0, \;).
Hence, Y has the joint pdf
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Note that det (K) =[], \; and > vl yTA 'y since A" has terms (1/)\;)

i=1 A ] along its diagonals
and zeros everywhere else. Thus,

i€n

Iy (y) —yTA_ly> :

1
et A (B) ( 2

Observe that X = UY + p and hence, by the transformation of random vectors, since |det (U)| = 1 (and
the determinant of the Jacobian inverse is 1),

Ix @) = fy (U (z —p))

e (= (@~ WTUA U (@ )

1

Vor? \Jdet (K)
1

 V2r?\/det (K)

1
v (e WK @) (e K = UATOT

This simple exercise uses the Fact 6.5 presented in the proof above.

Exercise 6.6. Show that a positive semi-definite (symmetric) matrix V' has a square root i.e., there exists
a symmetric matrix W such that W? = V.

We have seen in the proposition above that, if the covariance matrix K is non-singular, the pdf of a Gaussian
random vector is determined entirely by g and K. But what if K is singular, i.e., det (K) = 07

In such a situation, the random vector X does not have a pdf. We shall now analyze this situation.

Tllustration. Let X be jointly Gaussian with covariance matrix K such that det (K) = 0. Hence, A; =0
for some i € [n], where the \;s are obtained from the decomposition in Fact 6.5.

In other words, there is a vector a (which is an eigenvector of eigenvalue 0) such that T Ka = 0. However,
a’Ka = Var(a™X) Show this!
=0.
This implies, from the property of non-negative RVs with mean zero (we’ve seen this property in a previous

tutorial), that
a™(X —pu)=0w.p. 1, or,

that if g = 0, there exists some linear combination of X that equals 0, or that if u = 0, the X;s are not
linearly independent. O

Exercise 6.7. Let X and Y be RVs such that the vector Z = (X,Y) is a Gaussian random vector with
zero mean and covariance matrix
=, 1

p 1
p is the correlation co-efficient between X and Y. Find the joint density of X +Y and X — Y.

Exercise 6.8. let X = (X1, X5, X3) be a zero mean Gaussian random vector with covariance matrix

1 2 3
K=(2 4 6
3 6 9

1. Write down the marginal distributions of X7, X5, and X3.

2. Does a joint density exist for X7



