Lecture-10: Rademacher Complexity

1 Rademacher complexity

PAC learning guarantees were for finite hypothesis sets. However typical hypothesis sets in machine
learning problems are infinite, e.g. set of all hyperplanes in SVM. We will generalize existing results and
derive general learning guarantees for infinite hypothesis sets. We will reduce the infinite hypothesis
set to a finite set depending on the notion of complexity. First notion is Rademacher complexity, which
is difficult to compute empirically for many hypothesis sets. We then study combinatorial notions of
complexity, growth function and the VC-dimension. We relate Rademacher complexity to growth func-
tion, and then bound the growth function by the VC-dimension, which are easy to bound or compute
in many cases.

Definition 1.1. Consider a hypothesis set H C YX and loss function L:Y x Y - R. Let Z2 X x Y,
then for each hypothesis h € H, we can associate a function g : Z — R defined for all (x,y) € Z as
¢(x,y) = L(h(x),y), which captures the corresponding loss L. The family of loss function associated to
hypothesis set H is defined as G = {(x,y) — L(h(x),y) :h € H}.

Definition 1.2. For any ¢ € R* and m-sized sample z € 2", we denote by ¢, = (g(z1),...,8(zm)) € R™.

Definition 1.3 (Rademacher random vector). An i.i.d. random vector X : Q — {—1,1}" distributed
uniformly is called a Rademacher random vector.

Definition 1.4 (Empirical Rademacher complexity). Let G C [a,b]* be a family of functions, a fixed la-
beled sample z = (z1,...,zy) € 2" of size m,and 0 : QO — {—1,1}" an independent m-length Rademacher
vector. Then, the empirical Rademacher complexity of G with respect to the labeled sample z is defined as
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Remark 1. The inner product (0, g,) measures the correlation of g, with random noise ¢, and the supre-
mum over all g € G measures how well the hypothesis class H correlates with o over the labeled sample
z. This is a measure of richness/complexity of class G, since richer families can generate more g, and
better correlate with random noise on average.

Definition 1.5 (Rademacher complexity). Let D be the unknown fixed distribution according to which
labeled sample z € 2™ is drawn in an i.i.d. fashion. For any m € IN, the Rademacher complexity of a family
of loss functions G is the mean of empirical Rademacher complexity for sample z, and denoted by

R (G) 2 ER,(G).

Remark 2. The Rademacher complexity captures the richness of a family of functions by measuring the
degree to which a hypothesis set can fit random noise.

Definition 1.6 (Bounded difference property). A function f : X — R is said to have the bounded differ-
ence property with bounding vector ¢ € R}, if for any x,y € X" differing only at location i € [m],

[f(x) = f)l <eie )

Remark 3. Let G C [0,1]* and a € [—1,1]", we define a map k, : 2" — R for all z € 2™ as k,(z) =
SUPgci (a,8z). Fix i € [m] and choose w,z € 2" such that w; = z; for all j € [m] \ {i}. Then, we have
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|ka(z) — ka(w)| < sup |} a;g(z) — ) a;g(w))| = supla;] [g(z;) — g(w;)| < 1.
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It follows that map k, has bounded difference property with bounding vector 1.



Lemma 1.7. Let G C [0,1]% and § > 0. Then, p{ﬂzm(c) <R(G) + ,/z}ﬂlng} >1-4.

Proof. From Remark we observe that R (G) satisfies the bounded difference property with bounding
vector %1. Applying the McDiarmid’s inequality to R, (G) for any € > 0, we obtain

P{R.(G) —ER.(G) < —e} <e 2.

The result follows by setting 2e—2me’ — 5, O
Definition 1.8. For any labeled sample z € 2™ and loss function g € G, we denote the empirical average
of g over labeled sample z as E.[¢] £ 1 (1,¢.) = LY ¢(z;). The mean of empirical average E.[¢] is

denoted by Eg = EI.[¢] = Eg(z1).
Remark 4. When g(z;) = L(h(x;),y;), we have [E;[¢] = R.(h) and Eg = R(h).

Remark 5. Consider k: G x 2™ — R and £: 2™ — R defined as ¢(z) = SUP,cq k(g,z), then we observe

that k(g,z) < £(z) for all g € G. Applying expectation on both sides, we obtain Ek(g,z) < E{(z) for all
g € G and hence sup, . Ek(g,z) <E{(z).

Remark 6. Consider amap g € G C [0,1]% and two i.i.d. examples zq, 2] € Z, then g(z1) — g(2}) is identical
in distribution to g(z}) — g(z1). That s, if o7 € {—1,1} is a zero mean random variable independent of
21,2}, then 09 (g(z1) — g(2}) is identically distributed to g(z1) — g(2}).

Theorem 1.9. Consider the following events defined for § > 0, € G C [0,1]%, and i.i.d. sample z € ™,

s : LI 2 ) Ee_ T ; N,
Eg—{]Eg]Ez[g]QZRm(G)nL Zrnlné}’ Pg—{lEg E.[g] <2R.(G) +3 27ﬂlr1(5}.

Then, P( Neca Eg) >1-dand P( Neco Fg) >1-4.

Proof. We consider the following function @ : 2™ — R defined for all z € 2" as ®(z) £ supgec(IE g —

IE.[g]). From Remark [3} it follows that ® has the bounded difference property with bounding vector
%1. Applying McDiarmid’s inequality to ®, we obtain for any J > 0
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We next bound E®(z) by the mean of empirical average difference for samples z,z’, sampled i.i.d. from
the fixed unknown distribution D, and applying sub-additivity of supremum function from Remark 5]

for conditional expectation E,/[-] = E[- | z], to obtain
E®(z) = E |sup(E[g] — B:[g]) | =E |supEy [IEx [g] — E:[]]| <E |sup(Ex[g] — E:[g]) .
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Applying Remark E] to sum of m such differences, we observe that the inner product (c,g,, — g,) for
i.id. Rademacher vector o € {—1,1}" has an identical distribution to (1,g,» — g.) for z,z’ being i.i.d..
Therefore, we have

<E FE [sup~ (—0,g.) | = 2Rn(G).
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It follows that P(N¢egEg) > 1 — J. From union bound and Lemma 1.7} we obtain
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Using the fact that Eq N {IRm(G) <R(G) + 4/ zinlnﬁ} C Fg, we obtain P(NgegFg) > 196, O



Lemma 1.10. Let Y = {—1,1} and Z £ X x Y, the hypothesis set H C YX, and G be the family of loss functions
associated to the hypothesis set H for the zero-one loss, i.e. G £ {(x, y)—1 (h(x)4yy heH } . For any labeled

sample z € 2™, let x € X™ be the unlabeled sample. Then, R,(G) = 1R, (H).
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Proof. Since )" | 0; remains constant for all € H and 1,y 4,1 = , We can write

R.(G) = E,

sup Z‘Tz< - .‘/ih(xi))
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Recall that Ec; = 0 for all i € [m] and hence from linearity of expectation, we have EL Y ¢; = 0.
Further, —c oy = (—0jy; € Y :i € [m]) has same distribution as o = (0; € Y : i € [m]), and therefore

1
R:(G) = E]Ea
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sup < aoy,h,&] = E]Eg supm<a,hx>] = ERX(H).

O

Theorem 1.11 (Rademacher complexity bounds - binary classification). For any hypothesis set H C Y¥,
binary labels Y = {—1,+1}, i.i.d. labeled sample z € Z™, and § > 0, we define events

Ehé{R(h)gﬁ(h)Hzm(H)Jr 2}ﬂln(ls} Fhé{R(h)<IA%(h)+9A%x(H)+3 }nlnz}-

Then, P(NyenEp) 21— 6and P(NyeyFy) >1—6.

Proof. The result follow from Theorem and Lemma the fact that Eg = R(h) and [E;[g] = R(h),
and thereisa g € G foreach h € H. O

Remark 7. The second learning bound is data dependent, and very useful if we can efficiently compute
the empirical Rademacher complexity Ry(H). Since o and —o have the same distribution, we get

sup 1 (—0o,h)

Re(H)=E
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-E [inf 1 <0’,h>] .
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for a fixed value of ¢, computing inf,cp - (0, h) is equivalent to an empirical risk minimization problem,
which is known to be computationally hard for some hypothesis sets.

A McDiarmid’s inequality

Definition A.1 (Martingale difference). A random sequence V : QO — RN is a martingale difference se-
quence with respect to a random sequence X : () — RN if V, is a function of Xy,..., X, for all n € N,
and

E[Vyt1 | Xy,...,X4] =0.

Lemma A.2. Let V and Z be random variables satisfying E[V | Z] =0 and f(Z) < V < f(Z) + ¢ for some
function f and constant ¢ > 0. Then, for all t > 0, we have

]E[etv | Z] g €t2C2/8.
Proof. The result follows from Hoeffding’s Lemma for conditional expectation given Z, where [a,b] =
[F(2),£(2) +cl. O

Theorem A.3 (Azuma’s inequality). Let V : Q — RN be a martingale difference sequence with respect to the
random sequence X : () — RN gnd assume that forall i € N there is a constant ¢; > 0 and random variable Z;,
which is a function of X4, ..., X;_1, that satisfies Z; < V; < Z; + ¢;. Defining 0> £ Y11 ¢ = ||c c||3, we have for
alle >0andm € N,
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Proof. For any m € IN, we can define S,, 2 Y-, V;, then by Chernoff bound and Hoeffding Lemma for
martingale difference sequence and conditional expectation, we have

252
P{Sy =€} <e " E[e"] = e €E[e!Sn 1 E[e!V|Xy,..., X 1]] < e_telE[ets'"*l]etzc'%f/8 <exp (—te + 5(;7) .

The result for the first part follows by taking t* = gg. The second part can be proved similarly. O

Theorem A.4 (McDiarmid’s inequality). Let f : X" — R be a function with the bounded difference property
with bounding vector ¢ € R}, and X : Q3 — X™ be an independent random vector. For all € > 0, we have

P{f(X) ~Ef(X) > €} <e 2/l P{f(X) — Ef(X) < —e} <2/ Il

Proof. Tt suffices to show that f(X) —Ef(X) = Y_/"; V; for some martingale difference sequence V :
Q — R™ with respect to the sequence X : () — R™ and for each i € [m] there exists a constant ¢; and
a random variable Z; a function of X3,...,X;_1 such that Z; < V; < Z; + ¢;. We define such a random
sequence V : ) — R for all i € [m], as

Vi 2E[f(X) | X000, X)) — ELF(X) | X1,e, Xi1).

We can verify that } j* ; V; = f(X) — Ef(X) from the telescopic sum. Next, we observe that for each i €
[m], (a) V; is a function of X3,...,X;, and E[V; | Xj,...,X;_1] = 0 from the tower property of conditional
expectation. It follows that V is a martingale difference vector with respect to random vector X. We fix
i € [m]. We define upper and lower bounds for V; as

U; £ sup E[f(X) | X1,..., X1, Xi] = E[f(X) | X1, Xi 1],
X;eX

L; = Xll’elfoE[f(X) | Xlr-"/Xiferi} - ]EU(X) ‘ Xl/"'/Xifl]'
It follows that L; and U; are functions of X3, ..., X;_1 and L; < V; < U;. Consider inputs X € X" and Y €
X™ such that X; =Y; for j #iand X; # Y; where X; and Y; are independent and identically distributed. It
follows that E[f(X) | X3,...,Xi—1] = E[f(Y) | X1,...,X;_1]. Further, from bounded difference property
of function f, we have ¢; > f(X) — f(Y) for any such X,Y. Taking conditional expectation with
respect to last m — i 4 1 identical elements of vectors X,Y, we get

]EU(X) ‘ Xl/---/Xi—LXi] —]E[f(Y) | Xlr"'rXi—eri] < ¢

Since this inequality is true for all X;,Y; € X, we can take supremum over all such pairs (X;,Y;) on the
left hand side of the above equation, to obtain

(o = sup lE‘[f(X) | Xl/‘-sz‘fl/Xi} — inf lE[f(Y) | Xl,...,X,',l,Y,'} = sup V, — inf V, = Ui - Ll'.
X;eX Yiex X;eX XieX
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