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ABSTRACT

We consider (k, k) fork-join scheduling on a large number
(say, N) of parallel servers with two sets of heterogeneous
rates. An incoming task is split into k sub-tasks and
dispatched to k servers according to a probabilistic selection
policy, with parameter ps being the selection probability
of slower servers. Mean task completion time admits an
integral form, and thus it is analytically intractable to
compute ps that minimizes it. In this work, we provide
an upper bound on the mean task completion time, and
determine ps that minimizes this upper bound. Numerically,
this choice has been shown to be near-optimal.

1. INTRODUCTION

With increasing shift towards horizontal scaling of
resources, distributed computing has become very popular.
In distributed computing, a task is divided into smaller
sub-tasks and distributed to multiple servers. The task
completion time is limited by the slowest server. In practice,
servers are heterogeneous, i.e., some servers are fast and
some are slow. If these servers are treated equally, some
servers will be congested and others will be under utilized.
This leads to an increase in mean task completion time, and
potential revenue loss for the service provider.

In this work, we consider two classes of servers that we
call slow and fast servers. An incoming task is forked
to k servers and, on completion of all k£ sub-tasks, the
task leaves the system. We call assignment of these k
sub-tasks to servers as scheduling. We are interested in
finding a scheduling policy that minimizes mean completion
time of incoming tasks. Given the heterogeneous nature of
servers, it is difficult to identify the set of k servers for each
incoming task that minimizes the mean completion time.
For optimal performance, the server assignment depends on
four parameters namely arrival rate, number of sub-tasks k,
ratio of number of slow servers to number of fast servers,
and ratio of server speeds.

We propose a probabilistic policy, where a sub-task is
sent to a slow server with probability ps and to a fast
server with probability 1 — ps. We choose server uniformly
at random without replacement within each class. In the
proposed policy, we use selection probability ps to distribute
the sub-tasks among the servers. As a result, finding optimal
policy is akin to a problem of finding the optimal selection

Copyright is held by author/owner(s) .

probability that minimizes the mean task completion time.
Related Works: Common load balancing strategies
designed to reduce the mean task completion time in a
distributed computing system include the join shortest
queue [14], the join smallest work [1,7], the water filling
policy [11], etc. The “power-of -d” variants [1, 10, 13] of
these policies are also popular. Other efficient dispatching
policies for parallel server systems include the size interval
task assignment policy [6], Redundant-to-Idle queue [3], load
balancing with timed replicas [9] etc. However, these policies
are designed for a system of parallel homogeneous servers.
Comparison of various load balancing algorithms for
heterogeneous systems can be found in [2]. More recent load
balancing strategies for a system of heterogeneous parallel
servers can be found in [4,5,12]. In [4], a “power-of-d”
type load balancing policy for a system with heterogeneous
servers with good response time and stability characteristics
is studied. An algorithmic solution to the load balancing
policy in a heterogeneous system posed as a stochastic
optimization problem is given in [5]. A general “power-of-d”
framework for heterogeneous servers is considered in [8]. An
algorithm that yields a product form stationary distribution
is studied in [12]. In all these works for heterogeneous
servers, task is not sub-divided into multiple sub-tasks,
which is the focus of our work.
Our contributions: We analytically compute the mean
task completion time, under the proposed probabilistic
policy, when the number of servers is arbitrarily large.
This is achieved using the asymptotic independence of
workload distribution. Finding the optimal probability
selection parameter ps that minimizes the mean response
time is analytically intractable. Thus, we find a tight upper
bound on the mean response time, and the probability
selection parameter p, that minimizes this bound. This
probability serves as an approximation for the optimal
selection probability, and we numerically verify that this
approximation is tight.

2. SYSTEM MODEL

We consider a system of N heterogeneous servers with the
set of slow and fast servers denoted by E, and Ey = [N]\ E
respectively. We denote the number of slow and fast servers
by Ns £ |Es| and Ny 2 N — N, respectively. The fraction
of slow servers is denoted by fs £ JXf. For this system,
we assume a Poisson arrival of tasks with homogeneous
rate NA. Each arriving task is subdivided into k sub-
tasks, and dispatched to k distinct servers selected out of N.
We assume that the number of subtasks & < min(Ns, Ny).
The task is assumed to be completed when all k£ sub-tasks
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are completed, and it leaves the system. The sub-task
completion time at server ¢ for task n is denoted by a random
variable X]'. We assume that (X" : ¢ € [N],n € N)
is independent for servers [N] and across tasks n € N.
The sub-task completion time distribution at server i is
denoted by Gx,, and we assume that this distribution is
identical for servers with same rate. The completion time
distribution at slow and fast servers is denoted by G, and
Gy respectively. The service rates of slow and fast servers
are denoted by s and py respectively, where ps < pp. That
is, EX* = i]l{ieEs} + ﬁl{iEEf}'

We consider a probabilistic selection of k servers out of
N. Servers are selected sequentially, and are chosen to be
either slow or fast with probabilities (ps, ps) respectively. If
the server is selected to be slow or fast, then it is chosen
to be one of the slow or fast servers uniformly at random.
For task n, let E™ be the k-set of probabilistically selected
servers, then we denote the random set of selected slow and
fast servers by I™ £ E" N F, and Iy £ E"NE; respectively,
and denote the random number of slow and fast servers as
Kr & [I7] and K7} £ |k — K" respectively. For task n, we
can write the probability of selecting ks slow servers as

Q(ks) £ P{K;L = k‘s} = <ki>p§$(1 _ ps)k—ks_ (1)

Consequently, we can compute the probability that a slow
server i € Ey is selected by the dispatcher for an incoming

Ng—1
tosk, as SF (k) sl = S k) = %
This probability is indepsendent of the incoming task, and
hence the arrival at each slow server is a thinned Poisson
process with arrival rate As £ AN 'j\’,"* = 2kps - Analogously,
we can compute the probability that a server i € Ey is
selected by the dispatcher for an incoming task as ’j\’,ﬁs

independent of the task. Consequently, the arrival process
at each fast server is thinned Poisson process with arrival
rate Ay = (\kps)/ fs.

3. MEAN TASK COMPLETION TIME

We denote the marginal workload at server i seen by
nth incoming task by W/", and its limiting distribution
by Fw, such that Fy,(z) £ lim, e P{W < z}. If one
of the k sub-tasks for the nth task is dispatched to a
server i € E", then the sub-task completion time at this
server is denoted by T £ W + X. Since the sub-task
completion times are i.i.d. , W;* and X;' are independent
and for any » € Ry, Frr(z) £ P{Wr+ X<}y =
IR+ P{W" <z —y}dGx,(y). Due to symmetry in the
system, the marginal workload distribution is identical at
all slow servers and at all fast servers. The limiting
distribution for marginal workload at a slow and a fast server
is denoted by F and Fy respectively. We denote the limiting
distribution for sub-task completion time at any server i as
Jr; : Ry — [0, 1], which can be written for any z € Ry, as
Jr,(@) = limy oo PAT] <2} = [y Fiw, (x — )dGo, ().
It follows that limiting distribution of sub-task completion
times are identical up to the parameters for slow and fast
servers and we denote them by J; and Jy respectively.

The completion time for task n is denoted by T", and
is the maximum of the sub-task completion times at the
selected E™ servers, and written as 7" £ max;egn 1. The
limiting distribution of task completion times is denoted by
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H : R4 — [0,1], and defined as H(z) £ lim,—00 P {T" < x}
for all x € R4. In the following, we present our technical
results. In the following results, it is assumed that the
workloads at individual queues are independent of each
other as the number of servers is asymptotically large.
Proofs are omitted due to space constraints.

THEOREM 1. The limiting distribution of
mean task completion time is giwen by H(z) =

S o (k) T () Tp () e

COROLLARY 1. The mean task completion time for the
heterogeneous system under consideration is given by

k

lim E[T"]= 3 alks) { / L L) Ty () du

n— oo
k=0

Memoryless sub-task completions: We note that
when the service time is exponentially distributed, each
queue observed in isolation is an M/M/1 queue. That is,
when sub-task completion times at slow and fast servers are
distributed exponentially with rates ps and py respectively,
and the respective loads are defined as ps £ A and

Hs
pr 2 2—;, the limiting marginal workload distribution at
slow and fast servers are Fs(w) = 1 — psef(“f“)“’ and

Fr(w) = 1 — ppe”®sr=2)%  Furthermore, the limiting
sub-task completion times for slow and fast servers are
Jo(z) = 1 — e W22 Jo(g) = 1 — e~ W27 Thus,
the resulting limiting mean of task completion time is
fx€R+ dx[l - (1 _pse_(us_%)z _ﬁse_(uf_kf)l)k}'
THEOREM 2. The optimal selection probability ps for
the slow servers that minimizes the limiting mean of task
completion time for k = 1 is the solution of the following

A 2 D 2
equation fis (1 - f.iss) =y (1 _ fszsf) ‘

REMARK 1. The optimal selection probability ps is the

positive root of a quadratic equation. We can verify that
ps €[0,1].

REMARK 2. For exponentially  distributed  sub-task
completion times, we can write the limiting mean of
response time as _ _

Sea (00 Tl () e

Here, the analytical computation of the optimal selection
probability ps seems intractable for k > 1. However, the
optimal selection probability can be numerically evaluated.

Upper bound:

REMARK 3. For exponentially  distributed  sub-task
completion times, the limiting mean of sub-task completion
. .. n __ 1 1
time at server i is ET}" = Hﬂ{ieEs} + Wl{iilﬂs}-

THEOREM 3. The mean task completion time for the
heterogeneous system under consideration for exponentially
distributed sub-task completion times, is upper bounded as

k‘psfs !Cﬁsfs )
Msfs - )\kﬁs

lim ET" <
nglc}o s fs — Akps



REMARK 4. The upper bound on the limiting mean of
task completion time for exponentially distributed sub-task
completion times is minimized by the selection probability
ps for slow servers, that solves the following equation for a

constant k.
o1 ) =g (1= ) @

4. NUMERICAL RESULTS

We have carried out the analysis under the regime of
asymptotically large number of servers N, which yields
asymptotic independence of marginal workload distribution
at individual servers. =~ We first demonstrate that this
assumption is robust, by empirically computing the limiting
mean of task completion time for a system with finite
number of servers N € {20,40}, for different values of
selection probability ps € [0,1]. This empirical curve
and the theoretically obtained expression under asymptotic
independence assumption is plotted in Figure 1. Observe
that the asymptotic independence assumption remains
robust even for finite IV, and gets better as IV increases. In
addition, the mean task completion time is a convex function
of selection probability ps and thus has a unique minimum.
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Figure 1: Comparison of mean completion time

obtained theoretically and empirically as a function of
selection probability ps; for the choice of parameters
k=10,A=0.09, us = 2, u5 = 2.4, fs = 0.5.
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Figure 2: Comparison of optimal selection probability

ps and its approximation as a function of number of sub-
tasks k for the choice of system parameters N = 40, us =
2,y =24, fs =0.5.

Next, we plot the numerically evaluated optimal selection
probability ps as mentioned in Remark 2 as a function
of number of tasks k € {1,...,10} for a system with
N = 40 servers in Figure 2, and for different arrival
rates A € {0.01,...,0.09}. We also plot the value of
selection probability ps as a function of k, that minimizes
the upper bound on the limiting mean of task completion

10

time, given in Remark 4. We observe that this sub-optimal
selection probability is close to numerically evaluated
optimal selection probability for different arrival rates and
number of sub-tasks. We observe that the difference between
two probabilities increases with increase in the number of
sub-tasks. In addition, we note that the optimal selection
probability of slow servers increases with arrival rate A\ and
number of sub-tasks k.
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