E2-301 Topics in Multiuser Communication August 28, 2007

Lecture 3 : Frequency typicality

Instructor: Rajesh Sundaresan Scribe: Premkumar K.

1

Definitions

[m] = {172737"' 7m}
Zim) = (Z1 Zy Z3 -+ Zp) arandom vector taking values in Z; x Zy X Z3 X -+ X Ly, =: Ly

Forany AC [m|,Za:=(Zp: ke A) e X Zy=:12Z4
keA

ZEZTL] = (Z[m],l Z[’m],Q N Z[m],n)? Z[m],l e Z[m]
Z%:=(Zan Zaz -+ Zan), where Zy, = (Zyi: k€ A), Za; €ZLa

Zﬁn] el = >_<12[m]

m)] = 2
GETh= X

N(a[m]’z’;n]) = >, {z[m}ﬂ- = a[m]} = frequency of occurrence of the m—tuple af,,, where

ajm] € L, in the given sequence z[’;n].

(n) ._ n n n S Pz, (am))
5" = {Z[ €z N (@pm|#,,) = Pz, (a[mﬁ‘ < TogTzr Yaim) € Zpm)

m] [m]

T(S(")(ZA) = {zf}1 ez : (2%, 2%.) € Té(n), for some 2%. € Z”c}. T(S(")(ZA) is the projection of
Ta(n) on 7%.

For any 2}y € Z%, T{"(Zal2p) = {zg €7 : (2%, 2}) € T§">(ZAUB)}. This is the projection
of those sequences in T(s(") with a specific component in B.

%1oganfb <e < q, = onbine

Remarks:

1.

2.

3.

2] € Ta(n) = 2} € Ta(n)(ZA), for any A C [m] (by definition).

N(aA|zf}‘) = > 1{za,,=0aa} = ZN(aA,aAc
i=1

apc

2%, 2%, ), for any arbitrary 2%. € Z7%..

n n [ a
Z{m] e” — |wN(aa|2%) = pza(aa)| < mﬁ“Tﬁmﬁ)- Indeed,

1 1
—N(aalz}) = pzalaa)) = > — N (aa, anc|2y, 24e) — > 7, (aa,a40)
apc apc
1
< Y SN (aaancleh ) = g (aa ane)
apc
Pz, (@, a4¢)
< oo ——
; log |Z ;|
_ pZA(a’A)
log |Z ;|
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2 Frequency typicality
Lemma 1 For every § > 0, the following hold for all sufficiently large n.

1. Pr{Z”

[m]

IS T(;(n)} >1— 6 and therefore Pr{Zﬁ IS Ta(n)(ZA)} >1-4.

2. 2% € TY(Z4) = |Llogpyy (2%) + H(Za)| < 6.

3. (2%,2%) € T\ (Zaup), ANB=0 — ‘%bgpzng(zﬂz%)+H(ZA|ZB) < 206

Tg(n)(ZA) o 2nH(ZA):i:2n5'

4. (1 75)2nH(ZA)7mS < ‘Tg(n)(ZA)‘ < 2nH(ZA)+n6 so that

5. Z[m] N~ DZAPZp | ZaP 7|20y AUBUC =[m],ANB=BNC = CﬂA:@,Eﬁn] i.i.d. copies with

generic distribution that of Z[m]. Then PT{Z" € Té(n)} 2 9—nl(ZpiZc|Za)£Tns

[m]

Proof See solution to homework 1. [ |

3 Conditional frequency typicality

Lemma 2 For every § > 0, the following hold for all sufficiently large n.

1. 2% e T\"(Za) = Pr{Zﬁc € TSV (Zae|2h)

zZn :zfl} > 1 — 0, so that for any B C A°,

Pr{zg e TS (Zp|27)

2323}215.

2. 25 €T (Z4) and B C A° = (1 — 6)2nH(ZslZa)=2n5 ¢ }TQ(;’) (Zp|27) | < 2nH(ZBlZa) 4205,

Proof See solution to homework 1. |

Remarks: Note the 24 in TQ(;) (Zp|2%).
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