E2-301 Topics in Multiuser Communication October 09, 2007

Lecture 13 : Broadcast channels — Outer bounds

Instructor: Rajesh Sundaresan Scribe: Premkumar K.

Theorem 1. (Marton 1979) % C €pc.
Proof. By symmetry, we will prove (R, Rs) is achievable, where

R1 = I(U()Ul;yl):I(Uo;Y1)+I(U1;Y1|U0)

Ry = min {I(Up;V1),1(Uo; Ya)} + I(U1; Y1|Uo) + I(Us; Ya|Us) — I(Ur; Ua|Uo) — I(Up; Y1) — I(Uy; Y1|Uo)
I(Us; Ya|Uo) — I(Ur; Ua|Uo) — |1(Ug; Y1) — I(Uo; Y2)

+

If R, =0, Ry = I(UpUy;Y7) is achievable as will be clear from below. Let us analyze the case when
Ry > 0. Fix A\,6,n7 > 0. Fix n.

I "2n(1(U0,Y1 -|

J [2"(1(U17Y1\U0) 77)‘|
K " 77,(1 UQ,YQ‘UO I(Ul,Ugon) (UO§Y1)7I(UD§Y2)|+727])"
[

and strangely, L = 2"(1(U17U2\Uo)+n)w

Code:
. ug(z),z S [I],N PUZ)‘ = 1_[1:)(]0
i=1
o ut(ij),i € [I],j € [J],~ Pupjugy (-lug (i)
i ug(Zké)aZ € [I]’k € [K]aé € [L]’N PUQ”|U6‘(‘U(TJL(’L))
Encoder:

e Message (ij) from source 1 and k from source 2. Identify u{ (¢)ul (ij).

e Next, in the set uj(ik-), search for an £ such that uf (¢)uf (ij)ul (ike) € T(n)(UOUlUQ) The ¢ is
denoted as #(ijk).

e Pick 2" such that uf(i)uy (i7)uf (ikl)z™ (ijk) € T(S(n)(U()UlUQX).
Decoder:

1) Look for the unique 4j such that u (i)uy (i7)y} € T% (UoUlYl)
2) Look for the unique ik such that ufl (i)uj (ik)yy € TS (UyU,Yz) for some L.
Analysis:
0) WMA ijk = 111 by symmetry.
1) ud(up(11) € Tg‘)(UOUl)w.p. >1-6.

2) Encoding error:
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e up(Duf(11)uf(114) € Tén)(UQU]_UQ). If we pick enough L, we should get a hit.
Pr{ﬂ{% Jut (11)uj (114) ¢ Tg”(UoUle)}|u3<1>u?<11>}

L
— HPr{ 2(D)uf (11)ul (114) géT(” (UoUrUs) |ug (1) (11)}

L
< 9—n(I(U13U2|Uo)— 75))
_ 2~ nU(U1;U2|Ug)—=78)

<
_g-n(n-78) .
< 2 10, ifn>76§

3) Decoder 1’s failure:

e There is another (ij) # (11).
o Tfuf(i)uf (if)y? € T4 (UoUn Y1), then u (D)ypt € Ty (UoVh).
prob. < (I )2—1’LI(U0;Y1)+7715
< 2 n(n—76)

Decoder 2’s failure:

e There is another (ik) # (11) such that uf (i)ul (ikl)yy € TQ(?)(UgUlYg) for some ¢ € [L)].
o If i # 1, ug(i)uy (ikl)yy € TQ((?)(UOUQYQ). So,

ﬁ_/

independent of Y5

I _ 1)KL2—TLI(U0U2;Y2)+7TL5

prob. < (
< 27U (WoY1)+I(Us;Y2|Uo)~|1(Uo;Y1)~1(UosY2) | —eta—T76)
< 2

—n(n-76)
Hence, I(Uo; Y1) + 1(Uz; Ya|Uo) — [I(Uo; Y1) — 1(Uo; Yo)|+ < I(UoUs; Y2).

o If i =1, uf(Vuy(1kO)ys € TQ((?)(UOUQ}/Q), for some k> 1 and £.

< (K —1)L2~ "I (U2Y2|Uo)+7nd
< 2n(U2Y3|Uo)—nn/2—nl(Us;Y2|Uo) 4075
~
<

9—n(n/2-176)

prob.

Take § < n/14 and n sufficiently large enough.
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