E2-301 Topics in Multiuser Communication October 11, 2007

Lecture 14 : Broadcast channels — Converse

Instructor: Rajesh Sundaresan Scribe: Premkumar K.

Theorem 1. (Marton 1979) % C €pc.

A converses

Theorem 2. 1. (kérner—Marton) Let

Ry < I(X;Y)
. 2 . Ry < I(U1Y2)
Houry = ((BiR)eRL: o b o I(U;Ys) + I(X;: Y1|U)

for some Upp XYy € P, |U| < K| +2
Then €pc C Pout,1-

2. (ElGamal) Let Zoyr,2 be the subset of Bourn with Ry < I(X; Y1) replaced by Ry + Re < I(X; Y7).
If the channel has a more capable component then €pc = Zout.2-

Remark 1. Both Zoyt,1, Zout,2 are convec.
Proof. By Fano’s inequality:
nR;, = HWy)=HWi|Y))+I(Wi; Y
< I(Wi Vi) +nRy PM™ (k) + 1
< I(Wi Vi) + nen (k)

From the Markov chain and memoryless property, U; := WQYZ"HH"YfHFl, we have

a)
HOWL YY) < 1005 € 3 1060 = 3 10 i)
i=1 i=1
b)
IWa3Yy') = iI(WZ;Y%\Y;H%)
=1
< ZI LY Yy,
< 21 Way = yi—inl)
¢)

I(W Y + I(Wa YY) < T(W; WRYh) + I(Wa; YY)
I Wl; Y1n|W2) + I(WQ, nn) WQiS indep. of Wl

—~

T(Wys Y [Wo Y] 1) + I(Wa; Yau [ Y3 H177)

M-

1

7

I(Wl}/zi+1~>n; Y1i|W2Y11~>i71) + I(WQ; Y2i|Y2i+1~>n)

N

©
Il
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Note:

(2) TVAY, T Y WYy ) = TV YagWa Y ') 4 I(W; Y (WY 1y o)
(b) T(WoY] Y Yay) = T(Ys 775 Vag) 4+ T(Wogs Yas |V 1 77) 4+ (V771 Yoy (WY 1),
(c)
n 4 ' n n ' 4
ZI(Y;+1—>n;YM|W2Y11—>z—1) — Z Z I(Y2j;Y1i|W2Y11—>z—1Y2J+1—>n)
=1 1=1 j=1+1
n j—1 )
_ ZZI(}/Qj;Y1i|W2Y11~>171Y2j+1~>n)

j=1i=1

= Y 1Yo YWY

<
I
—

I(}/2“ Yllﬂifl ‘W2}/21+1~>n)

|

@
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A

So

IWsYT) +I(Wa YY) < > T Y WY 77 h) 4 T(Wh; Yo WYy Ty )
i=1
+I(W2, Y11—>i—1}/2i+1—>’n; YQZ) _ I(Yll—ﬂ.—l’ )/21|W21/2’L+1—>n) o I(Y2’L+1—>n, YQZ)
< ZI(Wl;Yu|Ui) + I(Ui; Yai).
i=1
WU, — X; — Y[Q]i is a Markov chain.
(WY, 7Y 7)) — X — Y

= I(Wy;;Y|U;) = IWU; Y1) — 1(U;; Yia) < I(Xq3 Y1) < (XU Y) — I(Us Yag) = 1(XG5 Y45 Uy)
d) By Symmetry,

< > I(Wa; YaulUY) + I(U}; Y4y)

i=1

and (WyU]) — X; — (Y1,;Y2;) is a Markov chain and therefore

NE

< I(X; Yo UY) 4+ I(U; Yis)
1

X3 Yu|U)

.
Il

More capable = I(X;;Y5|U]) < [

—~

3

= Ri1+ Ry < ZI(Xi;Yu), by the M.C. property.
i=1
n

= ZI(Xi;YM), by the M.C. property.
i=1

e) Now let U = (I,Uy), I uniform in [n].

XU = X,
Yig|U = Y.
Puxyp = DPUPX|U- Py | xU

——

pY[Q]I\XIIUI :PY[Q] \x(y[Q]I \$1)
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So U — X — Y]y is a Markov chain.

From (a), (b), (¢) and (d), (1) follows. Using (d), (2) follows. The cardinality bounds follow from
the constraints

1. px(z) = const, x € X (|X] — 1 constraints)
2. I(X;Y1|U) = const.
3. I(U;Y3) = const. = H(Y2) — H(Y2|U)

Since there are |X| + 1 constraints, |U| < X + 2 by Caratheodory’s theorem.
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