E2-301 Topics in Multiuser Communication October 16, 2007

Lecture 15 : Connections between Superposition and Marton’s Theorem

Instructor: Rajesh Sundaresan Scribe: Premkumar K.

A Connections between superposition and Marton’s Theorem

e We may consider, as did Han — Kobayashi in their interference channel paper, superposition. This
was Cover’s technique (1975), the basis for HK’s result.

e Consider Uy, Uy, Us independent. Uy decoded by both. U; and U, by users 1 and 2 respectively.

P = {Z=Up X}
and 2; = {Z = QU3 XYz, with UpU;U> consitionally independent given Q}
e Define
ro < I(Uo; Y1|U1Q)
r1 < I(U;; Y1|UpQ)
B ro+r < I(UgU; Y11Q)
y(Z) = (T'l,TQ,TO) 7o < I(Uo7}/2|U2Q)
re < I(Us; Y2|UpQ)
ro+re < I(UgUz; Y2|Q)

e Intersection of two polymatroids in 2 dimensions, extended to three dimensions in different direc-
tions. .#* :=cl |J (Z) is achievable with common information.

ZeP;
e (Cover, 1975) Define . :=cl. conv |J L (Z) = cl. conv. .%%.
ZeP
Moreover
9 = closure {(7‘1 + 81,70+ 89) : (11,172,871 + S2) € 5’}
Yy := closure conv {(7’1 + 81,72+ 82) : (r1,72,81 + $2) € 5”0}
2* .= closure {(rl + 81,79+ 82) 1 (r1,72,81 + S2) € Y*}
25 = closure {(rl + 81,72 + S2) : (r1,72,81 + $2) € 5’0*}

e Hajek—Pursley (1979) consider %y and show that

Ry < I(UgUsYh)
Ry < I(UyUz;Ys)
Py = closure conv | (Ry,Ra)| R1 + Ry < min{I(Uy;Yy), k= 1,2} + I(Uy; Y1|Up) + 1(Uz; Ya|Up)
such that 1)U[|3H - X — Ym,
2)Ujj3)) are independent.

e Can easily extend equivalence of Z* with

Ry < I(UpU;Y1]Q)
Ry < I(UgUs;Y2|Q)
Rl + R2 < min{I(Uo; Yk|Q)7 k= 1, 2} + I(Ul; Yl‘U()Q) + I(UQ; Y2|U()Q)
for some QU 3 XY] that satisfies
1) Given Q, UyU; U, are mutually independent,
2)QUoUUs — X — Yy

closure { (Ry, Ry) € RY :
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With QUy, it is easy to see that this region belongs to Marton’s region.

Inclusion in the other direction, or otherwise is not known, i.e., given @, UyU,Us may lead to a
larger region. Marton shows Z 2 %

Is%y = 97
= U H(Z), 7 = closure conv .%.
ZePy

Clearly, since .y C ., we have 9y C 2.

Let (Ry, Ro) € {(r1 + 51,72 + 82) : (1,72, 81 + 82) € S}

= ds; > 0,89 > 0 with (r1,7re,s1 + s2) € 7. If (r1,72,51 + s2) € 0, then (R, R2) € Py and
we are done. If (1,72, 51 + s2) is a limit point of conv %, then an e ball around this contains an
(ri,rh, s} + sb) € conv A, (r],rh, st + s5) # (r1,72, 81 + s2), 1.€.,

Ae (r1(6),m5(£), 51 (€) + 55(4)) -
€S

(r1,r9, 81 +55) =

~
I\Mh
I

If we split ] + sb into s}, s, close enough to sy, s, yet positive, and furthermore split s}, 5 into
s1(0), s5(¢), positive, we get

~

(M +srh+s5) = D A (1(0) + 1(0),75(6) + sh(0))
=1

€ {(r1+s1,r2+s2):(71,72,51+52) €S0}

€ conv {(r1+s1,r2+s2):(r1,r2,51+52)€ES0 }

If (r] 4 s),7h +85) # (r1 + 81,72 + $2), we will have shown (r1 + s1,72 + s2) is a limit point of the
conv. {(r1 + s1,72 + s2) : (r1,7r2,51 + s2) € S}, and hence in Z.

L
Note that once a suitable s/, s} is picked, since s§ + s, is fixed and equals > Ao(s)(€) + s5(¢)),

the individual s}(¢), s5(¢) may be picked arbitrarily (s}(£) > 0,s5(¢) > 0, s{(£) + s5(¢) = a given
value).

If51:$2:0.

— Suppose s§ + s, = 0. Then s§ = s5 = 0 and since (r1,75,0) # (r1,r2,0), we must have
(r1+ 81,72 + 82) # (1] + 57,75 + 85).

— Suppose s§ + s5, > 0. If r; # 1} choose s} = 0; else choose s, = 0. Then (r; + 51,72 + $2) #
(r] + 81,75 + 85).

If s1 > 0,55 > 0. Take € sufficiently small so that s; —e > 0, s — e > 0.

— If ry # 7], choose s} = s1; else choose s5 = so. (In this case 1, = r]. If s} = s9, then we must
have r} = r9). This ensures (r] + s7,75 + s5) # (r1 + 51,72 + $2).

If51:0782 > 0.

— If r{ # r1, choose s} = 0.
- Ifri =ry.
Suppose 15 — r9 # 81 + 53 — s} — sh. Then set s§ = 0. Then too r§ + s4 # 9 + sa.
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— Ifri =7 and 1y — 7y = s9— s} — 85 (under s; = 0, s2 > 0). Choose s} = ‘SH_SQ}M (<e).
e small enough so that € < 2s5/3.

/ [s1+s2—(s7+55)]
Then set s + 2557220

= $5>0,|s2 — sh| < 3¢/2.

=sh+ s8] =82+ —¢€

Thus d((rl + 81,72 + 82), (1] + sh,7h + sé)) < % X2 = %6 (and (r; + s1,72 + 82) #
(r] + 84,75 + s5)). Thus 2 = D.

Lecture 15 : Connections between Superposition and Marton’s Theorem-3



