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Abstract — The sum capacity on a symbol-synchronous
CDMA system having processing gain N and supporting K
power constrained users can be achieved by employing at most
�N � � sequences. Analogously, the minimum received power
(energy-per-chip) on the symbol-synchronous CDMA system
supporting K users that demand specified data rates can be
attained by employing at most �N � � sequences. If there are
L oversized users in the system, we need at most �N � L � �
sequences. We show the above results by proving a converse to
a well-known result of Weyl on the interlacing eigenvalues of
the sum of two Hermitian matrices, one of which is of rank 1.
The converse is analogous to a known converse to the interlacing
eigenvalues theorem for bordering matrices.

Consider a symbol-synchronous code-division multiple access
(CDMA) system. The kth user is assigned an N -sequence sk � RN

of unit energy, i.e., stksk � �. The processing gain is N chips, and
the number of users is K, with K � N . User k modulates the
vector sk by its data symbol Xk � R and transmits Xksk over
N chips. This transmission interferes with other users’ transmis-
sions and is corrupted by noise. The received signal is modeled by
Y �

P
K

k��
skXk � Z� where Z is a zero-mean Gaussian random

vector with covariance IN , the N �N identity matrix.
We consider two problems already studied in the literature ([7],

[3], and references therein). In Problem I, user k has a power con-
traint E�X�

k � � pk. The goal then is to assign sequences and data
rates to users so that the sum of the individual rates at which the users
can transmit data reliably (in an asymptotic sense) is maximized. The
maximum value Csum is called the sum capacity. Reference [7] stud-
ies this problem and shows the following. Let ptot �

P
K

k��
pk.

� Oversized users, i.e., those capable of transmitting at large
powers relative to other users’ power contraints, are best al-
located non-interfering sequences;

� others are allocated generalized Welch-bound equality (WBE)
sequences;

� Csum � ����� log�� � ptot�, with equality if, and only if, no
user is oversized;

� no user is oversized if Npk � ptot for every user k.

Problem II, a dual to Problem I, is one where user k demands
reliable transmission at a minimum rate rk bits/chip. The goal is
to assign sequences and powers to users so that despite their mutual
interference and noise, each of the users can transmit reliably at or
greater than their required rates, and the sum of the received powers
(energy/chip) at the base-station is minimized. Reference [3] shows
results analogous to Problem I. Let rtot �

P
K

k��
rk.

� Oversized users, i.e., those that demand large rates relative to
other users’ requirements, are best allocated non-interfering
sequences;
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� others are allocated WBE sequences;

� the minimum received sum power is exp��rtot� � �, if, and
only if, no user is oversized;

� no user is oversized if Nrk � rtot for every user k.

Problems of similar flavor are considered in [5], [6] and [2]. Refer-
ence [6] focuses on linear MMSE receivers and identifies sequences
and powers to meet a per-user signal to interference ratio (SIR) re-
quirement. Reference [2] extends the results to decision-feedback
receivers.

The first contribution of this paper is the following. For both
Problem I and Problem II, we come up with a generalized WBE se-
quence allocation for the non-oversized users that employs at most
�N �L�� sequences, where L is the number of oversized users. To
do this, we only need to restrict our attention to the case when no user
is oversized and show that we need at most �N � � sequences. The
�N � L � � requirement in the presence of oversized users follows
immediately.

The solution to the above problem draws from an interesting re-
sult in matrix theory. For a matrix A, let A� denote its Hermi-
tian conjugate. If A is Hermitian, let ��A� denote its eigenvalues
in decreasing order. The following is a well-known result due to
Weyl (see for e.g., [4, Section 4.3]). If A is an N � N Hermi-
tian matrix with ��A� � ���� � � � � �N� � �, and c � CN , then
��A� cc�� � ����� � � � � ��N� � �� satisfies the interlacing property

��� � �� � ��� � �� � � � � � ��N � �N � (1)

The second contribution of this paper is a converse to Weyl’s result.
We show that for any Hermitian A with ��A� � �, and any real ��
such that � and �� satisfy (1), there exists c such that ��A � cc�� �
��. This converse facilitates a sequence allocation algorithm that, for
both Problems I and II, satisfies the declared properties.

To get the fuller version of this paper [1], please contact the author.
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