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• Empirical risk minimization

• Stochastic approximation of the

Sroadéent
- unbiasdnetl
- role of variance

• lower bound q¥Et- Zoe ) ?
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µlZRecall gradient descent :

¥+1 = Rt
-

Mt Qt i § C- dflz)

Motivation :
=

•

§ may
be expensive to compute

• complete gradient qt may not be

available

so we use an stochastic or approximate version of gtc-df.nl



Minimize f- (n)
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(random variable)

Enamp

① gin = If (a) + it ; it is zero - mean
noise

E- [ In ] = E [Tfln ) tie ] = I f- (a)

② Random coordinate decent :
-
-

Ifk)=f¥g|n

→☐→Ñn=(?%n.d ; Kt Rd
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③ Stochastic pm⇒mi :

nminimize F- (a) = E [ fly ;& )]
a- C- C -

Enpected risk

population risk

• & : random nest in the problem

• If f- ( K ; K ) is convene for every § then
F- (2) is convene .



Empirical risk minimization :
--
-
-

-

^

be m random data sampleslet { a- i , Yi }i= ,

n

ERM . minimize £ fly ; { a-i. yi})
-

. ¥1"' = ÷ i= ,

-
Empirical risk

Regression p~b6m : (more generally , any supervised learning )

Fla ; { ai ,yi }) = ( ein - Yi )
"

prediction/hypothesis : a-FK

minimize enpected 10M : draw jn unit ( 1,2 , - . ,n ) ,
then

Ejffln ; { a.si ,y; })) = Éftk ; is;}) .Imig=\



£ e- (n)minimize f- ( at = ¥ i. ,I C- C

ERM : n in the number of data point

Graded- des :

sieur)2-1+1 = It - M (÷
i= ,

i -t

£ If :(af= Rt - 7. mt i= ,

when M is large , computing I f- (n) is
eonpensiue ( full pass over the data → memory issues )

-Ñ÷→g,, = If; (a)
I oracle

Ej ¢ If; 1%1 = É If
; (E) in = If (2)

g- =)



stochastic gradient decent / stochastic appooon :

Ita = Rt - Mt § (Reik )

where §( set ;k ) in unbiased estimate

of 1T¥ (Zt )
,
i. e.
,

El g- (at ;k )) = IT# Get)

• stochastic algorithm for finding a critical

point in that obeys IF (7) =o

or for finding room of Glx)=E{ Jfk ,k )]



SGD for ERM
-

.

-

minimize # tnt = t ?§
,

ftn ; { a. i. y:})
7

for t -

- 0
,

I
,

- . do

choose it uniformly at random

Rta =
It - mtvzfitln ;{ a-i. Yi })

g.f.
✗

^
+ Exploits data more

efficient lay than
Y" ✓ batch methods

-1 Fast initial improvement
with low per-

iteration cost

( data usually has a lot

of redundancy )



Role of variance :

:*
low variance

high variance



llnbiadnens and the vanilla a .

Recall : In gradient descent
,

we could lower bound

g.tt ( It - z* ) 7 flat - flat)

but now we cannot as It may be far from
•

being the true gradient .

• so inequality
feet ) - f. ( zig ) £ FE (z - ri)

( from convenity ) may not hold
.

n
We have

LE Igt / zt=z] =L §÷ñ&- (2) = ☐ font

-
FE C- Rdconditional enpectabim of St

given the event {2--4} .



⇒ E- [ site - "⇒ let -

- a) =

Efqiilzt -- z] / I - ni ) = IÉCnt(a-z*)

• { It = a } can occur only for 2 in finite set ✗

Efqiczt - n*D

= E'

E [gÉ( z - ni ) / It =3] prob teen)
REX

= £ ☒É(a) Ca - ni) prob ( ne __ 2)
REX

= IE [ I -7T¥ ( at -2*7]



⇒
E- FEE cat - a-D= E-freilnftet-ni.DZE- [ 7- tee ) - e- tri))

so the lower bound holds in expectation .


