
# Lecture 1 El 260

Mathematical background # 1
- - - -

¥2 oadmap :
F-Vector spaces :

- Define
- Norms

,
inner products, Cauchy - Schwarz

- Subsets of pi and tRm×n
- Linear transformation
- Linear / Affine spaces

• calculus :

- vector derivatives
- Mean value theorem
- Subgradients and sub differentials

• convergence of a Sequence : Linear
,
Sublimeare

superliner

• Level sets
,
contour plots , d- fablevet sets



Vector spaces-

Definition : Set of elements called
"

vectors
"

For any two vectors -2 , I C- E-
,
the following holds .

1 . I + y = I + I •
2 . N + (y + 3) = for + g)t z

3. 2- + -0 = Z ; Q is the zero vector

4. 2- + C- E) = I

5. ✗ ( @ z) = ( ap) z

6.
⇒ 12 = z

for any d. of C- IR
✗ ( a + g) = de + * &}

7. ( I + of) z = ✗ z + By
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Dimension :

• linear imdepent
- -

{ it , , Iz , - - - In } in a vector space IE is

kinearty independent
n

É di Qi = 0 ⇐ ✗
,
= ✗z=

-
- .=✗n=o

i=\

• Spain

{ it , , Iz , - - - In } is said to span IE

if for any ok C- E- F@i.oz . - . @
n
E R

Such that n

z = Ei di Ii
i =\

• A- Basis If E : independent seat of vectors that spans E

• dim ( IE ) : number of vectors
A-2



Norms :
←

measure vectors

11 . 11 : IE → IR satisfying
1. 11211 30 and 11211 = 0 iff 2=0

20 It in 11 = 1/11 . Hall

3 . Il z + 111£ 11211+11211

I-nner.pro#:fn .
that associates to each pair of

Vectors I , y C- It a real number

t.cn
, I > = < g. a > É=É£Ñ

2. < die ,
+ ✗22h2 , y > = ✗

, 474,17+22<22 , £ )

3. < Z , Z > 70 and ez , 27=0 iff 2=0
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Finite - dimensional vectors
• Euclidean

space
: finite - dimensional vector space equipped coitus .

,
. >

112
"

: ±=(?÷ ÷:]Y÷H¥
.

NYK ]I. 1( n in a nntyn
+ ve integer)

✗N,

E:t÷I=¥
n

• Case
, I > = £ Ni Yi

i= I

• €-7 = It all = FÉÑ : Euclidean norm

• < I , G- Sg = IT Qq and 11211g = Itcz
Tinner product ~ # 4

d- norm



Cauchy #arz inequality :
= =

I zTy_ I s 11211 11¥11

Forton -ZI Ves :

- I £ Mtg

Ñ¥ ,
£1

Cos (d) = set y

i÷." an

•

7+1=0G-
-

,

yr n-ty.co 7

y

l ✗ Y
> 2=4

R z >
ÉI=1

✗ = IT

siy > 0
< I 25--1

Icty = -1
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• Lp - norm : For
any P > I

11 2- Ilp = ✓ÉxiÑ
c- = I

→ p -
- 2

, Iz - norm or Euclidean norm
→ p= 1 ,

I
,
- norm

p :O D= as

112110 = mnz { n. .
. - onn} 11211

,

= man Init
e-=/ , 2 , - → n

subsets of 112m :

Tor-m-b-alli.BCC.ir ) = { z EIR
"

: 11¥ - ell fr }
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r

• non - negative orthant : N2 •
-

(0,1)

IRI = { z e- Rn : z yo }
•

on?( 1,07

• unit Simplon :

-

n
= { z EIR

'

: 770
, -1+2=1 }

• Ben : Boule
,
e) = { Keirn : d- £2S I }

⇒ The apace IRM
"

:

=

set of all real - valued mxn matrices
M

M

L A
,
B > = Fr ( ATB ) = E'

E' Ai ; Biji -- I j= 1

m¥ Inn in

nxn
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Sutoospaces associated with IRM
"

• Null space :

N (A) = { z c- 112
"

: Az = ? }

• column space :

( range space ) 177 (A) = { I C- IRM : I = Ay ,
I £112m }

For m = n :

-

• sct.Eme-rimd-m.es :

$
"

= { A C- 1R^×n : A = AT }

• Set of positive semi definite matrices

5¥ = { A C- 112
""

: A ¥0 }

¥1, = { A C- 112
""

: A 50 }
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Norms in 112m
☒ n

:
-

• Frobeniumorm : 11 All
,

= FEAT =fÉAi;T
i=|j=i

• Induced norm :

= = 11 Alla
,
,

= max { 11 Az Hb : 11211+1 }
I

Enamplcsare:_

→ spectrum :

A Allz = HAIL
,
,

= ANITA = Fma.n( A)

HAzHz£ 11^-1111*1
→ I - norm : Max . absolute column sum norm

m

HAH
,
= man E I Aijl
j
-

-
l
,
2 . .

- .

,
n
i -- i

→ as - norm : Max . absolute now sum norm

n

Il Alles =
max

e. = , , . . m
£ I Aijl # 9j= 7



Dual space and norm :

= = =
=

Linear transformation : A :/E-→ It if it satisfies
A- ( ✗ z toy ) : ✗ Atx + potty) ; my c- HE

• linear functional on a vector space IE is

a
linear transformation form IE to IR

• Set of
"

all
"

=

linear functionals on E is

called the dee A-
*

ForiÉaes :

f C- IE
'd

,
there always exists I C- IE

such that

f (z ) _= < I • I >
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Du:
11 YU , = max { < & , z > : 11211<-1 }

re -

y c- E-
*

flze) : II → IR

• Tells us how big 1 is relative to the norm of I

Gene-rdzedca-uehy-S.ch#z :
• 1<2,2 > I E 11411*11211 if I C- É , ZEE

① Show that 11£11* is a valid norm

② Show that the dual norm of

dog is Itn d
,
- norm and vice-versa .
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Derivative
'"

Y 1¥
Itu) = dem

FGe)-yfln
→

= it

h→o

f : 112
"

→ IR and I = [Mi , nz
,
- - - Nn]

"

first - and second - order partials :

Di 7- (2) = dfG ; Dijfln) = 227Gt)

Osei Er ;

=÷l:÷⇒
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Gradient : # 13

=

:*
If (e) = | } C- lR^

ÉfÑ
:

1¥""

supporter f : 112
"

→ IRM
-

f- (7) = ( FCI ) , 1£21 ,
- - .fm (z)]

>

Gradient } I -11%-7 = [ It
,
In)

,
☐find

,
- -

. Pfmtn )) : nxm

matron [ IIE)]ij = dfi(
Dm;

Jacobian } I (2) = E'f- (E) with teifi;=d
matrix Oki



Hey, ,-an ^

.

"

Jacobian of the gradient
"

# µ

← f : 112h → IR

Mx n material

[ I' F- (2)]
,

= Di
;
flat

symmetric when = Ing [ ¥11M]2nd order partials are

continuous

Ch¥ule : f. (7) = g- ( it (n))

Jf (E) = Tg ( t ) /
a. = um,

Je (n)

Enample :

⇒ (a) = Ily - Any } .
Set etat = Y -Angle)= 11111}

Ig ( re ) = 21=2 ( Y - AZ ) } ☒ e- (a) = -2 Atty - AZ)
Jie (n ) = - A



# 15

MeaHem :

f : 112 → IR is continuously differentiable in (a) b)

then 7 C C- [ a > b) such that

✗ fth

e- (b) - I (a)
-

=

e-
'

(c) ✓§,•

b- a

i. •

: I
a C b ?n

For 7- : 112^-3112
,
then

for every a- and b- F L C- 10,1] such that

f- (b) - 4- (e) = 1T¥ ( ✗ a- + ( 1-d) b) (b-a)
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Rate of convergence :
=-

Eet { TEK } converge to z* . late say that the

convergence is of order p ( > 1) and with factor

V1 > 0)
, if F Ko such that FK > Ko

H Ik+ ,
-2*11 E r Hnk - n* / IP

-
-

Some points :
= =

• Larger power p , faster convergence

• For the name p , smaller
~

, faster convergence

• if { Me } converges with order p and factor 8 , if also

converges with order p
'
⇐ p and r

'

z r

• So we Seek for the largest P and smallest 8



Ér : kn-h+i-n://ertlzk-I.IT
11 nk+z - N'

*

11 I V11 nice ,
-2*1110=1 and r e I

-

-e?i¥-E
For large enough Kig

117k¥ # - 2*11 E TT 1124<-2*11

log 11 I ,< +e- 7*11 e T tog r + log 112×-2*11

- log 112 ,<+e- 2*11 grows

"

linearly
"

with E
-

- log
, ,

10-1 = 1
,

- log
, ,

10-1 = 2
,

- - - .
$0 on

Eonample :
=

" IK - 2*11 = qk

0 < q < I
10 . 0.9K
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Sub linear convergence :

= -_

10=1 and r= I ÷

11-1×-2*11 = YK

Super linear :

=

P > I
10 . o , g

K2

Quadratic :
=

p = 2

11 24, - 3*11 x q2
"

10 . o , g
2
"

0 Cq < I
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fckj-e.lt#Number of iterations required
- =-

Time constant

"

it
"

for a function is the time

required for the value of the function to decay by
a factor C- as

e- ( K -12 ) = f( Kye

• Linear rates :

ok ¥ I ⇒ K dog q = log ( Ye )
C-

error being ofqk) needs 0 ( log ( Kc) )
iterations

• Sublinear rates error being O( Yr ) need 0 ( Ye)
iterations

• Quadratic rales error being o(q2
"

) need o( log log
iterations .
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Level curves
,
contour plots and sub level sets .

-
-
-

flak , y ) = 22 + y2 = z

a#3--4_£
⇐

↳j¥z⇒
✓
→ iy

N

• M2-RI = 0

✓t☒n
,
= Inez ( live)

• m2 -af =\
( hyperbola )

f- (nina) = me? - ni

✗ et : Ca = { n e oomf : flu) £ ✗ }
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