
# Lecture 6 El 260 Theory of convex functions

• Optimization problems :
convene

, optimality criterion
,

Equivalent problems
-( reeler )

ca.no#icalco-nven optimization probes :

← Linear program ,
quadratic program ,

semidefinite program .→

( linear fractional , RCGP , SOCP,
Gp )

R" :

Boyd , convene optimization [chapter 4 ]



0pzakon problems in cstandardfoom:

minimize Fo (1)

Subject to film) so i:\
, . - . ,m

hi (2) 0 i --1
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& : → IR objective function

Li : IR
'
→ IR
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, - -
.

,
m inequality constraint functions

hi : IR
'

→ IR
,
i :c

, - . ,p equality constraint functions

optimization domain : D= dom (f) A §
,

dom (fi ) n Ñ domlhi)
(=\

Optimal valise :

f-
*

= int { Lolz) : Li (a) I 0
,
i=1

, - - . ,m ,
hi (a) -- o

,
isl

, - - p}

ft = as [ infeasible]

him
-_Ñ- ni

--5

f* = - as if unbounded from below f- not
Con
"

optimization
fro and fi are convex}⇒ convene optimization problems µ
hi are affine [ a-itz = bi]



• if I C- D ; film ) £0 and hitn )= 0
.
Then

3k is called a feasible point
- -

• if z is feasible and ftn ) E f-
*

c- C-

then I in C- - suboptimal

• if z is feasi-bkadh.tn )=o
,
then

fi is active

unc-onstradpoob-kmi.br
rnninimize focn) = - E dog ( bi - ai'm )

i:|

has implicit constraint gin < bi



Some important convene optimization problemsin
standard firm :

-

- -

linear program KLP) : Quadratic program :
=
- - -

minimize É " { minimize ÉÑ&n_ + E" '
I 7 film)E0
S.t. D-z=b St . Az=b

I 70
I 70

semitepp) :

cut \
minimize Er ( Ex)

-
SDP

✗

↳ ( Aix) = bi i.

"F"

s - t .

☒ 70



First - order Optimality conditions :

-=-

minimize folnD
s't - fi (2) go

,

i= ,
. . -
m =

Minimize FER)

Sit . n e
É

Az = b
-

C = { z : film > I 0 ;i=i , - - im
,
An -- b}

Suppose -9 in differentiable
.

A feasible point ⇒

is optimal itf qq.TN ( y - a) → o f y c- C

:

•Ñ↳' • A " b"""
directions are aligned
with the gradient Itoh

•

,

• unconstrained c=lR^"

\
if ⇒ If (a) = 0
Sapporo tiny

hyperplane



Porco :
-

-

and ÑÉGn) ( Y - a) zoSuppose on C- C

Then y c- C

-

fly) 7 focus + IfÑns(yÉz)
⇒ to ( y) z to (a) ⇒ z in an optimal

point
c0me→•↳

suppose n is optimal
and Ifotn) ( y - n) < 0

.

Consider g (f) =
C-
y + ( t - t > n t C- fo

,
I ]

⇒ glt ) is feasible

¥ SH)) / f. ☐

= film ly - n) < o

so for small positive t ,
we have to ↳ Lt ) ) cfotn)



run d pseb-
m :O

,
P=0

1T¥ (n) ly - zc ) 70

to is differentiable ( dorn ( Lo ) is open )

suppose we take § close to I

G- = z - t Tlfglze) for small 't
'

IT £127 ( y - z)

= - t III folk > HE 70
⇒ tltolx ) = o



Examp

Ea :p¥m :

minimize Ffa) } If.in) (I
- I) 70

Sit . Az= b- F Y : Ay -

- b

since n il feasible , every feasible

Y = N t U
,
I ENCA)

AI = 0

⇒ IT LENI 30 7 I c- NIA )

If a linear fn .
is nonnegative on a subspace , then it must

be zero on the ubspace .

⇒ Pff (g) I = o * I E- NIA ) ⇒ ✓false ) 1- ACA )

since nN(A)
+

= RIAJ
⇒

focal + AT = 0



Lagrange m-ulliplicrop-hmalitycon-d.im :

min Hz ) + VT (Az - b)
Ii ?

If tx) + ATI = 0



Equivalent problems :- -

?⃝ Transformation and change of variables ?
-
----

minimize Itn ) ⇐ minimize h (Flac ) )
9C C- C NEC

• h : IR → IR is a monotone increasing function

minimize Itn ) ⇐ minimize f- ( Olly) )
→Cec

☒ (g) C- C

• of : pi → 112m is one - to - one with its

image covering C



minimize - @
- § Cnn - ee )2

Ekample : ①
-

u

glz ) : = dog ( -27

= minimize £ (un - ee )Z
ee n

② minimize Fla ,
Nz )

Nl , Nz EIR

s - t . YI - 4 so : not convene

Nz 7 2

Writing them
,

- 4 E o M - Lenz to



Eliminating equality constraint :

- = -

Am =b

minimize Ffm)
N } A Deo = b

S - t - fi (2) so I --1
, .

. ,m

Ek = Not F- 3
Are = b.

null (A) = range (F)

⇒ minimize -8 ( Fz + no )
3

S.t. fi ( Fz + no)E 0 E- 1
, - - im



Epigrophfoomi.minimmize.to
?)

⇒

minimize t

n se ,t
S -t.fi (2) so i=l

, . . ,m fofn) - t f o

AI = b film) E 0

Are = b

9¥ "

minimize It A-
'

(n) it Atm > 0

IEC

⇐ minimize it

7. c- C
,
t
t >, ITA

- '

Gov

t > ITA
- '

any⇐ { t
v
'

e Icu,] 70


