
Lecture # 7 Gradient methods El 260

( unconstrained problems)

• Descent methods : Gradient
, steepest descent

• Gradient descent convergence :

• vanilla analysis (average iterates )

• Convene & Lipschitz ( average iterates

01ha )

• convene L - smooth [ Last iterates
014*7]



Differentiable function minimization ( unconstrained )

f : IRM → IR

minimize f- ( z )

subject to z EIR
" V÷

It
11

t descent al¥ms :

start with Io and compute a Sequence 74 , In - . - - .

Arch that

f(zt+ ,
) < f (Zt ) t --0,1 , - - - -



Descent direction :

←

f( zet + ft ) = ftnt ) -1 IÉ(zt)dt

directional derivative : change in f for a small step off

fTztÑ:-. It

flzt-e.d.t-flm-72-o-y-ftln.tl
oft

• off is a descent direction at It if ÑÉ(n+)dt< 0

•• For convex f-
,
first - order condition)

☒É( Et ) GEE-h.lt ) 70 ⇒ fnt.in) > f Rt)

So a descent direction must satisfy

☒Etat) d-t a- 00



I2 de ¥4:

step size

It -1 ,
= It + mt.lt ; nt%

,8-712*7
-

-

to

[ Cauchy 1847] - ☐
THAT)

G=de⇐ent :
JI

Itt , = It - Mt If (Kt )

d- t = - V flat ) ⇒ Tlftlnt ) (-8-7124) )
= - 110812+111,2<0



Steepest descent method '

= = -_ ←
-

→ descent direction that is at negative as possible
that yields the greatest rate of objective value

improvement

d- see = arg min { I# (z) of : 11 duel }
d- lldllgei

For Euclidean norm :

c- - =

••
-•¥ -117kg

else = - If (z )

FOI d , -Erm :

d- see = arg min { I# (a) d- : 11 days I }

*

d-

let i be any inden Et . 110812111
,
=/ [Pflum

Then d- xd = - sign (%¥?-)Ei : coordinate descent .

- -



Vania &¥
'

. It -11 = It - M If (Zt)

-1=0 , - - -

,
T- I

D¥ : g. z = If (Kt )

$0
Qt = (Ntt , - Mt ) / m

let us relate atria vector to our current direction

from an optimum z☒ : Nt - z*

g-É Get -2*1 =

in t.kz#-nt5ln-t-n*
)

-

2 Éw_ = 110-112+1100-112 - Hit - 11?Cosine theorem :

9.É CET -2*7=21,11114-+1 -24-11,2+1124 -2*1122-1124-+1 - V11]
④

= Infill 9th? + Hat - silk - 11kt" -2*11? ]
= 7- 119th 't Ey{ 112£ - villi - 112++1-1117



④ Sum over the iteration t
. an

É É
'

11%112
e. .

get tht - E ) =

2- ⇐ o

-

* In [ Me. -Elli - Ha, -111:]

e n Éi 11%11
'

+

In 112
.
- Elli

2- t=o
-

Now
, Suppose I is convene : f- ( y) 7 Fln)+TÉ(n)( y - n )

y=n* } ⇒ flat ) - 7- ( ri ) t 0ft Cnet ) ( see - n*)
n : 74 = GI ( It -2*3

• Upper bound on the average error : 7- (zt ) - f- (z*)
T- l T- l

E
'

11%112-1 In 1120-2*11?Ei f- ( ret ) - f (M ) £ 12 tot=o

• Last iterate is not neccesarily the best one as

"

fined
"

step size
can make steps overshoot & increase function value



• For Lipschitz convene functions :

f : ✗ → IR
"

is called Lipschitz
continuous if there emits ☐ go

⇐ Hot (a) 11 I B it zex
11 flat - fly> Is B 112 - £11

A e. I C- X f

f : 112^-3112
• Uzo - 2*11 E R

Then
,

T - i

£ ( flat ) - flat )) £ I BZT + In R2 *
t :O

so
, choose 7 such that q ( m ) = my

BZTT c-

¥
R2 is

minimized .

¥2,91m ) = o ⇒ 21B¥ - Enz
R2 = o

⇒ m = Ypg and 91m ) -- RBF

T- I④ ÷ "

÷ Ei G- Get ) - e- (re )) £ R¥- ⇒ftp./indePendett--
0

but R&B
so to obtain min e- (zt ) - fly

'd ) E E does depend
it :O

. .

T - l

we need + > ry-y.es .
e.
,g?÷[

Rand B I 108 ??


