
optimization :

minimize f(x)

yeX

f : IRP IR x E. RP is the

design variable
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X : IR Constraint
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·* X if a local minima if 7 E > o

S .
+- f (n) > f(n
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Sit f(u) > flat) -ne
X

Lschitz - continuous function :

f : IRP-> IR in Lipschitz continuous

if 71 0

11 f(x) - f(y)() = /la - y1l
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⑮ E
A subset X IRA is convexit
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u2EX
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f (b) > f(x) + VEG)(y - x)
-
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,
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Auto -diff :
=

Reverse mode auto-diff :
-



gradients :

enti
hi
-

g is a subgradient of f at u if

f (y) >, f(w) + 2"(y - u)
,

- y



Example :

if a <o2 is a =

ij 23



Florativedescent methods :
min.

&
f (e)

⑫EIR

-
& (2 + +] < flu)

k = 0
, 1

,
2.

22k + 1
= 3 + M@k

f(ak + di) = f(uk) + VEG) di



Steepestdecentod :

-> descent direction that is as negative as possible
that yields the greatest rate of objective value

improvement

d = an min [1
*

(n)d : Il all 13
-d

d Ildllga-

norm "For Sadidean
· &-

= - Xf(x) · ()desc ---

Fo l , -norm : -
xf (n)

&d = and min [F
*

(m) & : 11 All 13 -
&

1 *&

Let I be any inden st. 11V8 mille = /[Vf(x))i
Then & xd = - Sign(e · coordinate descent .

= -



-f(a)di o
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&-· &/ ↑
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-remit ↑
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-
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dk = - Of (m)

* f (m) di =
- 11 Of i11 < 0

Gradient descent :
-

- the - U,

Xf(x)xk + 1



analysis " xt + 1 = x Myf(ct)Vacilla-
t = 0, . ..,

T- /

Refine : 8 z = Hf(xz)

So gz = (x(x - (t)/m
-

Let us relate this rector to our current direction

Rom an optimum u
*

: xX - x
*

& (2) - x
*) = + (x - n+ )"(x+ - x4)

-

M

Coline theorem : 2"w = 11 VIP + 11 w11-118-wIz
-

& (xt - u3) = 1 [112z+ - n+ (12+ 11x+ - x
* /E - 112+ 1

-24]
2u⑭

= 'll gt 112 + 11xz - x
* 112 - ((xz+ 1

- x1]

= 1187112 + in [11x -u
* (12) - ((xz+ 1

-24/1]



T- 1
E⑨ Sum over the iteration + N

5-)
# [11eo- 12 - ((x+

-x+ !)

- +-
24

Now
, suppose I is conven : fly) > f(u) + 1f(2) (y - x)

-

y = 2
*

3 = => (n+) - f(x+ ) = Vf"(xt)(x -
x

x = 42t = (c -2)

· upper bound on the average error: (c) - +(*)
T- 1

-

& F(x+) - -(xt) - /g +
11 + + 1140 - x+ 1)

t = 0 zu

· Last iterate is not neccesarily the best one as "fixed" step 1ize
can make steps overshoot o increase function value



· For Lipschitz conven functions :

F : X -> In is called Lipschitz
continuous if there existe B>0

# 110f(mill < B # xEX
1) f(u) - +(3))) = B1/x -y

f 2
, ye X ↓

· 110 - 11 = R
F : IR -> IR

Then, (f(m)-f(x) = 1BT ++
2n

So Choose & Such flat g(u) : 1
*

# + 1 R2 is

minimized .

In

(n) ==-
= and g(m) = RBF

+ T-
but R & B

So to obtain min f(ut) - f(x*) E&&doesdependa
-

t = 0 ..

T - 1

we need T R2 Es. = 10

R and 3 1081?



Second-order method's (Newtrin) :
-

f(x
,42) = 22 · 1

+ M2
.
(e

100

x = [=]
-f(x) = 9 -

b]- 20

Check Newton's method with B = Hiy
(Hellian)

Chi + 1
= th- M ,

His2
-



regression :

#near(n-w
-f (w) =

& If(w) -

n = 1

= - 2n (yn - wm

↑
can we update using

one or few examples

in each iteration ?



Schasticgradient descent :

-- 52m -[in; )m

ju unib (1
, . -d) r . v .

O

2k + 1
= CK+ - U

.
Of (2)

Ef(en) = Of (a) + w

Stochastic E /87(m)] = -f (2x)

gradient :



> In some E/n] e @f(a)

Crandom Variable)

Example:

① = If() + wi w in zero-mean
Noise

E[n] = E[Xf(a) + w] = Xf(x)

descent :② Random Coordinate -

~-+ su = (oxon] :

Yf() =

))d ; E Ind
i

jo unit (1 , ..., d) Local
:

&

E[n] =Ed . Con # f(x)



unbialdness and the vanilla analysis:

Rall : In gradient descent
,

we could lower bound

T

&
t
[ Ez-e

* ) > flu)-flu*
-

but now we cannot as It may belar from
being the true gradient .

-

· so inequality
-(n) - -( = (n - n4)

(from convenity) may not hold
.

Iwe have

E(g)(x = x)==

um &
Conditional expectation of 87 Fe EIR

given the event[m = xe3 .



=> E(g)(e - c)(xz =x] =

E(gez = x](x - x*) = (f"(m)(x -x
*)

· &C = 13 can occur only for u in finite net X

#[g(x +
- u

+)]

= [E[g] (c - x)(x+ = x)prob(x7 =x)
NEX

= [i VIT (2) (c - es) prob (e = 22)
NEX

= I [YE((ut - 24)]



=>
E((x - x4)) = ((VE (x))(x - x

*))

- E(f(x) - f(x))

So the lower bound holds in expectation .



Bounded Stochastic gradients :
-

· same convergence wate as gradient descent method

Claim : Let F : R& - IR be a conver and differentiable
-

function , a
* be a global minimum of f ;

11 20-u
* 11 <R and that E[11g/P] -

> B2 # +

Then Stochastic gradient descent with

constant step size y: yield
T- 1

#[Fle]-(
Iteration complexity : 0 (12) 0 )



Recall our vanilla analysis :

& (x -n * ) = y(18+ 112 + t(((x - x
* /12- ((x +

- 2%)

Telescoping Sum :

T- 1

5. g( -nt) = u+ + In (112 - x
+ 112 ((x+

- xπ)
t = 0

T -(

= ISllq llco-*
21

Taking expectation on both sides

T- 1

Ex-uH) -> SECIP) + + 114 - x
+ 11

2u -
↳ R2

We have the lower bound i

#( (nc-u* ] < E(f(xt) -F(i)]



(()-]2n
= q(m)

choose o that minimize the upper boud :

↓

T - 1 22 = 0

2 222

~ = F
for which we have 0[YF] ·

-


