
Rigid Body Localization and Tracking

Can we jointly estimate position and orientation
using range-only measurements?
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Wireless sensors on a rigid body
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Rigid body transformation:

sn = Qcn + t ⇒ S = QC + t1T
N =

Θ︷ ︸︸ ︷[
Q t

] Ce︷ ︸︸ ︷[
C

1T
N

]
rotation matrix Q = [q1,q2,q3] ∈ V3,3
translation vector t ∈ R3×1

“Interesting optimization problems on the Stiefel manifold”
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Measurement model

Squared-range between the m-th anchor and n-th sensor

dmn = ‖am − sn‖22 + nmn

= ‖am‖2 − 2aT
msn + ‖sn‖2 + nmn

sn: coordinates of the nth sensor
am: coordinates of the mth anchor

Collect measurements from M anchors

dn = a− 2AT sn + ‖sn‖21M + nn

A = [a1, a2, . . . , aM ] ∈ R3×M

a = [‖a1‖2, ‖a2‖2, . . . , ‖aM‖2]T
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Measurement model

dn = a− 2AT sn + ‖sn‖21M + nn

Eliminate ‖sn‖21M

Whiten R = E{nnnT
n } = diag(σ21, σ

2
2, . . . , σ

2
M) ∈ RM×M

WUT
M(dn − a) = −2WUT

MAT sn + WUT
Mnn,

PM = IM − 1
M

1M1T
M = UMUT

M ∈ RM×M

W(UT
MRUM)W = IM−1

Stacking for all the N sensors

WUT
MD = −2WUT

MATS + WUT
MN

D = [d1, d2, . . . , dN ]− a1T
N ∈ RM×N
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Measurement model

WUT
MD = −2WUT

MATS + WUT
MN

writing compactly

(M−1)×N︷︸︸︷
D̄ =

(M−1)×3︷︸︸︷
Ā S + N̄,

where N̄ is row-wise white.

Substitute “S = ΘCe”

D̄ = ĀΘCe + N̄

or vectorize it
d̄ = (CT

e ⊗ Ā)θ + n̄

θ = [qT
1 , qT

2 , qT
3 , tT ]T ∈ R12×1
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Proposed estimators: static case

Unconstrained (unweighted) Least-Squares

θ̂LS = arg min
θ

‖d̄− (CT
e ⊗ Ā)θ‖22

= (CT
e ⊗ Ā)†d̄.

Θ̂LS = vec−1(θ̂LS) =
[

Q̂LS t̂LS

]
.

Project the LS solution onto the constraint set

Q̂UC = arg min
Q
‖Q− Q̂LS‖

2

F s.to Q ∈ V3,3

= (Q̂LSQ̂T
LS)−1/2Q̂LS.

This is a special case of the orthogonal Procrustes problem.
(Hint: Q̂LS = UΣVT ).
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Tracking a mobile rigid body
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Rigid body kinematics is determined by

1. linear velocity: rate of change of translation

2. angular velocity: rate of change of rotation
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State-space model: dynamics

Translational displacement (constant velocity model)

tk = tk−1 + τs ṫk + zt,k

τs is the sampling time
ṫk is the linear velocity

E{zt,kzTt,k} = σ2t I3
Rotation update equation:

Qk = FQ,kQk−1 + ZQ,k , FQ,k ∈ V3,3

FQ,k is a function of angular velocity
Vectorizing

qk = (I3 ⊗ FQ,k)qk−1 + zq,k

zq,k = vec(ZQ,k)
E{zq,kzTq,k} = σ2qI9.
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State-space model

Stacking translation and rotation update equations:

θk = Fkθk−1 + uk + zk state equations

d̄k = Hθk + n̄k measurement equations

Transition matrix: Fk = diag(I3 ⊗ FQ,k , I3) ∈ R12×12

Control vector: uk = τs [0T
9 , ṫ

T
k ]T ∈ R12×1

Process noise: zk = [zTq,k , z
T
t,k ]T ∈ R12×1

Covariance matrix: M = E{zkzTk } = diag(σ2Q I9, σ2t I3)
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Kalman filter: weighted LS formulation

Prediction step:

θ̂k|k−1 = Fk θ̂k−1 + uk

Pk|k−1 = FkPk−1FT
k + M

E{(θ̂k|k−1 − θk)(θ̂k|k−1 − θk)
T = Pk|k−1

E{(θ̂k−1 − θk−1)(θ̂k−1 − θk−1)
T} = Pk−1

“View” θ̂k|k−1 as a noisy measurement,

θ̂k|k−1 = θk + ek|k−1

E{ek|k−1eT
k|k−1} = Pk|k−1

Augmented measurement vector[
θ̂k|k−1

d̄k

]
=

[
I12
H

]
θk +

[
ek|k−1

n̄k

]
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Kalman filter: weighted LS formulation

(Unconstrained) KF is obtained by solving the WLS problem

θ̂k = arg min
θk

‖P−1/2k|k−1(θ̂k|k−1 − θk)‖
2

2
+ ‖d̄k −Hθk‖

2
2

Allows us to add constraints on the state variables.

θ̂k = θ̂k|k−1 + Kk(d̄k −Hθ̂k|k−1)−1 (KF update equation)

Pk = (I12 −KkH)Pk|k−1 (Estimated covariance)

Kk = Pk|k−1HT (HPk|k−1HT + I)−1

Recall Θ̂k = vec−1(θ̂k) =
[

Q̂k t̂k
]
.

As earlier, project the solution onto the constraint set

Q̂UC,k = (Q̂kQ̂T
k )−1/2Q̂k .

11/18



Remarks

Unitarily constrained least-squares

arg min
θ

‖d̄−Hθ‖22

s.to Qk ∈ V3,3

Unitarily constrained Kalman filter

arg min
θk

‖P−1/2k|k−1(θ̂k|k−1 − θk)‖
2

2
+ ‖d̄k −Hθk‖

2
2

s.to Qk ∈ V3,3

Transform the constrained problem into an unconstrained one
using:
1. the matrix exponential exp(X)
2. or the Cayley transform (I− X)(I + X)−1

then use Newtons method.
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Simulations: static

N = 5 sensors mounted on a rectangle based pyramid, M = 4 anchors
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Forbenius norm induced distance
for unitary matrices is upper bounded
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Simulations: static
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Simulations: static
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Simulations: dynamic

2 4 6 8 10 12 14 16 18 20

10
0

b

a

 

 

KF

ortho

UC

ET

c

16/18



Thank you!
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Appendix: Unitarily constrained LS

Recall D̄ = ĀS + N̄ and S = QC + t1T
N

Decouple Q and t
SUN = QCUN

PN = IN − 1
N

1N1T
N = UNUT

N

Use SUN to get

D̃ = ĀQC̄ + Ñ ⇒ d̃ = (C̄T ⊗ Ā)q + ñ

Unitarily Constrained Least-Squares

Q̂UCLS = arg min
Q
‖d̃− (C̄T ⊗ Ā)q‖22

s.to q = vec(Q), QTQ = I3,

t̂UCLS = min
t

‖D̄− Ā(Q̂S−UCLSC + t1T
N )‖2F

=
1

N
(Ā†D̄− Q̂UCLSC)1N .
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