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R Background and motivation
& Algorithms for sparse signal recovery
@} Guarantees on sparse sighal recovery
&R Non convex mekhods:
®R MAP estimation
@R Sparse Bayesian learning
® Useful extensions

R Appti,to&ion to wireless communicakion



Part 1: Setting the Stage
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Motivation and background

Basiec resulks



Sparse Sighal Recovery
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y d X \%
B —|— i
M x 1 M x N | | M x1
g noise
measurements Measurement matrix
M < N N x1

a.k.a. Dictionary B sparse signal

Kk nonzero
entries,
k << N

R Goal: Recover x from Y

R M << N: EM&MLEetv many solutions



Compressed Sensing
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R DPeals with kwo main qu,esﬁm\s:

&R Desigin of@ehsiv\g maErices}wL&h recovery

quarantees / =
Sparsifying

/ Basis

PN =ApuxNYNxN

® Compubationally efficient recovery

® Qur focus: sparse signal recovery from noisy
Linear underdetermined measurements
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Apptwa&mms
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Signal representation (Mallat, Coifman, Wickerhauser,
Downoho, ...)

Functional Approx. (Chen, Nagarajan, Cun,
Hassibi, ...)

Spectral eskmwmn,, tar&ograykj (‘Papouiis, Lee, Cabrera,
Oyl iy

EEG/MEG (Leahy, Gordonitsky, Icannides, ...)
Medical imaging (Lustig, Pauly, ...)
Speech SP (0zawa, Ono, Kroow, Atal, o)

Sparse channel estimabion (Fevrier, Greenstein, Proakis,
rasad et al.,...)

Outlier removal and feature selection in machine learning



Wireless Chawnnel

Eskinalion
A
GEREETT
time

R Wireless channels exhibit mulkipath
® Naturally sparse i the lag-domain

®R Need to estimabe bobh support & channel

@@ Channel equalization & data detection



Robust Linear Regression:
Underdetermined Case

y D X V Model noise
ot Ouﬁrs Gaussian
__noise
M x 1 M x N | | 1= U4+ [
N x 1 , [ ]
— ———————====—=j |gg SParse signal § Vg Vg
l Goal: Given Y, @, recover x | |
1 T RO e ————————
& Transform into an ovaraom}ie&e Probt&m:
Y = Px + Pv, + vy, where ¥ =1
X
Ul a— [(I), \I’] [ o ] G SF’O\T'SQ T'ECOVQT‘j O\LSOS

are Now apptiaabi.a!



Robust Linear Regression:
Overdetermined Case
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R Measuremenlk model:

y=Ax+E+e

M x N; OQutliers; Noise
M > N  sparse

e Sy DA — U2V - U-A—0
R Processed measuremenks:
y=Uly =UJE+UJe

R Caln Mow direc:&i.j &prj sparse sighal recovery
algorithms to estimate and remove outliers!



The Problem
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@2 Noiseless case: Given y and @, solve
min ||x||g subject to y = ®x
@ Noilsy case: solve
min ||x||o subject to ||y — &x|2 <

@ L, horm minimizakion

R Cowmbinakorial complexity

®R Not robust ko noise



Qecoverj Algorithms

.

R Greedv algorithms:
R Matching Fu.rsu.i?: [Mallak, Zhang; Cotter, Rac]
&R Orthogonal makching pmsui& [Tropp 03]
R CoSAMY [Needell, Tropp]

& Relaxation based methods (minimize diversity meas.):
& Basis pursuit (l-p, with P::l) [Chen <k al.]
®R Lasso (BPDN) [Tibshirani]
R Dantziq selector [Candes, Tao]
® Homotopy based methods (e.g., LARS) [Garrigues et al. 09]
®R FOCUSS (L-—P, wikh p < 1) [Gordonitsky et al.]
® Iterative methods: Recovery guarantees exist

® Basic/Iterative hard thresholding for most of these algorithms!
@& Hard thresholding pursuit See [Rauhut & Foucart]



Motivational Exam F?Le

Crenerake random 50
x 100 makrix @

Grenerate sparse
vector x,

Campu&e y = Dx,

Solve for x,, average
over 1000 krials

Repeat for different
sparsity values

Prob. error

Highly scaled
enkbries

enkries

~#-OMP

-©-CoSaMP
MAP

o
o

Prob. error
o

-L1
%-saL

Unit magnitude



Limitations of Relaxakion
and Greed
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@ Performance of BP and OMP depend on @

R Poor performance when conditions are violated
®  Hard to relate estimation error to the dictionary
& Correlated dictionary: disrupts L -1, equivalence

R BP: f&f{@fv\«&ht‘:& independent of nonzero coeffs
[Malidutov et al. 2004 ]

®  Cannot improve when situation is favorable

®R OMP: par&ormahta highly sensitive to magnitudes
of nonzero coefficients

®  Poor performance with unit magnitudes



Other Limitations of
Cownvex KRelaxakion

LN
N NN

&R Scaling/shrinkage:
® Noiseless: L, <=> L, <=> L,, Shrinking large
coeffs can reduce variance, but at the
cost of sparsity

® Noisy: The T in lasso that minimizes the
MSE could result in a much larger
number of nonzero coeffs

R Estimating embedded params (e.q., D)



To Qe&a[p
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@* Sparse signal recovery
®R Basic problem

R Algorithms

R Limikakiowns
®R Scaling/shrinkage
R Correlated dic&iov\arj

R Embedded parameters



Part 2: Dont Relax!
e

A time and place for nonconvex methods?



Bayesian Methods
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R MAP estimation (Type IY:
R Also a regression problem with sparsity
promoting penalties (e.g., L~norm)
® L-min (BP/LASSO) is a special case

® Iterative reweighted L, [candes et al. 200%]

R Iterative reweighted L, [Chartrand & Yin 200%]

&2 Hierarchical Bayesian methods (Type 11):
™R EM*baseci Sl [TLPPEMS, Rool], [Wipf, Rao 2007]

xR AM‘P""bO&SQd MQHAOC*S [Schniter 200%], [Rangan 2011]



MAT Estimation
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(}2 — 7l maxp(x\y))( Type-I method M <« N

= arg min — log p(y|x) — log p(x) (Bayes’ rule)

N
= argmin [ly — ®x||5 + AZQG%‘D < Separable prior
i=1
@ For sparse solutions, g(|x]) should be a concave,
nondecreasing function
® Example: 9(Ix ) = |x[f, p € 1

®R Lasso is a s!pe«céai. case.! p::l

@ Any local min. of the MAP estimation Frobtem has at
most M nonzeros [rao et o, 99]



The QFEEMELQ&EOM Problem
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®R To solve

N
argmin G(x) £ ||y — @x[3 + 1Y _ g(|x:])
th=1.

R g([x]) symmetric and concave, monotonically
increasing for x € RT
R &(x) convex + concave
R Many options for g(|x]) to promote sparsity
R Many options for solving the optz. problem



Sparsity-Fromoting

Pewnallkies

.

® Concave penally fns. promote sparsity

O&S}(x
O&S(x
Oas(x

) = LOSUX'Z 5 E), € » O [Chartrand & Yin 200%]
Y = Log(|x] + €), € > © [candes <t aL. 200%]

) — IXlF) O < F < 1 [Roo et al., 99]

R A general approaah:

ma jorize-minimize

On—1 x6,) <6,

)

>



Ma jorization-minimization
Approaﬂk
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@ Find an upper bound g(x) € fx|x")

® Equality at x = x"), convenient for opt.

@R Step 1: Optimize

arg min F (x[x™) 2 [ly — ®x|3 +Azf G
R Step 2: Seb m <= m+1, update nf(xlx(“'o), iterate

R Works because
G(xmrD) € Fxm DMy € m(xIM]xmM)) = G{x)



Iterative Reweighted L,
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& Concavity in Ixj: gx) <€ S’(x(m))(x-vx(m)) + g(x(m))
® Equality ot x = x{m), Linear tn x
® Iterative reweighted L : [candes <t al. o%]

®R Inik: m = O x" = somelthing convenient

®R Ikerate:

R QF’EE,W\EZ.?.

x(" D) — argmin ||y — ®x||2

2 m <= m+l, update 9'("«-}"4))

R Unkil converqgence Weigh’red ll minimization



Iterative Reweighted L,
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0g(Vz?)

R S(’Q concave i x2: g(x) < ( a(a;)

> (% — ap =g

=T

R OPEE,ML,Z.QELOM prabt&m

N
x!™ ) — argmin ||y — ®x|3 + )\Z
i=1

R I&QT‘O\&LVQ TQMQ&SD\&Qd LZ [Chartrand et al. o%] ||W_% || 2
R Inik: m = 0, xm = something convenient T 2D
&R  Ikerate: ;

@ Compute X(m—l_l) = qu)T ()\I F (I)Wm(I)T)_ Y
R M <= marl, upd.o&e W,

®  Unkil convergence



Other Wa:js to Bound
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®R Tavi.cw’s expansion
R Jensen’s inequadi%v
R Concave conjugate Lmaquau&j

®R Grood C}Wror&uhi&v o tnovake!



Al Examyiﬁ
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R Suppose 9(x) = log (x| + &), e> ©

®R Cowncave i |x|, x?
R Iterative reweighted L1
()= [+
g |z, — assclea e
R Iterative reweighted L2

2
wZ(m) - [(azgm)) GG

—1
xgm>\]




Limitations of MAP
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@ Many local minima pEe

R May get stuck at a local minimum

@ MAP only guarantees max p(x = x|y
® Probability mass, rather than mode, may be more
relevant for continuous random vars

® Perhaps posterior mean E(x]y)?

@ Even with the true prior, MAP estimators do not
minimize MSE: so MSE may be high!
® In fact, using “true” statistics often does not lead to
the Lowest MSE!



To Qe&a[p
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R Bavesiam estimakion
R Rasic MAPY estimakion
R Majartza&tou—mLmi,miz.a&ou approa«ch

R Iterative reweighted algorithms

@R Limikakiowns
R Mamj local minima

R Posterior mean vs. Pas&ermr mode



Part 3: Sparse Bajesiam
Learning
o<

Use Lots of priors and pick the best one!



Poink of Departure:
Alternative Prior

LN
N NN

R Need tractable representations for
sparsé&v promo&i»\g [ari,o-rs

® CGraussian Scaled Mixbures (GSM)
x =VI'G; G~ N(g;0,1)
p(x) = / S p( ) Ay / N0 )l

@R y: non-hegative random variable,
independent of &



Whv SMs?

.

R Defn.: A function £{(x) is completely monotonic
on (a,b) f (1MW) 2 6, n = 0, 1, ... where
£00(x) = n" order derivative

® Theorem: A density p(x) can be
represented by o GSM iff p(x*) is

completely monotonic on (o, c0)

R Most sparse priors o x can be expre.ssed

using &sSms (incl. ones with concave q)
[Palmer ek al., 2008]



Examgi.@.s
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xR La PLQCEAM ciev\si,&j

CL2 CL2
R We use: Bl = e (_?7>’720
a
@ And get: P(Zi5a) = 5 exp(—alzi|)
2 Which leads to the familiar LASSO problem
R Skudenk’s b diskribution

R We use: gamma distribution

@ And get:
ba’F(a - 1/2) 1

Bl bl V2T(a) b+ x?/z)aﬂ/z



Examgi.es
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R Creneralized Graussian

 We use: positive atpha-sEabLe density of order p/2
1
. p(zi;p) = exp(—|z:[?)
® And get: o (1 i %>
R Creneralized loqistic distribution

2 We use: A scale mixing density related to the
Kolmogorov Smirnoff distance

R And geb:

bl I'(2a)  exp(—alz;|)

[(@)? (1 + exp(—|z;]))*




Sparse Bavesiam Learining

Recall Ehe canownical wmodel

y ) X 1%
| - LHEONDN & |
| noise
1 1 9 -SPGrSG
Y = S exp (—ally — xiE)

Parametberized Graussian priar:

1 e




Grapk&&at Model

—ORO——
@R Markov chain: y =» x => Y

@2 y: honnegative hyperparameters

-
%

R Potential advantages:

R Criven vy, F("ljti> is
Gaussian: easy to find
poin& estimates

R Averaging over x -» fewer
local minima in plyly)

&R y can be used to bie
parameters together: fewer
params, to estimate



Hierarchical Bajesi,am
Franeworie
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@R First, estimate hyperparameters: = ey mvaxp(v y)

Ry : deberministic and unknowin, or random
with hyperprior distbn.

R Then, find posterior distribution P(xl:j;/\?)
p(Xly; 4) = N(pte, Xz)
A ‘s =1

py = Id7 (<I>F<I>T + AI) y

S =1 =107 (9rdT + AI) " oF

R For Foim& estimates: e.q,, Fos&ermr nmeawn: E (x|y;9)



Sparse Bayesian Methods

@ Estimate v, from the data: Type-II ML
£(T) = logp(y:T) = log [ plylxiT)p(ox T)ix

e = (0,g21 + @F@{)

Zy
& When Y is random: can find MAP estimates

N
R Jusk add Zlog p(vi) term to log Likelihood fia
=i

o2 $BL cost function: L(T) o —logdet(Zy) — y73;ly



Gpﬁimiza&mm via EM
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R Lc;-g Likkelihood O'f the i‘IIOMF?LEEZ@. d&&ﬁ\

ly — ®x||2 S »
—logp(y,x;7) = +§ > = +logyd Zlogp 7i)

202 : ;
1=1 !
— log p(y|x; ) — log p(x;7) ac1htates type-II |

indep. of func. of ~ , algorithms §
@R E-Step: compute “Q-function”

Q (F’F(t)) 7 IE':‘4><:|y-1“(t> —logp(y, %) from previous

() iteration
NE
= E Ly silooe

Yi

R Easv ko «QOMPM&E p(ley,F(t)) Ls ¢raussian




The EM Iterakions
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R Efms?t:ee,p (continued): p(X!y;F(t)) = N(p, 2)

—

e | —1
M:U—2 ((7—2(1):F(I)Jr (F(t)) ) e <02<I>T<I>+ (F(t)> )

R M“s%ep: maximize QM) given
posteriors qgathered in the Ewsﬁep:}/

— 1

E(x?|y; T¥)

LD — argmax Q (F\F(t>) :Eiiag (17 + z))

v: =0

R Companenﬁwwise upcia&es

Can recover type-I methods by
treating v as hidden and taking
expectation over v instead of x



The SBL Algorithm
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1. Inikialize [ = 1

SN
2 COMF’M&E U= 0'_2 (O'QCI)T(I) T (F(t)> ) (I)Ty

o
B e
Sy i g e € ()

3. Update Bl diap 7 =k 2
-, Qépeo& s&eps 2 and 3

5. Qutput [ after convergence



Variakional Interpretation

SRR ,

®R Lower bound on L:

Jensen’s Lv\equ.at&v

& In each ikeration, EM maximizes the bound



Convergence
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Convergence guaranteed to a fixed pt. of L from any
nitialization (.proper&v of EM)

The global min of L occurs at the sparsest solukion in
the noiseless case =» no structural problems! rwipf et at. 04]

Attempts to estimate posterior p(x]y) in regions with
significant mass

All Llocal minima occur at sparse solubions i the Moistj
case fWiP‘f ek al. 04 ]

Cost function much smoother than the associated MA?P
QSELMQ&LOV\: ‘fewer LO’CO&L yvitiiywa [Wipf and Nagarajan 09]



Recall Emp&rwat Exampte

1.

o

Unit magnitude

CGrenerabe random 50 enkries

x 100 makrix @

Prob. error
o

0.2
CGrenerate sparse
vector x, 2?
lixll
0
COMFM&Q j = OX, 1- — p—O0—Q 0@
Solve for x,, average %
; —#- OMP
over 1000 Erials $06 -©-CosaMp
= MAP
. r ==L1
erec_f nfortdcﬁerehfz & 04 o-saL
spm*sz ) vaLues Higk’.j scaled 02

enktries

Ili?l =



Ohe)E

0.8
0.7

y of Error

e

0.5
0.4

robabili

0 0.3
0.2
0.1

0.6

—-©—11 (type I)

—¥— ReWt 1 (type I)

—©—11 (type Il

—¥— ReWt 1 (type Il)
—©—- ReWt 12 (type |)

—¥— ReWt 12 (type II),

SBL

(/)

)

AN

7)

(/)

Num. nonzero entries



Other Options for SBL Cost Min.,
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&R McKay updates [ripping, z001]
= Set gradient of SBL cost = ©
R Faster convergence than EM
& Greedy approach:
@ Update hyperparams one at a time [ripping & Faul, 200]
R Closed-form update for cach hyperparam
o Fast, but can get trapped in a local min,

o2 Fast Bayesian matching pursull rscwiter et at, o7



Other Options for SBL Cost Min.,
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R Use dual-form of SBL. Cost function:

Xopt = argmin |y — ®x||3 + 0%gsp (%

gspr (x) 2 minx”T~1x + log det (0°I + @I'd7)
g

R Facilitates iterative reweighted L, and L,
QLSOT&EL&MS [Wipf and Nagarajan, ©9]

®R Qvercomes some Limitations of EM

R r?.eptace. E"‘SE@.F wikthh an approx. Pos&ermr
CC}MPM&Q&LOV\: AM?"‘SBL [Al-Shoukairi and Rac 14]



Approximate Message
Passing
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&R AMP [Donocho, Maleki, Montanari 09

@@ Uses loopy belief propaga&ion + Graussian
approximations to solve LASSO

R Key advantage: low complexity

®R In SBL:
&R All Gaussian PDFs: appmxima&io—m is not necessary
2 Only need to track means and variances

XR Cal re.pi.m:e aampu&a&iomauj expensiva Elms&ep wikh
the AMP based iterations



Factor Grapk
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R In the E-Step, we're after 91

(X!y;F(t)) x p(y|x)p (XT(”)

o H P(Ym|x) Hp @and)

R And we c&@fme
G (%) 2 p(Ym|x) = N (ym; X, 0%)

fn(xn) é p('fcnaf}/n) e N(Zlin,o,”}/n)
® To get the factor graph /C

N NN K




AMP-SBL

Definitions:
Grhs o= pore =
/ Tn
- F Kna T
R General form of updates: e

A 2 Message Updates:

| M
1 | K, =) & zZ
2t —y — Ox! _|_[_Zt1<77,t1 ((I)Hzt—l . 5551)9 —
0 Ly = Fo (Chaee
Message passing term 1, = G (B
R N sofb-thresholding e
Ci=20; — e
function — Linear for SBL "M nz::l

@R G(M+N) mMsq upd&&esz Skl nz::l Pruntin + 3F ; F(pin; €)

Low aompu&a&ionai. cost! 2
A= S /’Ln



Emp&r&cai Exam[pt@.

NMSE

T
R N = 200, M = 100, K = 20, Graussian measurement makrix
10° : : : :
=3 EM-SBL | =%~ EM-SBL ||
-©- AMP-SBL -©- AMP-SBL |
* S *
101 i \
gm"
|_
e o
< e C o
‘ ‘ ‘ 107 * * :
10 15 20 25 5 10 15 20 25

SNR (dB) SNR (dB)



Advantages of SBL
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®R Averaqing over x: fewer minima in [n(:j;y)
R Greb an estimate of the error in recovery
R Allows for “exact inference”

®R Versatile: v can also be used to bie several
params, together - easier to estimate

R Useful extensions: incorporate structure
R  Inkra/inter-vector correlation
® SBL allows the use of Kalman framework
® Block/cluster sparsity

®R Colored noise (rank-deficient cov.)



To Qe&ap
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CX Sparse Bajesiah learning

R Sparse vector recovery via estimating
hjperparameEers

(€ Expec&a&&on—max&mka&iam tkerations
® Convergence properties
&R Alternative metemem&a&iov\s
R Limitakions
R Compu&a&iamat t:c:-mp!.exi,&vj
®R More recent AMP-based algos overcome this
R Slow comnvergence

® Fast versions exist, but without the same
convergence gquarantees



Part 4: Extensions
S

L Mu&ipte measurement vectors

2. CLus&er-sparsLEj, inter-vector correlation

[

Distributed sparse signal recovery

&, De.ep learning



Mu,LEE;F?Le Mea surement
Vectors

= —
R Observaktion Model

: -
’ + E - . Jointly sparse
L l 9 . X l B E lo
(m ) ] - -
O m =
x.

R Whj? Mu.LEE,F»Le measuremenks can Frrovi,cie
complementary information

g8 otk Priorip(x: D)= N(0.E)sgi=d e aal



Algos for Joint-Sparse
Recovery
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R M’"OM? [Tropp et al,, 0&]

(l; norm across rows)
R M=BP [Cotter et al. 05, Malioutov et al. o8] o

Num. L N

measurements min Z Hyl Et (I)leH% £E )\Z HX;FHQ
e =3I =1l

R M“:’@f“ff‘ﬁvs [F’Lgueuredo 02, Rao et al. 97, Candes et al. 0%]

(I2 norm of it" row)
min ®xcillZ X e XT
{x1,%2,... xL}Z HYl l lH2 Z g || ||2
5 M“POL'USS Dz“” ?-E al. 03, Cotter et al. 05 Lhen ek al. 09]
ik Z ly: — @ixi]|3 + AZ (I=E]2)f <1
T s

{X17x27°"7xL} s



The M-SBL Algo
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R Cost function .
p(¥in) = [ (Y. Xim)aX = [ [ plys i pxss i
X Kev Poav&: Y t:ou,!pi.as the s;;‘ls&j Pa&&e_rvx ACTOSS Xj
R Fewer parameters to estimate: N << (N x )
R EM Iterakiowns
E-step: Q(7]7") = Exjy 4+ logp(Y, X; )]

M-step: ’yk“ = arg max Q(WWk)
WGRf
& Posterior distbn.: p (Xj‘YﬁVk) ~ N (N§+17 E§+1)



£E & M Steps
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@< & Step:
sh+l _ ok _ 1507 (6215, + &;,7°8T) " &,T*

Mf—l—l AL T
®R M SE@.F
k—l—l Zluk—l—l Zk—l—l(Z Z)

®R Average cwf the individual estimates
of vi across measurements



Emp&rwat Exam[pt@.

e
1 : : , P S iy
R 5= - -- M-OMP - e
M e 25 0.9H — M-Jeffreys el o7 3
- - M-FOCUSS (p=0.8) | ,- e -
N = §0 0.8 - - M-BP - -
—— M-SBL :
L =3 0.7}
206"
T
- 05"
o
W 0.4/
0.3+
0.2~
0.1+
() e L ‘ | 4 t 1
10 12 14 16 18 20

[Wipf & Rao, 07] Diversity (D)



Av\at?sis: Failure of
Standard Sparse Regression
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R Lebk X, € R¥*L = nownzero rows in Xo, and &, = dVj
R Suppose XoXj is full rank (L 2 k), & Y = X, = X,
R Lemma: [wipf <t al. 11]

&R There ems& D, Xo such that solving

mmZgZ (lx7]]2) s. t. ¥ = X, = #X
=1

for any possible g: will have solutions NOT
equal to Xo!

R Sparse reqression can fail!



Amaljsi;s: Success of MUSIC

ot o Vo ¥
N NN

~

R When XoX7T is full rank, span[Y] = span|®]
R MUSIC algorithm:
R Compute ¢ =min|l¢; —Yally V¢ € @
&R Index i is i the support Uf o= 0

R Resulk: MUSIC is quaranteed to estimate the
correct support whenever X Xjis full rank!

[Feng and Bresler 96]



Hvbrid Algorithms
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®R Combine MUSIC and sparse recovery

[Davies and Eldar, 2012; Kim et al., 2012; Lee et al., 2012]
R MUSIC only works if L 2 k
R Sparse recovery can sowmetimes work even if L < k

R Problem: correlated columns in @

8 10 12 14 16 18 2 2 4 B 8 10 12 14 16 18 20

Easy: 1O ~ 1 Hard: 7 £ 1



Compensating for
Dictionary Structure

- Ve
N NN

R Simple example: building colummn norm
thvariance 2
Let a; = [|®Pi]l2 and 9(X,0) 2> ai|x] |2
Then, the problem =
min ||[Y — ®X||3 + M\g(X, a)
Ls E,Mvakri,am?é ko c&ia&wn&r:’ columin norms,

R So what about some fn. g that depends
on the correlation structure 7o 7?



Analysis of M-SBL Cost

NN
N NN

@R M=-SBL is equ,i,vai.eh& to solving

min g(X; @7 ®) s. t. Y = 8Xy = &X
Incorporates X
correlation structure /
into the cost function
@ Resulk: Unique stationary point Xo when:

R Rows of Xo sufficiently uncorrelated, OR

R Sorted row norms of X, decay sufficiently fast
[Min & Wipf 15; Wipf et al. 15]

R True even under correlated dickionaries

® But failure skill possibh@. when MUSIC succeeds...



Augmented M-SBL
Model

LN
N NN

R Modified Llikelihood function:
1
PYIX) cexp |~ oY - aX 3]

R Posterior distribution is Graussian wikth mean

B —1
X = E,x|v.r.[X] ~ 97 (@ra” + 021) Y&
If T' is sparse, so is the mean

& Estimate both T and ¥ via marginalization:

Juax. / p(Y|X; ¥)p(X;T')dX

[Wipf et al. 15]



Analysis of A-SBL

ot o Vo ¥
N NN

&R Augmented SBL is equivalent to solving

N Gag (X, P PTP)st. Y =dX) = PXT

for some Qi Moreover,

1. Have unique stationary point at X'0" if
XOXOT — full rank

2. For any fixed ¥, have unique stationary point
abt XU = X, if sorted row norms of X, ¥ decay
sufficiently fast

®R Elxpioi,&s bokh sighal and déc&iema\rj correlakion



Empiri;&ai Evaluakion

LN
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R Cyenerabe correta&ad dm&mma\rv

b = Z —a;b a;,b; — iid N(0,1)

R CGrenerate r:carrei.a&eci Xo, varying rank
Z ==LV B I R i1d N(O, 1)

R Compu&e Observaﬁmms

Y = ®X,

® Compare algos as problem dimensions change



Fixed:

N
K

200 (num. cols.)

Varying:

M = num. rows
L = num. cols in Xo

A-SBL outperforms
existing algos,
including MUSIC
and convex LASSO
based methods!

No other existing
algo has similar
guarantees.

20 (row sparsity)
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=
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Clustered MMy Model

NN
N NN

. Another twist: Suppose xi, ..., xt (tasks)
belong to K clusters, K < L

®R  Common suppor& wibthin each cluster

R 2 column indices of X corresponding
to cluster k, unkinowin

2 Objective: Membership of cach x;?



Clustered SBL Model

LN
N NN

5 (] [ ] (] 1 ]
R Graussian likelithood: p(Y|X) « []exp [——202 ly; — ®5%;l5
j -

: e ] -
& Prior distribution:  pxA, W) « [Texo [—§X?Tj i

J
R ijerparame&ars: A€ R SN RIS

R W rows Lie simptexsé {wfzzwj,kzL w; i € [0, 1]}
k

@ Covariance I'j diagonal: T;'=> w;.A;’
where An = diag(k™ column of TA)

[Wang et al. 15]



Optimization Problem

LN
N NN

R Poskerior disktbn.: Gaussian wikth mean
~ —1
Xj :I‘](I)f(OQI—F(I)jI‘](I);F) Yj

=N/
A
=

R Can t:ompu,&e MATY estktimalbes via

= / p(Y [X)p(X; A, W)p(A)p(W)dX
A>0,WeS Will design p to

promote clustering
[ 1 .
R ASSMMLV\S p(A) =1;p(W) x exp(—ip(W)), QQMLVO\L@.V\&

F?rc:wbi.em

Ty—1
A>%}%\)7<€S Z [Yj Zyj y; + log |ZYj ﬂ =t Zk p(wjak)
J J>



Cost Function

NN
N NN

2 Determinant identities and Jensen’s inequality: get
upper bound on the cost function:

J

LAW) 2 [yfzgjlyj} + > olwp)+ > log > wpArt + %cpj%j +) " wjk log |Agl
® Can be op&imijz_e_d u,sLV\gj majorLaa&icwnwmimimi;a&iom
R How to choose p{w)?
® Examples: p(w) = Bwlogw, p(w) = Blw|?, etc.

R Convex over [0,1]: favors sharing of basis
functions along cols of W or merges A,
together - desirable



Low Noise Cost
Function Rehavior

ot o o Y
N NN

R Assume thak an op&imai solukion X* ko

i o st y; = ®,;x,, V)
mgn >~ Iyl 56 35 = By,
J

exists with [x}]lo < N and spark|®;| = N + 1, Vj

® Leb A%, W' denote any global solution to

| laa s et o AW
02—30A>0,WeS

:
Thew, X; =I5 (®,I®7 )Ty, with 7= (Z w;,k(A};)T>
forms a globally optimal solution to :

i o st y; = ®.x;, Vj
mgn > sl 5. 5 = %%,
J



Erri2 Emor of All Tasks

Spectral Clutering Missrate
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Kemarikes

XN

2 Demonstrated that m-SBL can be adapted
for subspm:e. segmentation

R A sLmPLe, novel, emg&r&aat prior is
Justified using properties of the resulting
cost function

& The associated analysis promotes
understanding of the central mechanisms
that lead to successful subspace clustering



Inter-vector
Correlation

ot o Vo ¥
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R Te.mporat correlakion is
usually present, and X1 X1 XL

should be exploited
“=
2 Better, faster recovery SR R
R Model correlakion -
using a first order B 3
autoregressive process: e S

i a and ey = pligay B/ Eaple el = dlEe et



Inter-Vector Correlation:
EM Algorithm

ot o Vo ¥
N NN

®R E-Step: QYY) = Ex,,..xp vy logp(Y, x1, ... X1;7)]

L L
=E | ) logp(yilx) + ) logp(xix1—1;7)
= =1l

R Requires computation of fixed-interval
smoothed estimates

@ Efficient recursive implementation via
KQLMO\V\ SMC}C)HAE,V\S [Prasad et al. TSP 2014 ]

R M*SE@.F?: ‘Dacmu,ptes as in the single
measurement case: sLmPi.e upda&e rule



Simulation Resulk

MSE

) 1 1 1 1

‘-
-
-
-~ -
-

- -
-~
T~
§~
s

1 1 1 1

10 12 14 16 18 20 22 24 26 28 30
SNR

N = 64 M =44, K=30,L=7p=0999



Block Sparsity & Inkra-
RBlock Correlation

NN
N NN

R Intra-vector correlation is often present,
and is important to model & exploit

Y D X 1%
L Xi
S X2 E
e .
:> = noise
R q blocks; few nonzero o NIy

R Inkra-bloclke correlation > e

sparse
signal



BLOGR’“SP&YSQ Ba:jesmm
Learning Framework

LN
N NN

®R Measurement model: y =dx+ v
s
X = [5[31,...5130[1/,...,ZUdg_1_|_1,...£Cdg]

4

N~ -~

o g2
X7 X,

R Paramekerized prior
p(Xi;’Yia BZ) o N(())’YZBZ)a } = 17 27 cey g
®R Vi conkrols sparsi&v

®R B, conkrols inkra-block correlakion



Optimization Problem

ot o o Y
N NN

R Poskerior distribution
p (x|y; 0%, (viBs)i—1) ~ N (e, Xe)

R where U; = ZOCIDT(J2I -+ CIDZOCDT)_ly
U, = Ty = Bg@ e T e D i @iy
s rdiaeian B e lS
= ALl params. can be estimated by maximizing:
£(8) = ~2log [ plylxio)plxi So)dx

— log det (021 + ®5,07) + y7 (02T + #50T) 'y



Several Options for
OPRMEZAROM
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R BSRL-EM: Use expet:&a&iovwmaximiz.a&ov\

® BSBL-BO: Use bounded optimization, e,
ma jorization-minimization

&2 BSBL-L1: Use a reweighted L1 procedure
(spe.t::mt case of BSBL-BO)

< Different strategies offer a variety of
performance-complexity tradeoffs

[Zhang et al. 2013]



Sparsity p=K/M

Phase Trawnsition

— R
Correlation = 0 Correlation = 0.95
o0— ——0—0—0
0.9 0.9
0.8 0.8
0. < O
0. 2,
\ Q - o
0.9 - -3 = =B== == B--0---3° 20 B--o40---2"
)
0.4+ © 0.4F
—$—-BSBL-L1 o —$—-BSBL-L1
0.3/ | —>¢ BSBL-EM 1 D g3} ~3¢ BSBL-EM
O BSBL-BO O BSBL-BO
0.2+ Block-OMP M 0.2 Block-OMP
- Model-CoSaMP - Model-CoSaMP
0.1F Mixed L2/L1 H 0.1 Mixed L2/L1
Group Basis Pursuit Group Basis Pursuit
c Il Il Il Il I I I I c 1 1 1 ) I I I
005 01 015 02 025 03 035 04 045 05 005 01 015 02 025 03 035 04 045 05
Indeterminacy 6=M/N, N=1000 Indeterminacy 6=M/N, N=1000

N = 1000, M = § N, g = 40, block size = 25
Curves indicate > 99% success [Zhang et al. 2013]



‘P&E&ervw(’.ioupled SBL.

ot o Vo ¥
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R Hierarchical model: px|a) = HN z:;0, (2 + Bait1 + Boica) )
@R 0< <1 econtrols the coupi.chg

@ E-step almost the same as before:

N 5

—

—5l

® Tz dmgamat( +5%+1+5a“) )

®R M-s%ept taupi.ed equa&oms. Apyrox‘ soln:

—
o S P A e e ) B D))



Empirical Performance

o o o
BN » o

Success Rate

O
N

—i— PC-SBL

—e— BSBL-EM(h=4)

- + =EBSBL-BO(h=4)
MRL1
CluSS-MCMC

0 BM-MAP-OMP

0.5 0.6 0.7

N = 100 entries
K = 25 nonzeros
L = 4 clusters

Source: J. Fang et al.,
"Pattern-Coupled Sparse
Bayesian Learning for
Recovery of Block-
Sparse Signals”,

IEEE TSP Jan. 2015



Distributed f?;@.c:a-verj: Learning
Over a Network

e

Network of L data centers
® Node j has observation Y;

Wantk ko Learn x;:

R S&&Eis&icatij réto\&e_d

Centralized processing:
R OFELMQL, but
&R Computationally demanding

Distributed (in-network) processing:
®R Secure
® Robust to node failures



Recap: SBL for Joint Sparse
Recovery

ot o Vo ¥
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®R M Ikerakions:

(‘R ._ »
& S&EF' k+1 k kT (.2 kgT\ L k
N§+1 .—ZZk—I—l(I)T

@ Separable: x; are independent given T
® Can be computed locally at each node

R M-step: not sepowabi.e

Fk—|—1 Z (k—|‘1)



A Si;mpte Trick

=

R Equivalent Frabi&ms

Can be computed
locally at each node!
Objective fn. separable

Bridge nodes
Linear constraints

/Yj?j & [L]

SUDEEE B0 ai — O e s h]



Alternating Directions Method
of Multipliers

ot o o Y
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R Greneral problem: given convex fus. § and g

{flyn} f(x)+g(y)

subject to Ax + By =c

R Augmented Lagrangian
L(x,y:A) = f(x) +9(y) + \T(Ax + By —¢) + L||Ax + By — c|3

x (kD) = arg min £, (X,y(k), )\<k>)

R ADMM iterations

Convex problems, easy to solve v y(k+1) = argmin £, (X(’fﬂLl)7 y, )\(k))
y

Dual update ERDFEE SIS FEE p(Ax + By — c)




Benefits of ADMM
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o2 Facilitates distributed algorithms
®R Many rigorous convergence resulks exist
L
B > ) ;s where cU SR
j=1

mano&omit‘:auv as v —=» o0

® Can exktend to moany other v\omseparabte
objective fns, e.q., the nuclear norm

R F:QSEQS& COV\VET'SQV\CE Popt = (min. no. of bridge nodes per node)_1



Sinmulation Resulk:
NMSE Phase Trawnsition

0.5

-~ Centralized MSBL
-A-CB-DSBL

e DR -1

o
'S

o
(%)

Sparsity rate (K/N)
ot
N

0.1

0.3 0.4
Measurement Rate (M/N)

0.5 0.6

o

O~ DCOMP
-3%-DCSP
DRL-1

«#=4= Centralized MSBL
-A-CB-DSBL

o o

Minimum measurement rate (m/n)
o

for less than 1% reconstruction error

Network Size (L)

L = § hodes, h = §0, m = 10, 10% sparsity, SNR = 30 4B

[S. Khanna, C. R. Murthy, 2015 (under review)]



Support Recovery &.
Convergence ‘Pm»yer&ies

e v o ¥
L

-A-CB-DSBL

2 0.9

2 0. ‘ -5~ Centralized MSBL

e 0'7' = 2| -©- Support aware LMMSE

2 T

S 04 -E3- Centralized MSBL ; _

§ 0.3 -A-CB-DSBL '

2 ool -#%-DCSP

S x-0RL-1 || ol CEEEErrrrrrErrErt) |

@ 0.1 ~©-DCOMP |1 B CC s sssssssssssssssss2))
0, 2. o oa o2 0 20 40 60 80 100 120

' ' | Iterations

Meésurement rate per node (m/n)

L = 10 nodes, n = §0, SNR = 10dRB, m = 10 (R), 10% sparsity

[S. Khanna, C. R. Murthy, 2015 (under review)]



Parameter
Identifiability in SBL
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N NN

mvz@x*vz?ﬂv; 0)

@R Parameker O de[nends on the model:

O =x
&R T ype I x deterministic: o D)= Aion o

x ~NA0, B 0=
p"™(y) = N(0, 2T'd7 + o°1)

i Question: when is 0 identifiable?

R ije II: x random:

® Identifiable: p(y;01) # ply,0:)V 012 0:.

[P. Pal and P. P. Vaidyanathan, ICASSP 14]



ije I Methods

NN
N NN

@ Lemma: without assuming sparsity, © is
non-identifiable f N > M!

@R No consistent estimabor exisks i khe
underdetermined case

R Need ko cownskrain the parame&er space
for Type I estimation to be meaningful

R Under sparsity assumptions, 6 identifiable
(depends on spark/Kruskal rank of @)



‘T‘jpe II Methods

ot o Vo ¥
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R Thm, T :— pD(y;D)is identifiable f N =rank(® © @)
R For suitktable @, rank(® © ®) = O(M?)

R Remains identifiable Eill N % 0(M?),
without even assuming sparsiﬁjf

R Thwm, I& N = rank(® © D), the solubtion to khe
SBL cost function is consistent &
asymptotically efficient

®R True even Exf I' has > M nownzero values!



Recovery Guarantees for
M—-SRL: Noiseless Case

LN
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= I1f the cols of X are orthogonal, and
k < spark(®) — 1
there exists a unique stable fixed point %
of the M-SBL cost function such thak

supp(9) = supp(X) [Wipf & Rao, 07]

2 I1f the cols of X are orthogonal and
rank(® © ) = N /No’r difficult to satisfy

then M-SBL aarre&ﬂv recovers the
SMFF’OT’E, even L{: m < k < N! [Balkan et al., 14]



To Qe&a[p
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2 Multiple measurement vectors
@ M-SBL algorithm and its extensions
2 Exploits joint sparsity
@ Inkra- and inter-vector correlation
2 Pattern-coupled SBL
2 Distributed M-SBL

®R M-SBL under colored noise (did nobt cover)



Maximal Sparsity .
‘De@.p Nebworlks?

LN
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R Bastec DNN &empi&&e
|

wOx®D L pD ) Linear filter
[ —i— ) < | Nonlinearity/threshold
O . p® Observation:
[ =" ) Many common iterative algos
f follow exactly the same script
v
W Ox® 4 O X (Wx(t) 4 b)
4
[ — ] Examples: Compressive sensing,
1 robust regression, sparse coding, ...



Iterative Hard
Thresholding
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& Unconstrained gradient step

O|ly — ®x||3
u=x4_ Han X||3

Ay — ®x||3
0x
R Projectionfthresholding SE&F

e :|Hk(u)'

I

x &1 dx — dly

u; :©  |u;| one of the k largest elements
M=
: 0:  otherwise



Reskricted Isome%rv
Property (RIP)

LN
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R A mabrix © sabisfies RIP with constant
il D) < 2 EL{:
(1 — ax[@])[Ix]I5 < [|x

=
holds for all {x: ||x]jo < k}
Large RIP constant do|®]

> < (1+ dx[®)1x]l3

Small RIP constant 65[P]

b1 | 5
1
4,
0P

P2



Recovery Gruarantee
withh IHT

LN
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R Suppose there exists some x* such that
y = &x”
% lo < &
O3k |P] < =
V32
then the IHT iterations are quaranteed
to converge to x*

[Blumensath and Davies, 09]



Effects of Correlation
Structure

Low correlation: easy High correlation: hard

[ux] [a7] E=N [ ]
[ux] [a7] E=N ]

10 10

12 12

14 14

16 15

18 18

20 20

2 4 5 B8 10 12 14 16 18 20

Low rank
Example Example /
4 N0 Eentries D (cor) = P(uncor) + A
1 1
03k[®P] < —— Small RIP constant  93x|®] > —— Large RIP constant

V32 V32



Unfolded IHT
Iterations

wx + b {7 Linear filter W=1-p0"®

=i ) <= Nonlinearity/threshold b = ;3 y

wx® + b
I
7 ' eClear resemblance to the structure
' of a deep neural network
wx" + b
_l_ ' eSo is there an advantage to

learning the weightbs?



‘Perﬂfcwrman&e Bound with
Learned Layer Weights

- Ve
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R Theorem
There will inavs exist Lav&r weights W
and bias b such that the effective RIP
constant is reduced via
65, [®] = Vi\;l}) 03 [WOD] < 835 [®]
Effective RIP constant Original RIP constant
where W is arbitrary and D is diagonal

It is therefore possible to reduce high RIP constants!

[Xin and Wipf, 16]



Proctical Cov\sequev\&es

NN
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R Theorem
Su[ﬂpose we have correlated dm&onart}
formed via

(I)(cor) = (I)(uncor) 4= A

with @0 — iid M(0,v) entries and A low
ranke, Then K ( §k [(I)(cor)]) ~ [K (53k[q)(uncor)])

Can “undo” low rank correlations that would otherwise
produce a high RIP constant .. [Xin and Wipf, 16]



Advantages of Independent
Layer Weights & Activations

ot o Vo ¥
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l R Theorem
W(I)X(li o=l Indepev\desr\& weights
_l_ ] on each Lo\ve.r
D@ |, @
.= ] Often passibt& to
* obtain nearly tdeal
W(t)x(tt L p® RIP even when ﬂfuu.

] rank A s pr&sen&

[Xin and Wipf, 16]



Alternative Learning-
Based Strategy

NN
N NN

R Thus far: idealized deep network weights exist
that improve RI?P constants

R Griven access to feasible pairs
y,x" 1y = &x7, [[x7||o < K}
can learn an approximation to weights

®R Coan treat as a mulki-label DNN classificakion
problem to estimate support of x

R Many other important training modifications are
motivated bj this analysis



Simulation Examgt&

ISTA(¢;)

——[HT
[STA-Net

04} | —e—HT-Net

' | —e— Ours

0.2 oo
2

4 0 8 10 [Gregor and LeCun, 10;
; Wang et al., 16]



Robust Surface Normal
Estimation

e s

Iv\pu&:

?QT“PE«XQ‘. mod&t: Specular reflections,
. y = Ln +x shadows, etc. (outliers)
Qbservahgns t.mder Lighting Raw unknown
different lightings matrix surface normal

Can “F’F‘Lj any sparse leariing method
to obtain outliers



Cownvert to Sparse
Estimation Problem

LN
N NN

PI“OJNuu[LT] (y) = PTOjNull[LT] (Ln +x) = PTOJNuu[LT] (x)
\ / \ /

5’ \ 4 :

min ||x||g s.t. ¥ = &x
X

Once outliers are known, can estimate n via
h=(070) " &7 (y —x)

[Candes and Tao 04]



DNN Weaw*tijupervised
Training Setup

- Ve
N NN

R Grenerated 600,000 synthetic training points:
R Support patterns of x* randomly generated

® Nownzero values were generated iid from
N(u,0%) wikh (4, %) loosely fik to real-world
imaging data

®R Traitned a 20 Lajer network using SGD and a
sofbmax output layer

R Testing performed using imaging data with
khnowin qround btrubth



Resulks

Buiny O-bjec:&, INRIA 3D Database

(d) SBL (e) Ours

--_-



Sum MATY

NN
N NN

@ First rigorous analysis of how unfolded iterative
algorithms can be provably enhanced by learning

& Detailed characterization of how different
architecture choices affect performance

& Narrow benefit: First ultra-fast method for
obtaining optimal sparse representations with
correlated designs (Le., high RIP constants)

R Broad benefit: General insights into why DNNs
can ouEper{orm hand-crafted algorithms



Part &: AF?F:LE,@QROMS

e

Wireless channel estimation & data detection



Wireless Chawnnels

ot o Vo ¥
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>

Amplitude

T

time

R Wireless channels exhibik mu&iya&h

&R Naturally sparse in the lag-domain

2 Channel equalization # data debection

R Need to estimate both suggor& & channel



Channel Models

NN
N NN

@ Block fading channel:

Channel constant for the duration of a block
(say, K symbols), changes Lid. from block-to-
block (classic SMV-SBL)

R T tme-vo\r:ij channel:

Channel varies from symbol-to-symbol

R Want to exploit temporal correlation and group-
sparsiby (MMV-SBL)



Outline

XN

1.Block fading case:

1. Known channel summr&: Joint channel
estimation & data detection

2. Unlenowin chaninel su,ppor&: Channel and suppor&
estimation using F:LLQE Sjmbots

3. Unknowin datba & support: Joint support, channel
estimation & data detection

2. Timenvarvihg case:

1. AR model: Kalman-EM algo for joint support,
channel estimabtion & dakta detbin



OF DM with Block Fading

SERIAL
—_ TO
X PARALLEL

Chawnnel

NN
N NN

m | 7 U Tm

R Recelved signal mocle.i.

/

N x L DFT matrix, containing
first L cols of N x N DFT matrix
L: max channel delay spread

Diagonal data matrix; N x N
N: number of subcarriers

L x 1 channel vec

DATA

| DETECTION

X h

CHANNEL

1 ESTIMATION

=X F h+ v

<

Noise

2 Goal: Given vy, jomﬂj estimabe X & h




S[mrse Chawnnel Esktimakion
from Pilot Svmbats

e
o (’"1 P b 4 1 P o P ¥ 1
& ( e (
y h - . -------- . - .- -' = v “ [.‘-/
Pilot i
s ruo ~ (X
. ‘ (I)p I

h e Ctx1

<2 h sparse in time (lag) domain

R Hierarchical prior: h(i) = CN(0, ;)
Y, deterministic, unkinown hyperparams

®R roal:
Griven y, X, estimate h (& sparsiby pro{ii.e)



SBL for Basis Selection
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R E:-S&QF; Q (F‘F(t)) = Eh|y;F(t) logp(y, ha F)

p (h!y; F(t)) — N2 ) o= o A

e
s & <J2AHA o (F(t)) ) A AXF

xR M‘"S&QP: F(t+1) — arg maXQ (F‘P(t)>

v: =0

log p(y,h;T') = log p(y|h) + log p(h; T

not a function of y.  function of .



Joint Channel, Su.gpar& Estmin,
& Data Debn.
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Sivulabion

OFDM 5Ys temw
N=25& subcarriers,

WAX detaj spread
L=&4
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BER Performance
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Time-Varying Channels

NN
N NN

R Chawnnel correlated from svmbotn&w
Sjmbot

®R AR wmodel: hy = php_1 + ug

R The factor p depends on the normalized
doppler freq, which in turi depends on
the speed of the mobile

R SBL framework can be extended to
in&orgora&e the Eemgorai. correlakion



Jointk Kalmawn SBL

o n " e ¥

R Complexity O(KL2): smaller
than block-based methods
0(K3L2) [Zhang et al. 10]
®R (K = hum, OFDM svmboi.s

used in joint estimation)

R In the block-fading case:
get recursive, more
computationally efficient
versions of our alqos

(IK-SBL)

E-Step
=R N K

Predict: lA]J'L,‘_ ls PJ'U_ 1
Update: liﬂ_,, PJ|J

Smooth: h; 5, P; 1k

O(KL?)



Simulation Resulk
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BER
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+  EM-OFDM
R JK-SBL
b4 1 Gene
] i 1 o § I
10 15 20 25 30 - 10 15 20 25
SNR E,/N,

® £,T, = 0,001 (si.c:;wi.j time-varying



MIMO-OFDM

e v o ¥
L

~

-

X,
R : OFDM \mm'l..\m@j
JINPUT TURBO SYMBOL I MIMO ]

L BITS ENCODER- MAPPING ENCODER : -
OFDM .\umu..\'r(m)j

-
Vieleta INTERLEAVE -

~

<&
- Lo e B e
OFDM DEMODULATORY 1 JOINT 1
e I CHANNEL ' TURBO e
o | ESTIMATION' LLR et | OUTPUR ;
s DECODER- | OUTPUl— (b}
Al - YR (LU
OFDM DEMODULATORYY. !  DATA | DEINTERLEAVE -
| DETECTION,
- - - ]- - -
hn. j‘.‘a‘ K

N
ynr — Zntt:1 anthtnr + Vnr, nr — 1, ¢ oo g Nr
® Groal: Recover hy, ..., hyy from YL ee Y

@ [Prasad, M. & R, TSP 2015]



MMV Frameworlk

SR

R Measurement model

h11 ' h1N,
‘[y1 """ Yn.] = X(Iy, ® F) +£V1 Vo, ..., Ver
YECN*Nr HcCN*LN; hN,1 el thNr VCi?’r"‘*iNr
HeCLNx Nr

® Pilot subcarriers

PxA1
1 Vpn €C

hn, € (CLx 1



The M-SBL Algorithm

S
@ B Step  Q (7\7("")) = Enjy ;, logp(Yy, H; )

R M Step . (+D) _ 50 max Q (Wm)

e

Sttt P b P e e s |
: H .

I
' E-step ‘ M-step |

Y, | HEANSER ESTIMATION B
OF LY

! ESTIMATIO HYPERPARAMETERY
| I
. tA :
: 2] |
\ I

Channel Estimation Block

W R R R R R R R R SRR R R SRR R R R R R R R R e e e e e e e e



The £ and M SE@.PS

ot o o Y
N NN

R E-Step: Posterior distribution CN(uy,,>)

SHP By
e . Chaa

o
@ M-Step:
Q(v") =¢ - Enyy, [Z Z he s 1hntn7~]
e Common Y
o A m
AT () = Ny Z Z IM(i + n: L, ny)||5 + 2(i + ne L, § + n: L)

nT—l n+=0
Averaging Y across antennas



Joint Channel Estmn,
& Data Detection

XR £ SEQP remains unchanged

R M SEEP:(V(T+1),X(T+1)> = Aol TniiEssat) (%Xw(r)7X(r))
WERi,XES
Splits as two separate sub-problems



MSE Performance

Sjsﬁem | MSBL
109 MIP-aware pllot-only

—— |- MSBL
wf— \|P-aware EM-OFDM

R 286 subcarriers

R CP length &4

MSE

R 44 Pito&
subcarriers

R PedB PDP

i d -6' A
R QPSK cownstellation T 15 20 25 30
SNR



Expmiﬁv\g Skructure
Hetpsf

MSE
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BER Performance
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But Does ik Worlk?
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R Implementation on GNU Radio platform
@2 In C++/Python
@ Integrated into a USRP-based test setup
R Single—antenna OFDM, 64 subcarriers, CP length 16
® Channel eskimation
@ Least-squares estimation
@R Sparse Bayesian Learning

R Freguencu-domaiin tnterpolakion
& ) P



GNU-Radio Loapbaak*Mode
Sinmulatbion Resulks
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10°

107" ¢

102

GNU-Radio Loopba&k’*Made
Sinmulatbion Resulks

- Ve

N NN

BER vs SNR with 17 pilots being used

—3— Linear interpolation
[ ——1s
20 . SBL

Channel taps = (1,0,0,0,1,0,0,0,0,1,0)

5 10 15 20 25 30 35
SNR in dB

BER vs SNR with 13 pilots being used

——Ls

SBL

Rayleigh fading theory | 1

-] Channel taps = (1,0,0,0,1,0,0,0,0/1,0)

5 10 15 20 25 30
SNR in dB
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PER

Over-the-air Resulks

Comparision between LS and SBL for 2 tap channe!

L4

w—— .S with 100 pllots
== |3 with 80 pilots
g with 25pikots
SBL with 50 pikots
== abl with 25pilots

Al il

SNR indB

10

2-tap channel

OFDM system, 256 subcarriers, CP length 16, 4-QAM

PER

Comparision betwesn LS and SBL for 4 tap channe!

L4

w—— .S with 100 pllots
== |3 with 80 pilots
g with 25pikots
SBL with 50 pikots |
== abl with 25pilots

————

10

3-tap channel



To Qe«:&[p

o n " e ¥
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® SBL based OFDM channel eskimakion

® Block-fading case: proposed I-5BL and
low-complexity recursive 3-SBL for joint
channel estwmin & dabta debin

R Time-varying case: low-complexity K-5BL
and IK-SBL proposed
R Algos afu.i.bj exploit channel correlation
R MIMO case: Estimation in MMV framework

R Take-home poiv\f:: Exgtai& any known structure!



Further Extensions
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R MIMO-OFDM: tracking time-varying

channels using the Kalman framework
[Prasad et al., TSP 2015]

®R Cluster sya\rs&jz Fw&ks occur A t:i.osetv
spa«ced cluskers rerasad et ol., 1CASSP 2014]

R Approxima&e sparsi&v due ko Eransmil/

receive pulse shaping, filtering, etc rrrasd
et al., TSP Jul. 2014 ]



Sum MATY

NN
N NN

2 Bayesian mebhods:
R SE,MFL@. u,pdo&es

R Promising performance

&R Challenges:
®R Theoretical amatvsés
R New algoribthms

®R Novel appi.it:a&ioms

® Plenty of opportunities!
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