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Variational formulation of inverse problems

2

noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

srec = arg min
s2RN

ky �Hsk22| {z }
data consistency

+ �kLskpp| {z }
regularization

, p = 1, 2

Reconstruction as an optimization problem



Formal linear solution: s = (HT
H+ �LT

L)�1
H

T
y = R� · y

Linear inverse problems (20th century theory)
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Equivalent variational problem

s
? = argmin ky �Hsk22| {z }

data consistency

+ �kLsk22| {z }
regularization

Interpretation: “filtered” backprojection

R(s) = kLsk22: regularization (or smoothness) functional

L: regularization operator (i.e., Gradient)

Formal linear solution: s = (HT
H+ �LT

L)�1
H

T
y = R� · y

Andrey N. Tikhonov (1906-1993)

min
s

R(s) subject to ky �Hsk22  �2

Dealing with ill-posed problems: Tikhonov regularization

Learning as a (linear) inverse problem
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but an infinite-dimensional one …

minf2H R(f) subject to
MX

m=1

|ym � f(xm)|2  �2

Introduce smoothness or regularization constraint

R(f) = kfk2
H

= kLfk2L2
=

Z

RN

|Lf(x)|2dx: regularization functional

(Poggio-Girosi 1990)

(Wahba 1990; Schölkopf 2001) 

) kernel estimator

Regularized least-squares fit (theory of RKHS)

fRKHS = argmin
f2H

 
MX

m=1

|ym � f(xm)|2 + �kfk2
H

!

<latexit sha1_base64="T+C9yVxj8piky8k/0T8uhwwPugc="></latexit>

Given the data points (xm, ym) 2 RN+1, find f : RN ! R s.t. f(xm) ⇡ ym for m = 1, . . . ,M
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Part I: Continuous-domain theory of sparsity
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(Fisher-Jerome 1975)

L1 splines

(U.-Fageot-Ward, SIAM Review 2017)
gTV optimality of splines for inverse problems



Splines are analog, but intrinsically sparse

7

Spline theory: (Schultz-Varga, 1967)

:   spline’s innovation

L =
d
dxak

xk xk+1

Definition
The function s : Rd ! R (possibly of slow growth) is a nonuniform L-spline with knots {xk}k2S

, Ls =
X

k2S

ak�(·� xk) = w

L{·}: differential operator (translation-invariant)

�: Dirac distribution

Spline synthesis: example
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L = D =
d

dx

x
x1

w�(x) =
X

k

ak�(x� xk)

a1

x

s(x) = b1p1(x) +
X

k

ak +(x� xk)

b1

Null space: ND = span{p1}, p1(x) = 1

⇢D(x) = D�1{�}(x) = +(x): Heaviside function



Spline synthesis: generalization
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Requires specification of boundary conditions

)

Finite-dimensional null space: NL = span{pn}N0
n=1

xk

Spline’s innovation: w�(x) =
X

k

ak�(x� xk)
<latexit sha1_base64="FLgF8iONCx2uG1p2Ptp/DtdeHMQ="></latexit>

s(x) =
X

k

ak⇢L(x� xk) +
N0X

n=1

bnpn(x)
<latexit sha1_base64="Lhlkq8HrqncLMb/40xnAnOuT6Ag="></latexit>

Green’s function of L: ⇢L(x) = L�1{�}(x)

L: spline-admissible operator (LSI)

Proper continuous counterpart of 

10

`1(Zd)

Space of real-valued bounded Radon measures on Rd

M(Rd) =
�
C0(Rd)

�0
=
�
w 2 S 0(Rd) : kwkM = sup

'2S(Rd):k'k1=1
hw,'i < 1

 
,

where w : ' 7! hw,'i M
=
R
Rd '(r)w(r)dr

S(Rd): Schwartz’s space of smooth and rapidly decaying test functions on Rd

S 0(Rd): Schwartz’s space of tempered distributions

�(·� x0) 2 M(Rd) with k�(·� x0)kM = 1 for any x0 2 Rd

Basic inclusions

8f 2 L1(Rd) : kfkM = kfkL1(Rd) ) L1(Rd) ✓ M(Rd)



Representer theorem for gTV regularization
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Convex loss function: F : RM ⇥ RM ! R

(P1) arg min
f2ML(Rd)

 
MX

m=1

|ym � hhm, fi|2 + �kLfkM

!

’
Representer theorem for gTV-regularization
The extreme points of (P1 ) are non-uniform L-spline of the form

fspline(x) =
KknotsX

k=1

ak⇢L(x� xk) +
N0X

n=1

bnpn(x)

with ⇢L such that L{⇢L} = �, Kknots  M �N0, and kLfsplinekM = kak`1 .

L: spline-admissible operator with null space NL = span{pn}N0
n=1

gTV semi-norm: kL{s}kM = supk'k11hL{s},'i

Measurement functionals hm : ML(Rd) ! R (weak⇤-continuous)

with ⌫(f) =
�
hh1, fi, . . . , hhM , fi

�

(P1’) arg min
f2ML(Rd)

�
F
�
y,⌫(f)

�
+ �kLfkM

�

V

⌫ : ML ! RM

(U.-Fageot-Ward, SIAM Review 2017)

ML(Rd) =
�
f 2 S 0(Rd) : kLfkM < 1

 

Example: 1D inverse problem with TV(2) regularization 
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x
no penalty

Generic form of the solution

L = D2 =
d2

dx2
⇢D2(x) = (x)+: ReLU ND2 = span{1, x}

sspline(x) = b1 + b2x+
KX

k=1

ak(x� ⌧k)+

with K < M and free parameters b1, b2 and (ak, ⌧k)Kk=1

⌧k

Total 2nd-variation: TV(2)(s) = supk'k11hD2s,'i = kD2skM

sspline = arg min
s2MD2 (R)

 
MX

m=1

|ym � hhm, si|2 + �TV(2)(s)

!



Other spline-admissible operators

13

L = Dn (pure derivatives)

) polynomial splines of degree (n� 1)

L = Dn + an�1Dn�1 + · · ·+ a0I (ordinary differential operator)

) exponential splines

Fractional Laplacian: (��)
�
2

F ! k!k�

) polyharmonic splines

Fractional derivatives: L = D� F ! (j!)�

) fractional splines

(Dahmen-Micchelli 1987) 

(Schoenberg 1946) 

(U.-Blu 2000) 

(Duchon 1977) 

(Ward-U. 2014) Elliptical differential operators; e.g, L = (��+ ↵I)�

) Sobolev splines

Recovery with sparsity constraints: discretization

14

Auxiliary innovation variable: u = Ls

Constrained optimization formulation

(Ramani-Fessler, IEEE TMI 2011)

LA(s,u,↵) =
1

2
ky �Hsk22 + �

X

n

|[u]n|+↵T (Ls� u) +
µ

2
kLs� uk22

ssparse = arg min
s2RN

✓
1

2
ky �Hsk22 + �kuk1

◆
subject to u = Ls

<latexit sha1_base64="6+x230BfxcZesH00JRr3xpFp+hw="></latexit>



Linear step

Proximal step

ADMM algorithm

s
k+1 =

�
H

T
H+ µLT

L
��1 �

z0 + z
k+1

�

with z
k+1 = L

T
�
µuk �↵k

�

↵k+1 = ↵k + µ
�
Lsk+1 � uk

�

=    pointwise non-linearity

For k = 0, . . . ,K

LA(s,u,↵) =
1

2
ky �Hsk22 + �

X

n

|[u]n|+↵T (Ls� u) +
µ

2
kLs� uk22

Discretization: compatible with CS paradigm

15

ssparse = arg min
s2RK

✓
1

2
ky �Hsk22 + �kuk1

◆
subject to u = Ls

uk+1 = prox|·|
�
Lsk+1 + 1

µ↵
k+1; �

µ

�
<latexit sha1_base64="t+H4B0KHM64O7imGe2vvW8MC3Lw="></latexit>

Example: ISMRM reconstruction challenge

16

L2 regularization (Laplacian)

M. Guerquin-Kern, M. Häberlin, K.P. Pruessmann, M. Unser, IEEE Trans. Medical Imaging, 2011.

TV regularization
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Linear step

Proximal step

ADMM algorithm

s
k+1 =

�
H

T
H+ µLT

L
��1 �

z0 + z
k+1

�

with z
k+1 = L

T
�
µuk �↵k

�

↵k+1 = ↵k + µ
�
Lsk+1 � uk

�

=    pointwise non-linearity

For k = 0, . . . ,K

LA(s,u,↵) =
1

2
ky �Hsk22 + �

X

n

|[u]n|+↵T (Ls� u) +
µ

2
kLs� uk22

Discretization: compatible with CS paradigm
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ssparse = arg min
s2RK

✓
1

2
ky �Hsk22 + �kuk1

◆
subject to u = Ls

uk+1 = prox|·|
�
Lsk+1 + 1

µ↵
k+1; �

µ

�
<latexit sha1_base64="t+H4B0KHM64O7imGe2vvW8MC3Lw="></latexit>



Identification of convolution operators

19

Normal matrix: A = H
T
H (symmetric)

 - deconvolution microscopy (Wiener filter)
 - parallel rays computer tomography (FBP)
 - MRI, including non-uniform sampling of k-space

Generic linear solver: s = (A+ �LT
L)�1

H
T
y = R� · y

<latexit sha1_base64="+pqfqhf0LVMNd1ASFUzd5fPpbPA="></latexit>

Justification for use of convolution neural nets (CNN)
<latexit sha1_base64="ViBa+27vzi8AM+b0KOueVjoCxPg="></latexit>

(see Theorem 1, Jin et al., IEEE TIP 2017)

Recognizing structured matrices

L: convolution matrix ) LTL: symmetric convolution matrix

L, A: convolution matrices ) (A+ �LTL) : symmetric convolution matrix
<latexit sha1_base64="2K/zYYgzd9XbfE3rfemGABsqH6M="></latexit>

Applicable to
<latexit sha1_base64="A9LUv0MPS0qEpvFm8ec/eSoPFj4="></latexit>

Connection with deep neural networks

20

LISTA : learning-based ISTA

FBPConvNet structures

ISTA with sparsifying transformation

 X

Unrolled Iterative Shrinkage Thresholding Algorithm (ISTA) (Gregor-LeCun 2010) 



Recent advent of Deep ConvNets

21

CT reconstruction based on Deep ConvNets

Input: Sparse view FBP reconstruction

Training: Set of 500 high-quality full-view CT reconstructions

Architecture: U-Net with skip connection

(Jin et al., IEEE TIP 2017)

(Jin et al. 2016; Adler-Öktem 2017; Chen et al. 2017; ... )

Dose reduction by 7: 143 views

 Reconstructed from
from 1000 views

X-ray computer 
tomography data  



Dose reduction by 7: 143 views

(Jin et al, IEEE Trans. Im Proc., 2017)
 Reconstructed from

from 1000 views

2019 Best Paper Award

X-ray computer 
tomography data  

Dose reduction by 20: 50 views

 Reconstructed from
from 1000 views (Jin-McCann-Froustey-Unser, IEEE Trans. Im Proc., 2017)

X-ray computer 
tomography data  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Deep neural networks and splines

26

(Glorot ICAIS 2011)

(Poggio-Rosasco 2015)

(LeCun-Bengio-Hinton  Nature 2015)

(Montufar NIPS 2014)

Deep ReLU nets = hierarchical splines

ReLU is a piecewise-linear spline

(Strang SIAM News 2018)

Preferred choice of activation function: ReLU
<latexit sha1_base64="i1WjvXK+ND2ZjaRy5L3GdcKVaYU="></latexit>

ReLU works nicely with dropout / `1-regularization

Networks with hidden ReLU are easier to train

State-of-the-art performance
<latexit sha1_base64="TUO79kdUG89HwGXwCRHxGijJfmo="></latexit>

Deep nets as Continuous PieceWise-Linear maps

ReLU ) CPWL

CPWL ) Deep ReLU network
<latexit sha1_base64="dizmXLExvdH+WGD4SBANcx9kuzw="></latexit>

ReLU(x; b) = (x� b)+



27

layers

nodes

(n, `)

….….

neuron

(n� 1, `)
Linear step: RN`�1 ! RN`

f ` : x 7! f `(x) = W`x+ b`

Nonlinear step: RN` ! RN`

�` : x 7! �`(x) =
�
�(x1), . . . ,�(xN`)

�

Learned

zn,` = �
�
wT

n,`z`�1 + bn,`
�

Layers: ` = 1, . . . , L

Deep structure descriptor: (N0, N1, · · · , NL)

Neuron or node index: (n, `), n = 1, · · · , N`

Activation function: � : R ! R (ReLU)

fdeep(x) = (�L � fL � �L�1 � · · · � �2 � f2 � �1 � f1) (x)

Feedforward deep neural network

Continuous-PieceWise Linear (CPWL) functions

28

1D: Non-uniform spline de degree 1
<latexit sha1_base64="urJVSURcV8NBeTnP6fI4R8FVsfc="></latexit>

⌧k ⌧k+1
<latexit sha1_base64="YA93wTA38YDHkPJWQBgK3L9kl4I="></latexit>

Partition: R =
SK

k=0 Pk with Pk = [⌧k, ⌧k+1), ⌧0 = �1 < ⌧1 < · · · < ⌧K < ⌧K+1 = +1.
<latexit sha1_base64="0MVRDrbEWDyFqlqOEDPeDF7T08Q="></latexit>

The function fspline : R ! R is a piecewise-linear spline with knots ⌧1, . . . , ⌧K if

(i) : fspline is continuous R ! R

(ii) : for x 2 Pk : fspline(x) = fk(x)
M
= akx+ bk with (ak, bk) 2 R2, k = 0, . . . ,K

<latexit sha1_base64="WcCz5u0SXIVwjjT2e5prbGafhUU="></latexit>

fspline(x) = b̃0 + b̃1x+
KX

k=1

ãk(x� ⌧k)+ with b̃0, b̃1 2 R, (ãk) 2 RK .
<latexit sha1_base64="Ilfefr2XTOkQ4J6sUC52y41BGYU="></latexit>



CPWL functions in high dimensions
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Partition of domain into a finite number of non-overlapping convex polytopes; i.e.,

RN =
SK

k=1 Pk with µ(Pk1 \ Pk2) = 0 for all k1 6= k2
<latexit sha1_base64="PkX6ZMk/JBfwP85mvzOF51iXXIU="></latexit>

The vector-valued function fCPWL = (f1, . . . , fM ) : RN ! RM is a CPWL
if each component function fm : RN ! R is CPWL.

<latexit sha1_base64="lrEqoBDRz557dUVgYyykrYWn1kE="></latexit>

The function fCPWL : RN ! R is continuous piecewise-linear with partition P1, . . . , PK

(i) : fCPWL is continuous RN ! R

(ii) : for x 2 Pk : fCPWL(x) = fk(x)
M
= aTk x+ bk with ak 2 RN , bk 2 R, k = 1, . . . ,K

<latexit sha1_base64="+mpicMHbXSvxbJYFD/VzXZ9P+98="></latexit>

Multidimensional generalization
<latexit sha1_base64="0mD4IxcZpxSnhJTR52bQKdFTdAU="></latexit>

Algebra of CPWL functions

30

• any linear combination of (vector-valued) CPWL functions RN ! RN 0

is CPWL, and,

• the composition f2 � f1 of any two CPWL functions with compatible
domain and range—i.e., f2 : RN1 ! RN2 and f1 : RN0 ! RN1—is
CPWL RN0 ! RN2 .

<latexit sha1_base64="JP1zuccoK4KqXcGi4s/LFrTWHdk="></latexit>

• The max (resp. min) pooling of two (or more) CPWL functions is CPWL.
<latexit sha1_base64="XRfy2U80Qh4eWTm4IqJJsVPK6Cg="></latexit>

Sketch of proof: The continuity property is preserved through composition.
The composition of two affine transforms is an affine transform, including the
scenari where the domain is partitioned.

<latexit sha1_base64="o/kE70JpBH/1P3ExOKgsJ2iD1Us="></latexit>



Implication for deep ReLU neural networks
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On spline activation functions

Michael Unser⇤

March 19, 2019

Abstract

1 Introduction

Figure 1: Diagram of a fully connected neural network R4 ! R2 with L = 5
layers of active neurons (blue circles) and node descriptor (4, 5, 4, 2, 3, 2).

The architecture of a conventional deep neural network is specified by its
node descriptor (N0, N1, . . . , NL) where L is the total number of layers (depth
of the network) and N` is the number of neurons at the `th layer. The action
of a (scalar) neuron (or node) indexed by (n, `) is described by the relation

x 7! �(wT
n,`x� bn,`) (1)

where x 2 RN`�1 denotes the multivariate input of the neuron, � : R ! R is a
predefined activation function (such as a sigmoid or a ReLU), wn,` 2 RN`�1 a
set of linear weights, and bn,` 2 R an additive bias. The outputs of layer ` are
then fed as inputs of layer (`+ 1), and so forth for ` = 1, . . . , L.

The structure of a deep-spline network is essentially the same as above,
except that the activation function is allowed to vary on a neuron-by-neuron

⇤
Biomedical Imaging Group, École polytechnique fédérale de Lausanne (EPFL), CH-1015

Lausanne, Switzerland

1

Each scalar neuron activation, �n,`(x) = ReLU(x), is CPWL.
<latexit sha1_base64="W0odNsF0eSdSZ8xNA1Mf6Gtc20w="></latexit>

The whole feedforward network fdeep : RN0 ! RNL is CPWL
<latexit sha1_base64="hkATh4f7LI4PBo63jtxKg7s4a5E="></latexit>

This holds true as well for deep architectures that involve Max pooling
for dimension reduction

<latexit sha1_base64="tXFummNqxIhD9ErkmPHsWfoNsiE="></latexit>

fdeep(x) = (�L � fL � �L�1 � · · · � �2 � f2 � �1 � f1) (x)
<latexit sha1_base64="lmdC59RS/rQUXJO/q36ipUv5zTY="></latexit>

Each layer function �` � f `(x) = (W`x+ b`)+ is CPWL
<latexit sha1_base64="27IyL7CR10zDSCz5sNXRmZDehYc="></latexit>

The CPWL also remains valid for more complicated neuronal responses
as long as they are CPWL; that is, linear splines.

<latexit sha1_base64="u+fXuHrC58VaCj40arp3MNCRr+M="></latexit>

CPWL functions: further properties
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On spline activation functions

Michael Unser⇤

March 19, 2019

Abstract

1 Introduction

Figure 1: Diagram of a fully connected neural network R4 ! R2 with L = 5
layers of active neurons (blue circles) and node descriptor (4, 5, 4, 2, 3, 2).

The architecture of a conventional deep neural network is specified by its
node descriptor (N0, N1, . . . , NL) where L is the total number of layers (depth
of the network) and N` is the number of neurons at the `th layer. The action
of a (scalar) neuron (or node) indexed by (n, `) is described by the relation

x 7! �(wT
n,`x� bn,`) (1)

where x 2 RN`�1 denotes the multivariate input of the neuron, � : R ! R is a
predefined activation function (such as a sigmoid or a ReLU), wn,` 2 RN`�1 a
set of linear weights, and bn,` 2 R an additive bias. The outputs of layer ` are
then fed as inputs of layer (`+ 1), and so forth for ` = 1, . . . , L.

The structure of a deep-spline network is essentially the same as above,
except that the activation function is allowed to vary on a neuron-by-neuron

⇤
Biomedical Imaging Group, École polytechnique fédérale de Lausanne (EPFL), CH-1015

Lausanne, Switzerland

1

The CPWL model has universal approximation properties
(as one increases the number of regions)

<latexit sha1_base64="9GN898VMvRVgh54ZdD1NLuNpGPU="></latexit>

(Arora ICLR 2018)

Any CPWL function RN ! R can be implement via a deep ReLU net-
work with no more than log2(N + 1) + 1 layers

<latexit sha1_base64="fwOT4vPK+Clre0USCUO9JxD2Nzs="></latexit>



Refinement: free-form activation functions
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layers

nodes

(n, `)

….….

neuron

(n� 1, `)

zn,` = �n,`

�
wT

n,`z`�1 + bn,`
�

Linear step: RN`�1 ! RN`

f ` : x 7! f `(x) = W`x+ b`

Nonlinear step: RN` ! RN`

�` : x 7! �`(x) =
�
�n,`(x1), . . . ,�N`,`(xN`)

�

Joint learning / training ?

fdeep(x) = (�L � fL � �L�1 � · · · � �2 � f2 � �1 � f1) (x)

Layers: ` = 1, . . . , L

Deep structure descriptor: (N0, N1, · · · , NL)

Neuron or node index: (n, `), n = 1, · · · , N`

Activation function: � : R ! R (ReLU)

Constraining activation functions

34

Native space for
�
M(R),D2

�

BV(2)(R) = {f : R ! R : kD2fkM < 1}

Second total-variation of � : R ! R

TV(2)(�)
M
= kD2�kM = sup'2S(R):k'k11hD2�,'i

Regularization functional

Should not penalize simple solutions (e.g., identity or linear scaling)

Should impose diffentiability (for DNN to be trainable via backpropagation)

Should favor simplest CPWL solutions; i.e., with “sparse 2nd derivatives”



Representer theorem for deep neural networks
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(U. JMLR 2019) Theorem (TV(2)-optimality of deep spline networks)

neural network f : RN0 ! RNL with deep structure (N0, N1, . . . , NL)

x 7! f(x) = (�L � `L � �L�1 � · · · � `2 � �1 � `1) (x)

normalized linear transformations `` : RN`�1 ! RN` ,x 7! U`x with weights
U` = [u1,` · · · uN`,`]

T 2 RN`⇥N`�1 such that kun,`k = 1

free-form activations �` =
�
�1,`, . . . ,�N`,`

�
: RN` ! RN` with �1,`, . . . ,�N`,` 2 BV(2)(R)

Given a series data points (xm,ym) m = 1, . . . ,M , we then define the training problem

arg min
(U`),(�n,`2BV(2)(R))

 
MX

m=1

E
�
ym, f(xm)

�
+µ

NX

`=1

R`(U`) + �
LX

`=1

NX̀

n=1

TV(2)(�n,`)

!
(1)

E : RNL ⇥ RNL ! R+: arbitrary convex error function

R` : RN`⇥N`�1 ! R+: convex cost

If solution of (1) exists, then it is achieved by a deep spline network with activations of the form

�n,`(x) = b1,n,` + b2,n,`x+

Kn,`X

k=1

ak,n,`(x� ⌧k,n,`)+,

with adaptive parameters Kn,`  M � 2, ⌧1,n,`, . . . , ⌧Kn,`,n,` 2 R, and b1,n,`, b2,n,`, a1,n,`, . . . , aKn,`,n,` 2 R.

Outcome of representer theorem

36

Link with `1 minimization techniques

TV(2){�n,`} =

Kn,`X

k=1

|ak,n,`| = kan,`k1

Each neuron
�
fixed index (n, `)

�
is characterized by

• its number 0  Kn,` of knots (ideally, much smaller than M );

• the location {⌧k = ⌧k,n,`}
Kn,`

k=1 of these knots (ReLU biases);

• the expansion coefficients bn,` = (b1,n,`, b2,n,`) 2 R2,
an,` = (a1,n,`, . . . , aK,n,`) 2 RK .

These parameters (including the number of knots) are data-dependent and
adjusted automatically during training.

<latexit sha1_base64="07zaAV79momeL2YeyW4oNDsgW3A="></latexit>
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(Kn,` = 1, bn,` = 0)

Linear regression: � ! 1 ) Kn,` = 0
<latexit sha1_base64="WEN5hvLrvHbFqA5So5vlFIrXKFY="></latexit>

(Agostinelli et al. 2015) Adaptive-piecewise linear (APL) networks
<latexit sha1_base64="HBSIoFcNqpFlMl6Baew2fFycldY="></latexit>

(Kn,` = 5 or 7, bn,` = 0)
<latexit sha1_base64="YsBoYURyo9beUtDnCqQI4/Rj52k="></latexit>

(Kn,` = 1)
<latexit sha1_base64="8N8UzKw9qR1YdaNKWYW/yACNf4w="></latexit>

(He et al. CVPR 2015) 

Justification of popular schemes / Backward compatibility
<latexit sha1_base64="1sNw3U2LtZhDEYeEEMXeGw+Bi70="></latexit>

Global optimality achieved with spline activations
<latexit sha1_base64="iogvmyZVER1ymYu5nIU+oPley3s="></latexit>

State-of-the-art Parametric ReLU networks
1 ReLU + linear term (per neuron)

<latexit sha1_base64="RKMNleUNEw2Y8RJJVQTx2fi5D1s="></latexit>

(Glorot ICAIS 2011)

(LeCun-Bengio-Hinton  Nature 2015)

Standard ReLU networks

ReLU(x;x1) = (x� x1)+

x1

x

Comparison of linear interpolators
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zm<latexit sha1_base64="24JOALiYbOXS/l1FTCkcZ7uZyZ0="></latexit>

ỹm
<latexit sha1_base64="IWIuZRUfqQxxQR2SfjmUiEwEbuo="></latexit>

arg min
f2H1(R)

Z

R
|Df(x)|2dx s.t. f(xm) = ym, m = 1, . . . ,M

arg min
f2BV(2)(R)

kD2fkM s.t. f(xm) = ym, m = 1, . . . ,M

(de Boor 1966)

(U. JMLR 2019; Lemma 2)



Deep spline networks (Cont’d)
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Key features

Direct control of complexity (number of knots): adjustment of �

Ability to suppress unnecessary layers

Generalizations

Broad family of cost functionals

Cases where a subset of network components is fixed

Generalized forms of regularization:  
�
TV(2)(�n,`)

�

Challenges

Adaptive knots: more difficult optimization problem

Optimal allocation of knots

`1-minimization with knot deletion mechanism (even for single layer)

Finding the tradeoff: more complex activations vs. deeper architectures
<latexit sha1_base64="GgXKr8vpnLDfg9nGCe6bJwl2814="></latexit>

) In need for more powerful training algorithms
<latexit sha1_base64="sZDk0ztnbRnR0MRExWVtldXN9dQ="></latexit>

CONCLUSION:   The return of the spline

40

■ Continuous-domain formulation of compressed sensing
■ gTV regularization ⇒ global optimizer is a L-spline
■ Sparsifying effect: few adaptive knots
■ Discretization consistent with standard paradigm: minimization

■ Favorable properties of splines
■ Simplicity (e.g., piecewise polynomial)
■ (higher-order) continuity: the difficult part in high dimensions
■ Adaptivity/sparsity: the fewest possible pieces = Occam’s razor
■ Efficiency: B-spline calculus

■ Foundations of machine learning
■ Traditional kernel methods are closely related to splines  

(with one knot/kernel per data point)

■ Free-form activations with TV-regularization ⇒ Deep splines 

■ Deep ReLU neural nets are high-dimensional piecewise-linear splines

1732
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) f̃(xm) = ỹm,L
<latexit sha1_base64="Spnut0MMkNbtcVFL0V1mmRDaWc8="></latexit>

min
(U`),(�n,`2BV(2)(R))

 
MX

m=1

E
�
ym, f(xm)

�
+µ

NX

`=1

R`(U`) + �
LX

`=1

NX̀

n=1

TV(2)(�n,`)

!

<latexit sha1_base64="OS7zBy/Feh6hdmPvGkkTWx0PnqM="></latexit>

Apply “optimal” network f̃ to each data point xm:

• Initialization (input): ỹm,0 = xm.

• For ` = 1, . . . , L

zm,` = (z1,m,`, . . . , zN`,m,`) = Ũ` ỹm,`�1

ỹm,` = (ỹ1,m,`, . . . , ỹN`,m,`) 2 RN`

with ỹn,m,` = �̃n,`(zn,m,`) n = 1, . . . , N`.
<latexit sha1_base64="Hpt3jLgfAnn99zJ92HvScHn1qr0="></latexit>

This fixes two terms of minimal criterion:
PM

m=1 E
�
ym, ỹm,L) and

PL
`=1 R`(Ũ`).

<latexit sha1_base64="gSDa4AunrB0Biqn9pNTkFniec+0="></latexit>

f̃ achieves global optimum

, �̃n,` = arg min
f2BV(2)(R)

kD2fkM s.t. f(zn,m,`) = ỹn,m,`, m = 1, . . . ,M
<latexit sha1_base64="WoH25LLpINGrVpMxIcYIAutNTp4="></latexit>

On spline activation functions

Michael Unser⇤

March 19, 2019

Abstract

1 Introduction

Figure 1: Diagram of a fully connected neural network R4 ! R2 with L = 5
layers of active neurons (blue circles) and node descriptor (4, 5, 4, 2, 3, 2).

The architecture of a conventional deep neural network is specified by its
node descriptor (N0, N1, . . . , NL) where L is the total number of layers (depth
of the network) and N` is the number of neurons at the `th layer. The action
of a (scalar) neuron (or node) indexed by (n, `) is described by the relation

x 7! �(wT
n,`x� bn,`) (1)

where x 2 RN`�1 denotes the multivariate input of the neuron, � : R ! R is a
predefined activation function (such as a sigmoid or a ReLU), wn,` 2 RN`�1 a
set of linear weights, and bn,` 2 R an additive bias. The outputs of layer ` are
then fed as inputs of layer (`+ 1), and so forth for ` = 1, . . . , L.

The structure of a deep-spline network is essentially the same as above,
except that the activation function is allowed to vary on a neuron-by-neuron

⇤
Biomedical Imaging Group, École polytechnique fédérale de Lausanne (EPFL), CH-1015

Lausanne, Switzerland

1

Optimal solution f̃ = �̃L � ˜̀L � �̃L�1 � · · · � ˜̀2 � �̃1 � ˜̀1 with optimized weights Ũ` and neuronal activations �̃n,`.


