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Abstract—Carrier frequency offset estimation is an essential
component of receiver subsystems. In many scenarios such as
Global Navigation Satellite Systems (GNSS) and multiband com-
munication systems, multiple frequencies need to be estimated
simultaneously. Frequency estimation involves a combination
of analog and digital processing to estimate offsets in the
presence of Doppler shifts. However, digital processing using high
resolution analog to digital converters (ADCs) involves complex
implementations. Recent work has demonstrated that carrier
recovery can be performed with just sign discrimination of the
received signal, thereby obviating the need for higher vertical
resolution ADCs. In this paper, we present approaches to estimate
two frequencies from one-bit samples in the presence of noise.
We solve carrier recovery problem using spectral estimation by
using their zero-crossings. The zero-crossings can be formulated
as a non-uniformly sampled sinusoid recovery problem that can
be solved using periodogram based approaches. Our algorithms
yield accurate frequency and phase estimates simultaneously for
multiple carriers that are robust to noise and sampling jitters.

Index Terms—One-bit quantization, spectral analysis

I. INTRODUCTION

CARRIER synchronization is an essential part of receiver
subsystems in high frequency communication systems.

Frequency offset occurs due to a combination of several
effects, including differences in the reference frequencies at the
transmitter and user equipment (UE) as well as Doppler shifts.
Carrier recovery is typically performed using a combination
of analog and digital approaches [1]. A coarse correction in
the analog domain is followed by a fine carrier estimation
and recovery using digital systems. Such approaches rely on
analog to digital converters (ADCs) to sample the signal for
further processing. Note that a larger vertical resolution for the
ADC leads to higher complexity and power consumption [2].
In several communication systems, such as GNSS receivers,
the structure of the transmitted signal is generally limited to
being binary in nature. Past work has demonstrated that even
when one-bit ADCs are used, efficient methods for carrier
recovery exist [3]. In this paper, we consider the situation
where we have only one-bit ADCs that produce single bit
samples from the input signals, and show that two frequencies
can be estimated simultaneously from one-bit ADC samples.
The zero-crossings of the quantized waveform preserve their
phase and frequency characteristics, since the signals that we
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consider are sinusoids with a well defined structure, enabling
spectral estimation to recover these accurately.

Signal recovery using one-bit samples has been considered
in several contexts in prior work. It is known that the lack
of vertical resolution when using 1-bit ADCs or comparable
simpler ADC designs can be compensated for using appropri-
ate oversampling in the case of band-limited signals [2, 4–11].
Similarly, learning and compressive sensing based approaches
for signal recovery have also garnered significant attention in
past work [12]. A common thread among these approaches
is that they largely aim to track phase differences between
the single carrier reference and the received signal. On the
other hand, we consider the recovery of multiple carriers
simultaneously; that too, with one-bit samples [13, 14]. Sev-
eral past approaches in this direction have presented zero-
crossing counting based approaches [15, 16], although these
are largely limited to recovering a single carrier. In our work,
we demonstrate that through the use of effective spectral
estimation techniques, computationally efficient methods are
able to recover multiple carriers with phase, frequency and
their relative amplitudes from noisy one-bit receptions. Our
main contributions involve carrier recovery methods from 1-
bit samples of a noisy received signal that contains two pure
carriers. Our spectral estimation based methods are able to
efficiently recover the two carriers with sufficient accuracy.

The rest of this paper is organized as follows: the System
Model is described in Section II. The proposed carrier recovery
methods for a noisy received signal consisting of two carriers
are described in Section III. Simulation based evaluation of
the proposed methods is discussed in Section IV. Finally, Sec-
tion V summarizes the work and discusses future extensions.

II. SYSTEM MODEL

We assume that the carriers are in the intermediate fre-
quency range, which is typically between 100 kHz and 500
kHz for cellular systems, and around 10s of MHz for satellite
receiver systems. Throughout, the sampling is assumed to
satisfy the Nyquist criterion, i.e. the sampling rate fs exceeds
twice frequency of the largest carrier.

A. System model for two carrier received signal

For the problem of recovering two carriers at the receiver,
we assume that the user equipment (UE) receives carriers from
two different transmitters, with known nominal frequencies fc1



and fc2. We assume that the unknown frequency offsets (which
we potentially attribute to sources like Doppler translation
during propagation) from each of the two transmitters is fd1
and fd2 respectively, and the initial phases with which the two
carriers are received are θ1 and θ2 respectively. We assume that
the continuous-time received signal is of the form

r(t) = sign
(
A1s1(t) +A2s2(t) + w(t)

)
, (1)

where si(t) = cos(2π(fci+fdi)t+θi) and w(t) is the additive
noise process. Since the UE is equipped with only a one-bit
ADC, the sampled received signal r[n] ≜ r(nTs) is:

r[n] = sign
(
A1s1[n] +A2s2[n] + w[n]

)
. (2)

Here, the operator sign(x) returns 1 if x ≥ 0 and −1 other-
wise. The additive noise w[n] is independent and identically
distributed, according to a zero mean white Gaussian noise
with variance N0

2 . Without loss of generality, we assume
the amplitudes obey |A2| ≤ |A1|, hence we will term the
first transmission as the stronger one and take A1 = 1 and
|A2| ≤ 1. We further assume A2 > 0 as we account for
the sign difference in the phase of s2(t), θ2. Typically, the
transmission would also be affected by the effective channel
between the transmitter and UE; we assume that the tuple
(θ1, θ2, A2) accounts for the effects of the medium.

We remark here that the signal model in (2) is quite general
when the UE receives only the carrier, since the amplitude
and phase changes during propagation through a channel
are captured within the parameters fd1, fd2, θ1, θ2 and A2.
Thus, the model is valid as long as these parameters can be
assumed to be constant and not undergo significant changes
in the duration of the carrier recovery process. In addition,
the sign operator on a sinusoid introduces odd harmonics
of the fundamental frequency. Thus, if A2 is small and
(fc2 + fd2) = (2N − 1)(fc1 + fd1) for a positive integer N ,
the joint recovery problem becomes ill-defined. Clearly, the
chances of this situation are very low in practical scenarios.

B. Spectral Estimation under Non-uniform Sampling

The Lomb-Scargle periodogram [17] can be used to obtain
frequency content of the signal from its irregularly spaced
apart samples. It applies least-squares regression and fits a
combination of sinusoids directly onto the data. The quality of
the fit is determined by the spectral power at that frequency,
and the most dominant frequency candidate is chosen. This
approach is robust to noise since it performs the fit across
all data points, essentially averaging out the noise. Further,
the amplitude A and phase θ are jointly extracted by com-
puting the complex correlation Z between the received non-
uniform samples at tl instants given by As(tl) where s(tl) =
cos(2πfdtl + θ) and a complex exponential at frequency fd.
This is expressed as Z =

∑N
l=1 As(tl)e

−j2πfdtl , where the
amplitude is A = 2

N |Z| and the phase is θ = arg(Z). One
aspect to note is that this approach would yield (fd, θ) and
(−fd,−θ) as candidate solutions due to the ambiguity in the
sign of the cosine. However, we can disambiguate these using
back substitution in order to obtain the correct solution.
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Fig. 1. Zero-crossings of r[n] and its estimates.

III. RECOVERING TWO CARRIERS WITH ONE-BIT SAMPLES

In this section, we outline the carrier recovery using one-
bit samples. We develop a robust approach that connects the
phases of s1[n] and s2[n] with the zero-crossings of r[n] to
estimate the parameters (fd1, fd2, θ1, θ2). We first present the
analysis of the zero-crossings of the received signal.

A. Zero-crossing uncertainty due to jitter

An analog discriminator, in the absence of noise, provides
the accurate location of the zero-crossings of r(t). However,
since we only have access to the sampled version of r(t),
the precise zero-crossing locations are not available. Notice
that zero-crossings lie between any pair of consecutive time
instants within which r[n] changes sign. For the sign changing
between r[n] and r[n + 1], we mark (n + 1

2 )Ts as the zero-
crossing instant. Let t′0, t

′
1, . . . denote the sequence of zero-

crossing instants thus generated. Let tk be the actual zero-
crossing instant of r(t) that is closest to t′k. We then have

max |t′k − tk| = 1/(2fs). (3)

B. Recovery of carriers

We now formulate the recovery problem for the two car-
riers with A2 ∈ (0, 1) using both linear and non-linear
approaches for estimating the frequency offsets, phases and
relative amplitude. Since the one-bit samples can be thought
to have been obtained by sampling the received signal af-
ter passing it through a comparator, we first formulate our
equations in the continuous-time, and subsequently provide
their sampled versions. Let us rewrite the signal s2(t) as
s2(t) = cos(2π(fc2 + fd2 − fc1)t+ θ2 +2πfc1t). Now, using
standard trigonometric identities, we get

s1(t) +A2s2(t) = cos(2πfc1t)
[
cos(2πfd1t+ θ1)

+A2 cos(2π(fc2 + fd2 − fc1)t+ θ2)]

− sin(2πfc1t)
[
sin(2πfd1t+ θ1)

+A2 sin(2π(fc2 + fd2 − fc1)t+ θ2)].

Hence, we can express the continuous-time received signal as

r(t) = sign
(
R(t) cos(2πfc1t+ ϕ1(t)) + w(t)

)
, (4)

where, denoting fc2 − fc1 as ∆f , we have

tanϕ1(t)=
sin(2πfd1t+θ1) +A2 sin(2π(∆f + fd2)t+θ2)

cos(2πfd1t+θ1) +A2 cos(2π(∆f + fd2)t+θ2)

R(t)=
√

1 +A2
2 + 2A2 cos(2π(∆f + fd2 − fd1)t+ θ2−θ1).



Substituting α(t) ≜ (2πfd1t + θ1) (mod 2π) and β(t) ≜
(2πfd2t+ θ2) (mod 2π), we express tanϕ1(t) and R(t) as:

tanϕ1(t) =
sinα(t) +A2 sin

(
2π∆f t+ β(t)

)
cosα(t) +A2 cos

(
2π∆f t+ β(t)

) , (5)

R(t) =
√

1 +A2
2 + 2A2 cos(2π∆f t+ β(t)− α(t)).

Let us now exploit the information from the sign transitions
in r(t) to estimate the unknown frequency offsets and phases.
The magnitude R(t) remains positive (in fact, bounded away
from 0 since we assumed A2 < 1), and thus, the zero-
crossing transitions in r(t) can be attributed solely to the
cosine component in (4). In the absence of noise, when r(t)
transitions from positive to negative, the phase of the cosine
at the precise transition time is 2mπ + π/2 for some integer
m. Conversely, when r(t) transitions from negative to positive,
the phase corresponds to 2mπ+3π/2. From the zero-crossing
instants of r(t), labeled as tk, k ≥ 0, the phase of r(tk) is:

ϕ(tk) ≜

{
2mπ + π/2− 2πfc1tk, r(tk + δ)− r(tk − δ) < 0

2mπ + 3π/2− 2πfc1tk, r(tk + δ)− r(tk − δ) > 0,
(6)

where 0 < δ < Ts/2. Using (5) – (6), we can now form a
set of equations that can be solved by a non-linear solver as
described below.

1) Non-Linear Solver: At each zero-crossing instant tk, we
have α(tk), β(tk) and A2 as unknowns. Using (5), we can get
an independent equation for each tk as

ϕ1(tk) = tan−1

[
sinα(tk) +A2 sin

(
2π∆f tk + β(tk)

)
cosα(tk) +A2 cos

(
2π∆f tk + β(tk)

)] .
(7)

Three consecutive zero-crossing instants can now be used to
estimate the three unknowns, as the value of α(tk) and β(tk),
which are determined by fd1 and fd2, do not vary significantly
within the interval [tk, tk+2]. Therefore, we take

α(tk) ≈ α(tk+1) ≈ α(tk+2),

β(tk) ≈ β(tk+1) ≈ β(tk+2). (8)

We can uniquely determine the value and quadrant of α(tk)
and β(tk) from the tuple (ϕ1(tk), ϕ1(tk+1), ϕ1(tk+2)) ob-
tained from three consecutive zero-crossing measurements.
Since ϕ1(tk) defined in (7) is non-linear in α(tk) and β(tk),
an appropriate non-linear solver is required. For example,
the least-squares regression method from the SciPy software
library can be employed for this estimation [18]. Recall that
both α(·) and β(·) are periodic with period 2π. Since α(·)
and β(·) vary slowly over time, we can refine the estimates
using subsequent tuples of zero-crossing measurements. Our
estimation steps involve finding A2 by averaging the estimates
of A2(tk) over tk, and estimating fd1 and fd2 from α(·) and
β(·). One approach for this is to unwrap the latter as phases
(since they are modulo 2π) and use a linear-fit to estimate the
Doppler frequencies from their slopes, and the corresponding
phase offsets from the intercept.

Remark 1. As an alternative to the last step, we can employ
the Lomb-Scargle periodogram over cosα(t) and cosβ(t) to
obtain fd1 and fd2 from the non-uniformly spaced samples as
discussed in Section II-B.

Notice that while using the sampled version of r(t), denoted
as r[n] = r(nTs), we do not have precise zero-crossing
instances of r(t), as discussed in Section III-A, and thus,
we assume that the zero-crossings are the mid-point between
the sampled locations that has a transition in the sign of
r[n], labeled t′k. These temporal estimates may cause addi-
tional errors in the estimates of {α(t′k), β(t′k), A2(t

′
k)}, be

it the phase unwrapping solution or the periodogram based
approach. For the former, the zero-crossing jitter calls for
further smoothening of the estimates before phase unwrapping.

The operational complexity of the Lomb-Scargle peri-
odogram depends on the number of observed data points
and the number of frequencies in search grid. Hence, the
complexity of this method depends on the number of zero-
crossings under consideration over which the non-linear solver
is used. The complexity is given by O(K ·Fsearch) where K is
the number of zero-crossings under consideration and Fsearch
are the number of frequencies in the search space.

2) Linear Solver: We now present an alternate approach
that involves formulation of the frequency estimation problem
as a system of linear equations. We define the vector w⃗(t) as

w⃗(t) =
[
sinα(t) , cosα(t) , A2 sinβ(t) , A2 cosβ(t)

]T
,

with wi(t) denoting the i-the entry. Notice from (5) that

tanϕ1(t)
[
w2(t) + cos(2π∆f t)w4(t)− sin(2π∆f t)w3(t)

]
= w1(t) + sin(2π∆f t)w4(t) + cos(2π∆f t)w3(t), (9)

which is linear in w⃗(t). Using the slowly varying assumption
in (8), from three consecutive zero-crossing measurements,
viz. (tk, tk+1, tk+2), we can form a set of linear equations,

M(t)w⃗(t) = 0⃗, (10)

where M(t) is defined as:

M(t) =

1 −T1 c1 + s1T1 s1 − c1T1

1 −T2 c2 + s2T2 s2 − c2T2

1 −T3 c3 + s3T3 s3 − c3T3

 .

Here, we have denoted Ti ≜ tan(ϕ1(tk−1+i)), ci ≜
cos(2π∆f tk−1+i) and si ≜ sin(2π∆f tk−1+i). While this
gives us three equations for four variables, the fact that
|w1(t)|2 + |w2(t)|2 = 1 naturally constrains the solution set.
The null space of M(t), denoted as w⃗0(t), is the required
scaled solution, except in ill-conditioned situations where the
kernel dimension is more than one. Since |w1(t)|2+|w2(t)|2 =
1, the actual solution is of the form w⃗(t) = λ(t)w⃗0(t), where
λ(t) = ±1/(

√
|w01(t)|2 + |w02(t)|2).

Using (6) and the nominal carrier frequencies, we can
evaluate Ti, ci and si respectively at the different zero-
crossing instants of r(t). Utilizing these constants, we can
solve (10) under the constraint and obtain the solution as



w⃗(t) = λ(t)w⃗0(t). The resulting solution contains a direc-
tional ambiguity. Since the sign of λ(t) is undetermined, the
final vector could be expressed as either w⃗(t) or −w⃗(t). This
ambiguity can be resolved by determining the quadrants for
α(tk) and β(tk) using the tan−1(·) function over the exact
values of ϕ1(t) for t ∈ {tk, tk+1, tk+2}, using (5) – (6).

Using the above formulation, we can estimate w⃗(tk) for
multiple zero-crossing instants. Notice that A2 can be esti-
mated as an average over K zero-crossings, i.e.

Â2 =
1

K

∑
k

√
∥w⃗(tk)∥2 − 1.

Furthermore, to obtain the Doppler frequencies and phases, we
can use the Lomb-Scargle periodogram and complex correla-
tion over the non-uniformly spaced samples of the cosines, as
in the Section II-B.

Now, when using the sampled version of r(t), the exact
zero-crossing instants of r(t) are not known. Using the es-
timation approach given in Section III-A, from (3) and (6),
the deviation in the value of ϕ1(·) caused due to the lack
of knowledge of the precise zero-crossing instants is at most
±πfc1/fs. This would produce errors in the solutions for
cosα(t) and cosβ(t) due to the jitter in tk that affects
equations (6) and (10). To obtain a bound on the error in
w⃗(t) introduced due to the coarse sampling, we conduct a
perturbation analysis on (M(t), w⃗(t)), using the equations
M(t)w⃗(t) = 0 and |w1(t)|2 + |w2(t)|2 = 1. Denoting the
time uncertainty induced jitter in M(t) as ∆M(t) and the
propagation of the error as ∆w⃗(t), we obtain(

M(t) + ∆M(t)
)(
w⃗(t) + ∆w⃗(t)

)
= 0⃗.

Neglecting the second order term ∆M(t)∆w⃗(t), and substi-
tuting M(t)w⃗(t) = 0⃗, we obtain

M(t) (∆w⃗(t)) = −∆M(t) w⃗(t). (11)

With g(w⃗(t)) ≜ |w1(t)|2 + |w2(t)|2, the non-linear constraint
g(w⃗(t)) = 1 implies that the error vector ∆w⃗(t) is orthogonal
to the gradient of the constraint, i.e., ∇g(w⃗(t))T∆w⃗(t) = 0.
Stacking this with (11), we get[

M(t)
∇g(w⃗(t))T

]
∆w⃗(t) =

[
−∆M(t)w⃗(t)

0

]
. (12)

From this we can bound the error in w⃗(t) as

∥∆w⃗(t)∥F ≤

∥∥∥∥∥
[

M(t)
∇g(w⃗(t))T

]−1
∥∥∥∥∥
F

∥∆M(t)∥F ∥w⃗(t)∥F ,

where ∥·∥F denotes the Frobenius norm. The Frobenius norm
of the error vector, ∥∆w⃗(t)∥F , represents the error power due
to jitter, which, in addition to the noise power, determines
the average distortion power across entire Lomb-Scargle pe-
riodogram. An increase in this norm leads to a proportional
degradation in the peak SNR, thereby increasing the statistical
variance of the estimated Doppler frequency fd.

One approach to limit this error would be to obtain the
solutions by dithering all the zero-crossing points uniformly

and independently at random within [t′k− 1
2fs

, t′k+
1

2fs
], where

t′k is the mid-point between the two sample points within
which a zero-crossing occurs. We then choose the estimate
of w⃗(tk) that yields the least sum of squared residuals in
the estimation of {ϕ1(tk), ϕ1(tk+1), ϕ1(tk+2)} over disjoint
tuples of {k, k + 1, k + 2}. This would allow us to select
{ϕ̂1(tk), ϕ̂1(tk + 1), ϕ̂1(tk+2)} that are much closer to the
accurate solution with a high probability. Here, we choose the

Algorithm 1 Introducing dithering to reduce residual error in
calculation of w⃗(tk) for all k

1: Input: Received signal r[n], carrier frequencies fc1, fc2
2: Output: Doppler shifts fd1, fd2 & phase shifts θ1, θ2
3: for k = 0 to K do
4: for i = 1 to N do
5: {Here, N is number of dithering samples}
6: Calculate {t′k, t′k+1, t

′
k+2} as mid-point of transitions

7: Generate δtl ∼ U(− 1
2fs

, 1
2fs

) for l ∈ {k, k+1, k+2}
8: tl ← t′l + δtl for l ∈ {k, k + 1, k + 2}
9: Estimate w⃗(tk) for the above {tk, tk+1, tk+2}

10: Calculate sum of squared residual error in the equa-
tion M(t)w⃗(t) = 0⃗

11: Choose {tk, tk+1, tk+2} and w⃗(tk) with least error
12: k ← k + 3
13: end for
14: end for
15: Use Lomb-Scargle on w⃗(tk) for all k to obtain (fd1, θ1)

and (fd2, θ2).
16: return (fd1, θ1), (fd2, θ2)

solution that minimizes the residual error among N indepen-
dently and uniformly distributed values of {tk, tk+1, tk+2}.
This reduces the uncertainty in M(t). Specifically, the error
bound ||∆M(t)|| scales inversely with the number of dithering
samples N , thereby tightening the maximum error bound of
the vector w⃗(t). In the absence of noise, with N → ∞, the
error ∥∆w⃗(t)∥F diminishes and gives accurate fd. In other
words, the error drops and is simply reduced to the remaining
ambiguity among the solutions that give zero-residual, which
are few in number. However, this leads to an increase in
operational-complexity by a factor of N , resulting in overall
time-complexity to be O(N ·K · Fsearch).

IV. SIMULATION RESULTS

We have simulated the proposed approaches and have quan-
tified their benefits in terms of frequency estimation accuracy.
We denote the error in frequency estimation for single carrier
as f̃d = fd − f̂d where f̂d represents the estimated value
and fd is the true Doppler shift. The signal is assumed to
have two carriers that arrive at the receiver with channel
effects being reflected as changes in their amplitudes and
phases. The received signal is affected by additive white
Gaussian noise, and is then sampled and quantized using a
1-bit quantizer. We apply our proposed methods on these
1-bit samples and quantify the performance under different
noise variances and sampling rates. Table I shows the carrier
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frequencies, phase offsets and amplitudes that we consider for
our simulations, and all the inferences are drawn from data
accrued over 0.05 s. We employ the linear approach discussed

TABLE I
SIMULATION PARAMETERS

Carrier Frequency Doppler Frequency Phase Offset Amplitude
0.4 MHz 190 Hz π/3 1
0.3 MHz 100 Hz π/6 0.5

in Section III, wherein we observe the sum of the absolute
errors in estimation of frequency deviation, viz. |f̃d1| + |f̃d2|
for different oversampling factors as a multiple of the Nyquist
frequency 0.81 MHz. The error trend against oversampling as
a factor of the Nyquist frequency with noise variance as 0.25
is shown in Fig. 2.

The results in Fig. 3 present the results for the linear
solver based approach, which involves minimizing the residual
over 10 uniformly dithered time offset realizations for 0.1
s. For the non-linear solutions, Lomb-Scargle Periodogram is
used for spectral estimation. We observe from Fig. 3 that the
linear solver is much more robust to noise and provides high
accuracy with very little oversampling. The non-linear solver is
affected significantly due to its sensitivity to the initial estimate
as well as the impact of local minima in the solution space.
Choosing a sampling rate that is co-prime to the frequencies
can further reduce the errors in the frequency estimates.

V. CONCLUSION

Carrier recovery in communication systems generally re-
quires the use of high speed ADCs with larger vertical

resolutions, that are complex and consume a lot of power.
Here, the use of 1-bit ADCs can significantly reduce the cost
and complexity. Past work has largely focused on the recovery
of a single carrier, while have presented novel methods for si-
multaneous recovery of two carriers from 1-bit noisy received
samples. Our key contribution is that we use the transition
information of the 1-bit samples and use spectral estimation to
estimate two carriers’ frequency offsets, phases, and relative
amplitudes simultaneously. Our use of a periodogram based
approach scales well to not only provide accurate estimate
under noise, but also offers robust performance even at lower
sampling rates with inaccurate zero-crossing time estimates.
Future work would focus on recovering multiple carriers and
Fourier based methods that exploit complex baseband based
approaches for carrier recovery with reduced complexity.
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