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Abstract—Despite the empirical dominance of Vision Trans-
formers (ViTs), a rigorous theoretical characterization of their
learning dynamics remains elusive. Lacking the explicit inductive
biases of convolutional architectures, ViTs are particularly sus-
ceptible to severe memorization in data-constrained regimes. We
address this generalization-memorization gap through the lens
of Random Matrix Theory (RMT), systematically investigating
the internal training dynamics of ViT attention projection (key,
query, value) matrices. By analyzing their Empirical Singular
Value Distributions (ESVD), we uncover a critical spectral phase
transition: while early training rapidly extracts task-specific
features, manifesting as spectral ‘spikes’ emerging from the RMT
‘bulk’, the stabilization of these outliers coincides precisely with
the stagnation of validation accuracy. Crucially, we demonstrate
that even after feature stabilization, the distribution’s ‘bulk’
continues to evolve, providing empirical evidence that subsequent
gradient updates drive structural data memorization rather
than generalizable learning. We show that the spectral drift
of these top singular values acts as an empirical indicator of
the onset of overfitting. Our RMT-grounded perspective offers
principled heuristics for monitoring network stability & provides
a theoretical foundation for more resilient Transformer designs.

Index Terms—Vision Transformers, Random Matrix Theory,
Signal Propagation, Overfitting, Generalization.

I. INTRODUCTION

The meteoric rise of Vision Transformers (ViTs) [1] has
redefined computer vision, yet their empirical success remains
theoretically opaque. Unlike Convolutional Neural Networks
(CNN:Ss), which rely on explicit inductive biases like translation
invariance & locality, ViTs operate largely as structural blank
slates. While this flexibility enables massive scalability, it ren-
ders the architecture notoriously prone to spectral instability &
rote memorization when trained in data-constrained regimes.
Consequently, mitigating overfitting in ViTs often remains a
heuristic driven endeavor [2] rather than a principled science.

To demystify these internal learning dynamics, Random
Matrix Theory (RMT) has emerged as a uniquely suited
framework for high-dimensional weight analysis [3, 4]. Foun-
dational works [3, 5], have demonstrated that implicit self-
regularization in deep neural networks can be characterized
by analyzing the heavy-tailed spectral distributions of fully
trained models. These approaches have successfully estab-
lished that examining post-training weight matrices against
classical RMT ‘null models’ can predict generalization trends
without access to testing data.

While static post-hoc spectral analysis provides valuable
global quality metrics, it naturally obscures the temporal,

epoch-by-epoch mechanisms of how a network transitions
from learning to memorizing. Further, analyzing deep net-
works via generic layer operators can overlook the distinct
architectural signatures of the Transformer’s core engine: the
attention mechanism. In ViTs, where explicit inductive biases
are absent, understanding the precise, dynamic interplay of
the attention matrices (key, query, value) during the training
is critical to addressing the generalization-memorization gap
[6].

In this paper, we bridge this gap by conducting a lon-
gitudinal RMT analysis of ViT attention heads across data-
constrained datasets (e.g., TinylmageNet, CIFAR). At initial-
ization, the empirical singular value distribution (ESVD) of
these square projection matrices is strictly governed by the
Quarter-Circle [7]. By tracking the spectral drift continuously
throughout training, we uncover a critical phase transition:
early feature extraction manifests as dominant singular values
(‘spikes’) escaping the RMT ‘bulk’, while the subsequent,
continued evolution of the bulk provides empirical evidence of
structural data memorization. Ultimately, we demonstrate that
monitoring the divergence between these stabilized spikes and
the shifting bulk offers a data-independent heuristic to pinpoint
the onset of overfitting.

II. RELATED WORK

Originally developed to model the energy levels of heavy
nuclei, Random Matrix Theory (RMT) has emerged as a pow-
erful statistical framework for analyzing the high-dimensional
landscapes of deep neural networks. Foundational works by
Pennington et al. [8, 9, 10] utilized RMT to characterize
the geometry of deep learning loss surfaces and the stability
of gradient descent. This line of inquiry introduced critical
engineering concepts such as dynamical isometry and optimal
initialization strategies. Building on this foundation, work
in [11] demonstrated that universal outlier behaviors within
these empirical spectra act as key indicators of network
stability and learning capacity. The primary advantage of RMT
in this context is its ability to extract macroscopic properties of
the learning algorithm directly from the microscopic structure
of the random weight matrices.

The application of RMT to monitor active training dynamics
was significantly advanced by Martinet et al. [3]. Their frame-
work provided extensive evidence linking the spectral evolu-
tion of weight matrices to distinct phases of neural network



training. Crucially, their work established that large spectral
outliers, ‘spikes’ that escape the random Marchenko-Pastur
‘bulk’, serve as definitive signatures of well-trained layers
that have successfully absorbed latent data structures. This
demonstrated that RMT can effectively diagnose model quality
and implicit self-regularization without requiring access to
held-out testing data.

While a growing body of literature investigates signal
propagation and scaling limits in Transformers at extreme
depths [12, 13, 14], the specific application of RMT to
understand signal routing, particularly the generalization-
memorization trade-off remains underexplored [15]. Although
the fundamental principles of RMT apply universally, the
architectural nuances of the self-attention mechanism and the
absence of spatial inductive biases introduce complex spectral
dynamics. Our work bridges this gap by shifting from the
static, post-hoc RMT analysis of prior literature to a longi-
tudinal tracking of Transformer weights, directly correlating
spectral phase transitions with the onset of overfitting.

III. SPECTRAL EVOLUTION OF WEIGHT MATRICES

We employ tools from RMT to characterize the training
dynamics of ViTs by analyzing the spectral evolution of the
attention mechanism’s projection matrices Wq, Wx, Wy €
RN XN treating them as empirical realizations of large random
matrix ensembles.

A. Theoretical Distribution of Singular Values

At initialization, weight matrices W € RV are typically
drawn from i.i.d. entries. In the limit N — oo, the eigenvalue
density pa()) of the covariance matrix C' = WW7 converges
to the Marchenko-Pastur (MP) distribution. For square matri-
ces (QQ = 1) with variance o2, the density simplifies to:
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Standard deep learning frameworks often utilize a uniform
initialization U/ (—a, a) with o = 1/v/N, yielding a variance
0? = 1/3 (normalized for the 1/N factor). Substituting this
into the MP density provides the baseline ‘null’ distribution
for the network’s untrained state:

= 2B

B. The Quarter-Circle Law

To analyze weight matrices directly via Singular Value De-
composition (SVD), we transform the eigenvalue density using
the relation A\ = s2, where s denotes the singular values of the
matrix. Applying the change of variables pg(s) = pA(s2)|%

with % = 2s, the ESVD for a matrix with 02 = 1/3 becomes:

ps(s) = ?\/4 —3s2, se€ (0, %}

By the Universality Principle, Quarter-Circle [7] remains
invariant of the underlying entry-wise distribution (e.g.,
Gaussian or Uniform) for large N, providing a robust ‘null
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Figure 1. Empirical singular value distribution of a 1000 x 1000 matrix, along
with a theoretical overlay matching it perfectly.

model’ for an untrained network. Figure 1 illustrates the tight
alignment between this theoretical density & the empirical
spectrum of a 1000 x 1000 uniformly initialized matrix.

Probing Training Dynamics: Spikes vs. Bulk As training
progresses, the weight matrices W deviate from their i.i.d.
initialization. We track this evolution by sampling W at dis-
crete epoch intervals and computing its SVD. We decompose
the spectrum into two distinct components:

o The Bulk (Noise): The dense region of singular values
that closely follows the RMT prediction. In deep learning,
the bulk is often hypothesized to represent “thermal
noise” or unlearned parameters [3].

o The Spikes (Information): Outlying singular values
s; > sy that escape the bulk. The BBP (Baik-Ben Arous-
Péché) transition [16] suggests that these spikes emerge
when the signal-to-noise ratio exceeds a critical threshold,
effectively encoding the learned task features.

Monitoring the Memorization Gap We hypothesize that
the ‘spectral drift’ - the movement of these top singular
values, serves as a proxy for feature extraction. Crucially,
we investigate the regime where the spikes stabilize while
the bulk continues to shift. We propose that this divergence
marks the transition from generalization (learning low-rank
task features) to memorization (fitting high-rank noise in the
data-constrained regime).

C. Theoretical Framework: The Spike-Bulk Phase Transition

While the Quarter-Circle Law characterizes the static, un-
trained state of the Vision Transformer, we must formalize the
temporal dynamics that drive the network from generalization
to memorization. To formally ground the temporal dynamics
of the ESVD, we analyze the implicit bias of gradient descent
on Cross-Entropy (CE) loss. Let W (t) € RV*Y denote an at-
tention projection matrix at training time ¢. In data-constrained
regimes, ViTs rapidly enter the interpolation regime (perfect
training accuracy).

Theorem 3.1 (Asymptotic Spectral Decoupling): Under gra-
dient flow on exponentially-tailed losses (e.g., CE), the tem-
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Figure 2. ESVD of the Layer 1 W matrix for TinyImageNet (top) and CIFAR-10 (bottom). This early layer demonstrates that dataset-specific spectral

alignment happens from the very onset of training.

poral evolution of the ESVD of W (t) decouples into two
dynamic phases separated by an interpolation threshold, t.,;;:

1) Signal Extraction: For ¢ < t..;;, the top k singular val-
ues (‘spikes’) rapidly extract primary task features. For
t > tcrit, the network enters the margin-maximization
regime; the signal singular vectors converge direction-
ally to the max-margin solution, and their magnitude
growth exponentially decelerates to a logarithmic rate
(O(logt)), manifesting empirically as a plateau in spec-
tral drift.

Noise Absorption: For ¢t > t..;;, gradients orthogonal
to the max-margin subspace remain bounded away from
zero. Lacking inductive bias, the network minimizes
residual CE loss by fitting high-dimensional dataset
noise, continuously driving structural deformations pre-
dominantly within the RMT bulk.

Proof Sketch: Extending the implicit bias of gradient descent
to deep homogeneous networks [17, 18], the weight matrix in
the late-training interpolation regime (t > t.,;;) asymptotically
decomposes as:

2)

W(t) = Wmargin log(t) + U(t)

where Wi, qrgin 1s a strict low-rank max-margin classifier for
the separable features, and 7)(¢) is a bounded perturbation
matrix fitting sample-specific noise. For the dominant spectral
components governed by Wy, qrgin log(t), of these top k singu-
lar values scales as %51,_ k(t) o % As training surpasses tc,it,
this derivative becomes vanishingly small, halting directional
updates and stabilizing the Wasserstein distance. Conversely,
the bounded noise perturbation 7(t) must utilize the matrix’s
full capacity to interpolate residuals. This continuous injection
of gradients continuously shuffles the lower-rank eigenvalues,

structurally shifting the ESVD bulk while the spikes remain
anchored.

Corollary 3.1.1: [Depth-Invariant Timing] While the ab-
solute signal magnitude ||Wi,qrgin|| varies across network
depth, the critical transition time t..;¢ is dictated by the
global loss landscape reaching the interpolation threshold.
Consequently, the O(1/t) logarithmic slowdown occurs si-
multaneously across all attention layers, providing a globally
synchronized, depth-invariant indicator of overfitting (as em-
pirically observed in Figure 3).

IV. EXPERIMENTAL SETUP

To empirically validate our theoretical framework, we train
a custom Vision Transformer (ViT) comprising eight atten-
tion blocks (eight heads per block, embedding dimension
d = 256) followed by a standard MLP classification head.
To track the internal spectral dynamics, we probe the network
every five epochs, extracting the attention projection matrices
(Wgq, Wik, Wy). The model is trained across three bench-
mark datasets: TinylmageNet (200 classes, 500 images/class,
64 x 64 pixels), CIFAR-10 (10 classes, 5000 images/class),
and CIFAR-100 (100 classes, 500 images/class). All hyperpa-
rameters are held constant across experiments to isolate the
effect of dataset scale and complexity.

Because the self-attention mechanism lacks explicit spa-
tial inductive biases, ViTs require massive datasets to natu-
rally learn generalizable features. Our data-constrained setup
deliberately forces the over-parameterized model into the
interpolation regime. We observe this stark generalization-
memorization gap most prominently on TinylmageNet, where
training accuracy reaches 100% by epoch 50, yet validation
accuracy severely stagnates at 35%. CIFAR-100 and CIFAR-
10 exhibit similar overfitting plateaus, achieving validation
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Figure 3. Evolution of spectral drift across network depths. The Wasserstein distance (WD) of the dominant five singular values plateaus exactly at the epoch
of minimum validation error (dashed lines) across TinyImageNet (Row 1), CIFAR-10 (Row 2), and CIFAR-100 (Row 3), empirically marking the transition

to structural memorization.

accuracies of only 50% and 77%, respectively. This setting,
where a model memorizes perfectly but fails to generalize,
provides the ideal empirical testbed to visualize the spectral
evolution of the weight matrices and validate the precise onset
of structural memorization.

V. EXPERIMENTAL RESULTS
A. Visualizing the Spike-Bulk Phase Transition

We first visualize the structural evolution of the weights dur-
ing training. Figure 2 plots the ESVD of the query projection
matrix (Wg) from the first attention layer during training. We
specifically probe the first layer to demonstrate that dataset-
specific spectral alignment begins at the earliest stages of
the network. At initialization (epoch 0), the ESVD adheres
to the Quarter-Circle Law, with a maximum singular value
(Smaz) of 1.13 across both datasets. As training commences
(Phase I: Signal Extraction), the network learns dominant
task-specific features. Visually, this manifests as top singular
values (”spikes”) escaping the RMT bulk. By epoch 20, s,,qx
significantly increases to 2.39 for TinylmageNet and 2.22
for CIFAR-10. As training progresses further, we observe
the critical phase transition predicted by Theorem 1. The
dominant singular values stabilize and remain structurally
anchored from epoch 20 to 40. While these spikes stabilize,
the network continues to receive gradient updates, and training

loss continues to approach zero. Visual inspection confirms
that these subsequent structural changes occur predominantly
within the shifting dense bulk of the distribution. This pro-
vides direct empirical evidence that once primary features are
extracted, the network utilizes its over-parameterized capacity
to memorize high-rank dataset noise.

B. Quantifying Spectral Drift and Depth-Invariance

To quantify this phase transition and establish its direct re-
lationship with overfitting, Figure 3 tracks the ”Spectral Drift”
of the attention projection matrices (Wq, Wx, Wy/). We define
Spectral Drift mathematically as the Wasserstein distance of
the top 5 singular values from their initial random state at
epoch 0. This metric is recorded across four network depths
(layers 1, 2, 4, and 7). The vertical dashed lines in Figure 3
represent the exact epoch where the validation error achieves
its minimum (epoch 10 for TinyImageNet, 21 for CIFAR-10,
and 15 for CIFAR-100). A universal pattern emerges across
all datasets and projection matrices: the spectral drift exhibits
a steep, monotonic increase during early epochs, but abruptly
plateaus almost exactly at the point of minimum validation
loss. This confirms the spectral decoupling hypothesis. Once
the Wasserstein distance flattens, the top singular values
become directionally constant (% ~ 0). Consequently, any
further reduction in training loss is driven entirely by the bulk



absorbing structural noise. Furthermore, Figure 3 provides
empirical validation for Corollary 3.1.1; while deeper layers
(e.g., Layer 7) exhibit a higher absolute magnitude of drift,
the critical plateau time (%..;;) is remarkably uniform across
all network depths.

We explicitly acknowledge the boundaries of this initial
study, including the small to mid scale experiments and a
generic ViT architecture instead of standard models like ViT-
B/16. There are many directions to extend this line of work
and further validate the claims, including (and not limited to)
ablations on the number of top singular values, generalizing to
image classification architectures, and checking if the theorem
holds tight under heavy regularization in vision models.

VI. CONCLUSION

We systematically investigated the internal training dy-
namics of ViTs through the lens of RMT by tracking the
empirical singular value distributions of attention projection
matrices and uncovered a critical spectral phase transition that
formally explains the ViT generalization-memorization gap.
Our findings demonstrate a strict decoupling in the learning
process: the extraction of generalizable features manifests
as spectral ‘spikes’ that plateau precisely at the point of
minimum validation error, while the continued absorption
of dataset noise persistently deforms the RMT ‘bulk’. By
quantifying this divergence via Wasserstein spectral drift, we
established a depth-invariant, and data-independent signature
for the onset of overfitting. Ultimately, this RMT framework
moves deep learning analysis beyond trial-and-error, providing
practitioners with a principled early-stopping criteria and a
foundation for designing spectrally stable architectures.
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