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Abstract—This paper presents a one-dimensional (1-D) molec-
ular communication (MC) model with a finite-length transmitter
(TX) under anomalous diffusion characterized by time-dependent
diffusivity capturing sub- and super-diffusive behaviors. The
receiver (RX) is modeled as a fully absorbing entity placed at
a fixed distance. The analytical expressions are derived for the
concentration function, the first hitting time density (FHTD), the
pulse peak times and channel impulse response (CIR). A peak-
time based synchronization scheme is proposed for estimating
unknown transmission times. System performance is evaluated
in terms of error probability and receiver operating character-
istics (ROC) under inter-symbol interference (ISI) and multiple
source interference (MSI). Monte Carlo simulations validate the
analytical results, revealing the impact of diffusion coefficient,
slot duration, and TX length on detection performance.

Index Terms—Molecular communication, finite-length trans-
mitter, time-dependent diffusivity, transmission time estimation,
channel impulse response.

I. INTRODUCTION

OLECULAR communication (MC) is a significant

emerging field that replicates nature-inspired chemical
signaling to enable communication in non-electromagnetic
environments [1]. Bio-compatible artificial nanomachines can
actively participate in MC, functioning as transmitters (TX),
receivers (RX), or supervisory nodes [2]. With this, MC
has potential for a wide range of biomedical applications,
including early disease detection, anomaly monitoring, and
targeted drug delivery [3]. In the in vivo environment, there
are multiple possibilities for both intra-cellular and extra-
cellular communication through diffusion [4]. The dynamics
of biological entities, such as cells, often depend on phys-
iological characteristics like shape, size, and diffusivity [5].
Consequently, various dimensional models, including one-
dimensional (1-D) and three-dimensional (3-D), have been
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studied for communication within bounded [6], unbounded [7],
spherical [8], and cylindrical [9] media. This way different
TX and RX architectures, defined by their geometry and
molecule release methods, are examined [3]. In the nanoscale
environment, molecular transport often exhibits anomalous
diffusion where the mean square displacement of molecules
scales non-linearly with time as < x2(t) > t” than classical
diffusion phenomenon. It is due to heterogeneous medium
properties, crowding effects, and temporal correlation in parti-
cle motion [10]. Time dependent anomalous diffusion models
effectively capture these dynamics by accounting for memory
effects. This leads to more realistic channel characterization
and improved performance.

However, most models consider point TXs, whereas in
practical scenarios, TXs can have a finite spatial extent. This
geometric difference alters the molecular propagation dynam-
ics. Most existing works assume synchronized TX and RX [10]
which is practically challenging due to independent clocks. To
the best of our knowledge, limited work has explored time
dependent anomalous diffusion channels with non-point elon-
gated finite-length TXs' in the context of time synchronization.
Specifically, following are the main contributions of this work:

1) The time dependent diffusivity is considered in a 1-D

channel with finite length TX. The Greens concentration
function solution and first hitting time density (FHTD)
are derived with absorbing RX.

2) The pulse peak time expressions corresponding to the

concentration function and FHTD are derived.

3) A peak-time estimator is proposed for time synchroniza-

tion, enabling estimation of unknown transmission time.

4) The performance of channel is evaluated in terms of

probability of error (P,) and receiver operating charac-

IThe considered finite-length TX and 1-D anomalous diffusion channel
are motivated by elongated biological structures such as mitochondria and
endothelial cells [5], where transport often exhibits anomalous diffusion due
to cellular crowding.
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Fig. 1. Concentration function with finite-length TX for unbounded channel
when x4, = lpm and xp are 1.5pum, 1.75pum and 2pum

teristics (ROC) under IST and MSI, validated via Monte
Carlo simulations, with insights into the impact of TX
length, slot duration, and diffusion coefficient.

The rest of this paper is organized as follows: System model
is described in Section II. Section III conducts the mathemati-
cal analysis with respect to channel impulse response (CIR) of
the proposed system. Section IV describes the communication
channel. We have verified our analysis with numerical results
and simulations in Section V, and concluded in Section VI.

II. TIME DEPENDENT DIFFUSIVE SYSTEM MODEL

We consider a time dependent diffusive MC system where
a finite-length TX of length x,x; releases molecules at time
to. A fully absorbing RX is placed at a distance x. from
the TX center. Using ASK modulation, the TX releases M
molecules with probability p for bit-1 and none for bit-0.
The molecules propagate through Brownian motion according
to Fick’s diffusion law. Both TX and RX are assumed to
be working at uniform viscosity and temperature. The in-
formation theoretic modeling is used for analyzing the end-
to-end system performance. Let wu(z,t) be the molecules
concentration at position x and time ¢. The initial condition
assigns u(x,, Tp, to) = M for x,< x<xyp, and zero outside this
interval, where M denotes the uniform initial concentration
density across the TX.

A. Concentration Function with Time Dependent Diffusivity

Anomalous diffusion in an infinite unbounded 1-D (—oo <
2 <00) medium is modeled by a fractional diffusion equation
[10] given by % = Btﬁle%, where 8 € [0, 2]
is the anomalous diffusion exponent. It characterizes normal
diffusion (8 = 1), sub-diffusion (8 < 1), and super-diffusion

(8 > 1) [11]. The solution to this diffusion equation is derived

as
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Fig. 2. First passage time density for molecule release for bounded channel
when TX is of length 1pm and RX at 10m,15m and 20pm

Fig. 1 plots (1), concentration function versus distance at 2
seconds. With z, = 1um fixed and varying z;, the analyt-
ical results match Monte Carlo simulations with 10* runs.
Increasing TX length enhances propagation range and leads
to increase in molecule concentration at the RX.

B. First-hitting Time Density

The FHTD is the first arrival probability at z. at time ¢,
with an absorbing RX at x. resulting in a semi-infinite channel
(—oo<x<xe).

Lemma 1: The FHTD of molecules arrival is derived as
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Proof: The proof of (2) is given in Appendix.
Fig. 2 shows the FHTD function derived in (2) which is
verified with Monte Carlo simulations. It is seen that the peak
time is delayed as TX-RX distance increases.

Lemma 2: The pulse peak time with respect to concentration
function and FHTD are obtained as shown in (3) and (4).

Proof: The pulse peak time [8] can be obtained by differen-
tiating (1) with time and obtaining the maxima of the equation.
The pulse peak time expression at = is obtained as
(xp + x4 — 22)(xp — T4) 7

ADIn(2=E)

Tpu = (3)

Note that for normal diffusi0121 and a point TX the pulse peak
time reduces to T}, = (m;g‘*) which is same as given in [10].
The peak time of FHTD is derived using the same approach

for (2) as of T}, resulting in T}, .

oo [Pl =z + @ —a)?]?
e 4D(4 - §?)
For normal diffusion and negligible TX size (z. > z,xs), this

reduces to an ideal value of T),; = % [10]. In Fig. 2,
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Fig. 3. MSE of peak-time estimation versus SNR for different 5 values.
The inset shows the log-scale view for 8 = 1.2 and the received signal with
detected peak.

the observed peak times match the analytical values from (4).
The values are 3, 7, and 12.7 s which are indicated by square
markers aligning with simulations.

C. Channel Impulse Response

The CIR is defined by C,(T) = [ f,(t),dt. Thus, the
same probability of molecules arriving at the RX within time
T is derived as

Cy(T) = % [@c )b (i (w_;ﬁ)>
1 (z

(e — 24)T (—2, 4;;3)2” (5)

III. TRANSMISSION TIME ESTIMATION

The proposed time synchronization framework implement
peak time based estimator which utilizes the temporal char-
acteristics of the received signal u,. When molecules are
emitted at an unknown transmission time 7}, under anomalous
diffusion, the RX estimates the propagation delay as 7={%pcak
as defined in (3). The observed peak timestamp at RX affected
by the clock offset is TFe™* = arg max(u,). The transmission
time is then estimated as T}, = TF™ — # — &, where 7
represents the delay inferred from the received signal profile
and is independent of clock mismatch, and ¢ denotes the clock
offset’ which can be estimated similarly. In case of reactions,
it affects scale amplitude without altering delay. This preserves
the simplicity and robustness of the peak-based estimator.

At SNR = 20 dB, with T}, = 0.5 s, 7 = 0.1 s after T;,, and
¢ = 0.3 s, the peak is observed at TFe™ ~ 0.89 s. This yield
almost zero MSE and hence, accurate recovery of T'tx. The

2The received concentration profile is used to estimate the propagation
delay 7 through the peak location. The clock offset ¢ is then obtained using
sequence with known transmission instants, which gives ¢ = Tﬁ’fak — Ty —7.
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Fig. 4. ROC with sub-diffusive, normal and super-diffusive channel when
RX is at 10 pm

offset is estimated as ¢ = TP* T}, —# = 0.3032 s with MSE
1.915 x 10~4. Thus, after TP, the true tpeak = 9.5 x 1072
s and estimated 9.8 x 1072 s with MSE 1.92 x 10~*. Fig. 3
exhibits that the MSE of ¢p..c decreases as SNR increase V/3.
This indicates improved estimation accuracy with high signal
quality. Lower 3 gives smaller error due to sharper peaks,
while for higher 8, MSE increases due to broad concentration
profiles (3). The close agreement between analytical and sim-
ulation results further validates the theoretical model. Overall,
the approach of peak timing estimation achieves accurate
synchronization under moderate noise by separating delay
from clock offset and it is is strongly governed by the diffusion
dynamics characterized by f.

IV. COMMUNICATION CHANNEL MODEL

The communication channel model in the proposed 1-D
timely anomalous diffusive MC system is divided into N time
slots with duration 7 where nt" time slot period can be given
as [(n — 1)m,n7] and n € {1,2,...N}. The bit sequence
to be transmitted and received in N slots is represented by
Ty and Ry whereas bit transmitted and received in nt" time
slot is denoted by t[n] and r[n] respectively such that Ty =
t[1],¢[2],¢[3], ..., t[N] and Ry = r[1],7[2],7[3],...,[IV]. Let
the arrival probability that a molecule reaches RX in n*”* time
slot when transmitted in m‘" time slot is denoted by pn—m and
po be the probability that a molecule received within the same
time slot of transmission i.e. m =n. Thus the arrival probabil-
ity pn—m is given by p,,_, =Cp((n—m~+1)7)—Cp((n—m)7)
where C)(t) is as given in (5).

A. Received Information Characteristics

The communication performance of the system is analyzed
in this section. Let R[n| be the total number of received
molecules in the n'" time slot where received signal is a
combination of molecules which are received in the desired
time slot and interfering time slots. MSI is also taken into



account. Hence R[n| is expressed as R[n] = Rc¢[n] +
R;[n] + Ras[n] where R [n] are the molecules received in
current time slot following Binomial distribution i.e. R¢[n] ~
Binomial(Mt[n], po), where t[n] € {0, 1} is the information
symbol transmitted in n'” time slot. The term R;[n] denotes
molecules received from all previous time slots than n*”* time
slot i.e. IST such that R;[m] ~ Binomial(Mt[n—m|, pp—m)
where p,,_,, is arrival probability of the previous m" time
slot. The final term denotes MSI following the Poisson dis-
tribution such that Rps[n] ~ Poisson(Ap[n]) [12]. It is
observed that the Poisson approximation is more relevant for
the binomial distribution, while a Gaussian approximation can
show noticeable loss in precision [13], [14]. Hence, by approx-
imating the terms R¢[n] and Ry[n] with average rates A\¢[n]
and Ar[n] respectively such that Rc[n] ~ Poisson(Mt[n]po)
and Ry[n] ~ Poisson(M Y7 t[n — m]pn_m).

B. Detection Performance Analysis

The information symbol detection problem at RX can
be defined in terms of null hypothesis Hy and alternative
hypothesis H; with respect to the transmission of binary
symbols and it is given by Hy : R[n] = Rjy[n] + Ran]
and H; : R[n] = Rc[n] + Ri[n] + Ra[n]. The number
of molecules R[n] received at the RX corresponding to this
binary hypotheses are Poisson distributed with parameters
Ao[n] and Aq[n] respectively, where \o[n] = Ar[n] + Aar[n]

and A\i[n] = A¢o[n] + Ar[n] + Amn]. To find optimum

threshold at RX, log likelihood ratio test is used and given
Hy

by In [%} E In {%} where the probabilities
0

are defined as Pr(R[n]|H,) = Zib[l"] M and

P _ ~Thln] 220l (g [n))* Phind i
r(R[n]|Ho) = >, —" ——Fr>— such that T'h[n] is the

optimal decision threshold depénding on which the decision
rule is defined as r[n] = 1 if R[n] > Th[n] and O otherwise.

The expression for optimal threshold Th[n] [15] is given by
Thin] — In(=2)+Mpo
] = oD -

C. Probability of Detection and False Alarm

The probability of error expression for n'* time slot is
defined as P.[n] = (1—Pp[n])p+ Praln](1—p) where Pp[n]
i.e. detection probability and Pg4[n] false alarm probability
can be given as Pp[n|Tn""'] = 1 — Pr(R[n]|H;) and
Pra[n|Tn""'] = 1 — Pr(R[n]|Hy) [9]. Hence, the average

probability of error is P. = + S | P, [n].

V. NUMERICAL ANALYSIS

In this section, numerical analysis of the given anomalous
diffusive channel is presented in terms of P, and ROC with
Monte-Carlo simulations for 10* samples. Simulations are
conducted for 5 time slots with 100 molecules releasing for bit
’1’. The transmitted symbols are considered to be equiprobable
and rate constant for MSI is 10.

Fig. 4 shows the ROC for different 5 with TX length 1 pm
and RX at 10 pym. For a fixed false alarm rate, super-diffusive
channels achieve higher detection probability, This yields the
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largest ROC area due to higher effective diffusion. Fig. 5
shows that increasing slot duration 7 from 1 s to 3 s improves
ROC performance, yielding higher detection probability due to
increased symbol separation. Fig. 6 shows P, for TX lengths
0.5-1 pm. For low error values (< 0.1), the optimal threshold
increases with TX length due to the larger spatial distribution
of molecules. The shorter TX leads to a higher error. Fig. 7
shows P, versus threshold for D = 50-200um?/s. Increasing
D reduces error from ~ 0.41 to ~ 0.035 due to increased
mean square displacement of molecules.

VI. CONCLUSION

This paper develops a 1-D anomalous diffusion based
MC framework with a finite-length TX and an absorbing
RX. Closed form expressions for the concentration, FHTD,
CIR, and peak times are derived, along with a peak-based
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estimator enabling time synchronization and transmission time
detection. Performance analysis shows that higher diffusion
constant, super-diffusion i.e. higher mean square displacement
of molecules and well seperated symbols with larger time
slot duration improves detection, while reduced TX length
increases error. Monte Carlo results closely validate the ana-
lytical expressions. Future work includes extending the model
to reactive 3-D environments.

APPENDIX
PROOF OF FIRST HITTING TIME DENSITY

Let x, and z; denote the finite-length TX boundaries and
z. the absorbing boundary satisfying u(z.,t) = 0. Using the
random walk interpretation of molecular diffusion under the
assumption that their movement is independent and in unit
steps. With the method of images, the PDF is obtained by
superposing the unbounded diffusion PDF with that of a mirror
image source, yielding

My Ty — T Ty — T
(x,t) =—= letf [——|—eIf |[——=
vl = {e ( 4Dtﬁ> o (\/4Dtﬂ>

+erf<2xc—xb—x> B rf<2mc—xa—x)] . ®)
4DtP 4DtB

Here (6) satisfy both initial and boundary conditions leading
to the new resultant PDF with absorbing RX present at x..
The probability of molecules existing just before absorption
at x. is called as survival probability [16] s,(t) which can
be obtained by integrating the resultant PDF with respect to
distance over the range of available distance for propagation
before absorption and is given by s,(t) = [*°_u*(z,t)dz.

Solving this, we get

sty =/ 220 (o) ()
™

Te—Tq Te—Tp
+ (Te—xq erf() —(Tc—2x erf() @)
( ) o)) 4D

The first passage time density indicates the rate of absorption
which exhibits exponential decay, and can be obtained by
differentiating the survival probability with respect to time as
in (2).
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