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Vector Spaces

A vector space involves four things: two sets V' and F, and two algebraic operations called vector
addition and scalar multiplication:

e V is a nonempty set of objects called vectors. Although V' can be quite general, we will usually
consider V to be a set of n-tuples or a set of matrices.

e [ is a scalar field — for us F is either the field R of real numbers or the field C of complex
numbers.

e Vector addition (denoted by x + y) is an operation between elements of V.
e Scalar multiplication (denoted by au) is an operation between elements of F and V.

The formal definition of a vector space stipulates how these four things relate to each other.

Vector Space Definition: The set V is called a vector space over F when the vector addition and
scalar multiplication operations satisfy the following properties.

(A1)  z+yeV forall z,y € V. This is called the closure property for vector addition.

(A2) (z+y) +z=2+ (y+2) forevery z,y,z€V
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) z4+y=y+z foreveryz,ycV
A4)  There is an element 0 € V such that x + 0 =z for every x € V.
) For each z € V, there is an element (—z) € V such that z + (—z) = 0.
ax € V for all o € F and z € V. This is the closure property for scalar multiplication.
(af)z = a(pz) forall a,f € Fandall z € V.

)
)

M3) a(z+y)=oar+ay forevery a € Fandall z,y € V.
) (a+B)z=az+pz foralla,f €F and every z € V.
)

lx =z for every x € V.

]

Example:

e The set R™*™ of m x n real matrices is a vector space over R.

e The set C™*™ of m x n complex matrices is a vector space over C.
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e The real coordinate spaces

RIXn — {(z1 22 -+ z,), z; €R} and RPx1 — ], meR
T,

are special cases of the preceding example and these will be the objective of most of our
attention.

e With function addition and scalar multiplication defined by
(f+9)@)=f@)+g(x) and (af)(z)=af(z),
the following sets are vector spaces over R:

— The set of functions mapping the interval [0, 1] into R.

— The set of all real-valued continuous functions defined on |0, 1].

The set of real-valued functions that are differentiable on [0, 1].

The set of all polynomials with real coefficients.
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Consider the vector space R?, and let

L={(@y) |y = ac}

be a line through the origin. L is a subset of R?, but L is a special kind of subset because L also
satisfies the properties (A1)—(A5) and (M1)—(M>5) that define a vector space. This shows that it is
possible for one vector space to properly contain other vector spaces.

Subspaces:

Let S be a nonempty subset of a vector space V over F (symbolically, S C V). If S is also a vector
space over [F using the same addition and scalar multiplication operations, then S is said to be a
subspace of V. It is not necessary to check all 10 of the defining conditions in order to determine
if a subset is also a subspace — only the closure conditions (A1) and (M1) need to be considered.
That is, a non-empty subset S of a vector space V is a subspace iff

(A1) z,y€S = z+yeSs
and
(M1) ze€S = azxef forallaelF
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Proof: If S is a subset of V', then S automatically inherits all of the vector space properties of V'
except (A1), (A4), (A5) and (M1). However, (A1) together with (M1) implies (A4) and (A5). To
prove this, observe that (M1) implies (—z) = (—1)z € S for all € S so that (A5) holds. Since z
and (—z) are now both in S, (A1) insures that z + (—z) € S, and thus 0 € S.

Span(95): For a vectors S = {v;,v,,...,v,} from a vector space V, the set of all possible linear
combinations of the v;’s is denoted by

span(S) = {av; + agvy + -+ + ayu, ‘ o; € F}.
Theorem. span(S) is a subspace of V over F.

Proof: For z,y € span(S), and o € F we need to show

If 2,y € span(S) we can write

T s
z=Y &u, Y=Y muy:
=1 ;

(Al) .. z+y= Z(& + 1;)v; € span(S)
i=1
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r

(M1) az=a) &= (a&)y; € span(S)
i=1 i=1
Thus span(S) is a subspace of V over F.

Spanning sets:

e For a set of vectors S = {v;,v,,...,0,}, the subspace
span(S) = {a1vy + aguy + -+ + oy, }

generated by forming all linear combinations of vectors from S' is called the space spanned by

S.

e If V is a vector space such that V' = span(S), we say S is a spanning set for V. In other
words, S spans V whenever each vector in V' is a linear combination of vectors from S.

Examples: 1st class
1 2 . .
e 5= 1)\ spans the line y = x in R=.
1 0 0
e The unit vectors {eg = [0], ea=]|1],e3=1(0 span R3.
0 0 1
e The unit vectors {e,ea,...,e,} in R” form a spanning set for R™.

The finite set {1, 2,22, ..., 2"} spans the space of all polynomials such that degp(z) < n, and
the infinite set {1,2,22,...} spans the space of all polynomials.
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Sum of Subspace: If X and Y are subspaces of a vector space V, then the sum of X and Y is
defined to be the set of all possible sums of vectors from X with vectors from Y. That is,

X+Y={z+y|zeXandyecV}
Theorem:

1. The sum X + Y is again a subspace of V.

2. If S;, S, span X,Y, then S, U Sy spans X + Y.

Proof 1: Let us check the two closure properties (A1) and (M1) for S =X +Y.
(A1) If u,v € S then u =z, +y, and v = z, +y, where 2,25 € X and Y, Yy € Y.

utv=(z,+z)+(y +ty,) €S
(Ml) 2 € X and a« € F = az; € X; similatly y €Y = ay, €Y.

ou=oa(z, +y,)=azx, +ay, €S
.. The sum X +Y is a subspace of V.

Proof 2: Suppose S, = {z,29,...,2,}, Sy = {gl,yz, - ,gt}.

b t
z € span(S, U Sy) = gzZa@i—l—Zﬁigi:g—i—g withze X, yeY = z2e€ X +YV.
i=1 i=1
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Subspaces and Linear Functions:

For a linear function f mapping R™ into R™, let R(f) denote the range of f. That is, R(f) =
{f(z) | z € R"} C R™ is the set of all images as z varies freely over R™.

Theorem. The range of every linear function f : R™ — R™ is a subspace of R, and every subspace
of R™ is the range of some linear function. For this reason, subspaces of R™ are sometimes called
linear spaces.

Proof: If f : R® — R™ is a linear function, then the range of f is a subspace of R because the
closure properties (Al) and (M1) are satisfied. Establish (Al) by showing that y ,y, € R(f) =
Y, +y, € R(f). If y,,y, € R(f), then there must be vectors z;,z, € R" such that y, = f(z;) and
Y, = f(z), so it follows from the linearity of f that

Y, ty, = fla) + fz2) = flz) + 25) € R(S)

Similarly, establish (M1) by showing that if y € R(f), then ay € R(f) for all scalars a by using
the definition of range along with the linearity of f to write

y€R(f) = y= f(z) forsome z € R" = ay = af(z) = f(azr) € R(f)

Now prove that every subspace V of R™ is the range of some linear function f : R™ — R™. Suppose
that {vy,v,y,...,v,} is a spanning set for V' so that

V={ou, + -+, | & €R}
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Stack the v;’s as columns in a matrix A,,xn = (v;|vs] -+ |v,) and put the o;’s in an n x 1 column
z = (ai,as,...,a,)T to write
aj
Qg+ apy, = (vrfvg] - fu,) | 8| = Az
Qn

The function f(z) = Az is linear, and we have that
R(f) = {Ag ‘ QG]R”“} = {alyl+---+angn ‘ o ER} =V

Range Space: The range of a matrix A € R™*" is defined to be the subspace R(A) of R™ that is
generated by the range of f(z) = Az. That is

R(A)={Az | z e R"} CR"™.
Similarly the range of A” is the subspace of R" defined by
R(AT) = {A"y |y eR™} CR™.

Because R(A) is the set of all “images” of vectors z € R™ under transformation by A, some people
call R(A) the image space of A.

Column and Row spaces: For A € R™*" the following statements are true.

e R(A) = the space spanned by the columns of A (column space)
e R(AT) = the space spanned by the rows of A (row space)
e be R(A) < b= Az for some z.

e ac R(AT) <« a’ =yT A for some y”.
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Example: Describe R(A) and R(AT) for A = <; i 2)

Sol™: R(A) = span{A.1, Ax2, Ax3} = {a1As1 + o Ao + asAss}.
But since Ay = 24,1 and A.3 = 34,
— R(A) =span{A.},

is the line in R? through the origin and the point (1,2).

Similarly, R(AT) = span{A1., Ao, } = {a1 A1, + @ s, | a1, a2 € R}, But Ay, = 24, = R(AT) =
span(Aj,), and this is the line in R? through the origin and the point (1,2, 3).

Equal Ranges: For two matrices A and B of the same shape

e R(AT) = R(BT) if and only if A'X" B.
e R(A) = R(B) if and only if A 2 B.

Proof: Assume A 'X B so that there exists a non-singular matrix P such that PA = B. To see
that R(AT) = R(BT)
aeRA) = df = QTA = QTP_lPA for some gT
«— ol =2'B for 2T = QTP_l

«— acR(BT).

—~

Conversely, if R(AT) = R(BT), then
span{Ai., Aos, ..., Ams} = span{Bix, Bas, ..., B}

So each row of B is a combination of the rows of A, and vice versa. On the basis of this fact, it can
Trow

be argued that it is possible to reduce A to B by using only row operations, and thus A ~ B. The
next one will be proved by replacing A and B with AT and B”. 2nd class
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Spanning the Row space and range: Let A be an m X n matrix, and let U be any row echelon
form derived from A. Spanning sets for the row and column spaces are as follows.

e The nonzero rows of U span R(AT).

e The basic columns in A span R(A).

1 2 2 3
Example: Determine spanning sets of R(A) and R(AT), where A= [2 4 1 3
3 6 1 4
Sol™:
1 2 2 3 1 2 2 3 1 2 0 1
A~U=10 0 -3 —-3| ~1|0 0 1 1|{~{0 0 1 1
0O 0 -5 =5 00 00 0 0 0 O
Basic columns of A (column operations):
1 0 2 2 1 0 2 0
A~12 01 1| ~(2 0 1 O
3011 3010
N /2 ; 8
R(A) = span 21,1 R(AT) = span ol |1
3 1 1 1

Example: Null space (or Kernel of space):

e For an m x n matrix A, the set N(A) = {z,,; | Az = 0} C R” is called the nullspace of A.
In other words, N'(A) is simply the set of all solutions to the homogeneous system Az = 0.

e The set N(AT) = {y .| ATy = 0} C R™ is called the left-hand nullspace of A because
N(AT) is the set of all solutions to the left-hand homogeneous system yTA =07,
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The basic columns in A span R(A).

Proof: Basic columns in A are in positions b1, bs, ..., b, and non-basic columns are in positions
ny,na,...,Ng.
Then

AQq = (Bmxr, met), ()1 is the permutation matrix.

We can annihilate the nonbasic columns in N using elementary column operations.
(B7N) Q2 = (B,O)

AQ1Q2 = AQ = (B, N) Q2 = (B,0).

A% (B,0)

—
—
.
— span(B) = R(A)
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Example: Determine a spanning set for N'(A4), where A = <1 2 3).
Sol™: N(A) is merely the general solution of Az = 0.

The echelon form EF4 = <1 2 3>

0 00
— 11 = —2x9 — 3xr3 where x5 and x3 are free
T —2x9 — 373 -2 -3
) = ) = I3 1 + 73 0
T3 T3 0 1

In other words, N (A) is the set of all possible linear combinations of the vectors

—2 -3
hl = 1 and h2 = 0
0 1

and therefore span{hi, ha} = N'(A). For this example N'(A) is the plane in R? that passes through
the origin and the two points A1 and ho.

Four Fundamental Subspaces:

Spanning the Nullspace: To determine a spanning set for N'(A), where rank(A,,x,) = r, row
reduce A to a row echelon form U, and solve Uz = 0 for the basic variables in terms of the free
variables to produce the general solution of Az = 0 in the form

JLES :Eflhl + xf2h2 + i + xfnf'rh'nfT'

By definition, the set H = {hy,h2,...,h,—} spans N(A). Moreover, it can be proven that H is
unique in the sense that H is independent of the row echelon form U.
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Zero Nullspace: If A is an m X n matrix, then

e N(A) ={0} if and only if rank(A) = n;
e N(AT) = {0} if and only if rank(A) = m.

Proof: x = 0 is the only solution of Az = 0 iff rank(A) = n. Similarly: ATy = 0 will have the
trivial solution y = 0 iff rank(A”) = m.

Left-hand Nullspace: If rank(A4,,x,) = r, and if PA = U, where P is nonsingular and U is in
row echelon form, then the last m — r rows in P span the left-hand nullspace of A. In other words,

it P= <£1>, where P is (m — 1) x m, then
2

N(AT) =R(PE). (proof: page 14)

1 2 2 3
Example: Determine a spanning set for N'(A7), where A= {2 4 1 3
3 6 1 4

Sol™: To find a nonsingular matrix P such that PA = U is in row echelon form, row reduce the
augmented matrix (A|I) to (U |P). It must be the case that PA = U because P is the product
of the elementary matrices corresponding to the elementary row operations used. Since any row
echelon form will suffice, we may use Gauss—Jordan reduction to reduce A to E4 as shown below:

1 2 2 3[1 00 ' 12 2 3|1 00
2 4 1 3]0 1 o | Pe2feRuifenRe3Mm | g g 3 —3[-2 1 0
36 1 4|0 0 1 00 -5 —5|-3 0 1
R s 12 2 3|1 0 0\ . 1 20 1|-3 2 0
2—Ra/(—3) 0 0 1 1 % _% 0 3—R3+5R2; R1—R1—2Ry 00 1 1 % _% 0
0 0 -5 -5[-3 0 1 000 0] 3 1
1
3
—  N(AT) = span -3 (last row of P = P»)
1
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Equal Nullspaces: For two matrices A and B of the same shape

e N(A) = N(B) if and only if A'X" B

o N(AT) = N(BY) if and only if A B

Left hand nullspaces proof: If U = <€), where Ci.x,, then PA = U implies P,A = 0, and

this says R(P{) € N(AT). To show equality, demonstrate containment in the opposite direction
by arguing that every vector in N(A”) must also be in R(PJ). Suppose y* € N(AT), and let
P~! = (Q1 Q2) to conclude that

0=y"A=y"P'U=y"Q1C = 0=y"Qx

because N(CT) = {0}. Now observe that PP~! = [ = PP insures P1Q; = I, and Q1P =
Im - Q2P27 50

0=y"Q1=0=y" Q1P =y" (I - Q1)
=y =y QP = (y' Q) P
=y e R(PY).

Proof (of Equal Nullspaces): If N(AT) = N (BT) = R(P}) = N(BT), and hence P,B = 0. But
this means the columns of B are in N (P), that is R(B) C N (FP2) = R(A) (by using the example
on page 15). If A is replaced by B, the result is that R(A) C R(B). Thus we may conclude that
R(A) = R(B). The second claim may be obtained by replacing A and B by AT and BT in above.

3rd class
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Example: Suppose rank(A4,,xn) = 7, and let P = (?
2
CT'XTL

0

Sol™: The strategy is to first prove R(A4) C N(P,) and then show the reverse inclusion N (Ps) C
R(A). The equation PA = U implies P»A = 0, so all columns of A are in N(P,), and thus
R(A) C N(P,). To show inclusion in the opposite direction, suppose b € N(P,) so that

(P,  (Pib\  [(d.
= () o= (i) = (%

Consequently, P(A|b) = (PA| Pb) = (C d), and this implies

> be a non-singular matrix such that

PA=U = < ), where U is in row echelon form. Prove R(A) = N(P).

0 0

rank[A | b] = r = rank(A).

This means the system Az = b is consistent, and thus b € R(A). Therefore, N (P2) C R(A), and
we may conclude that N'(Py) = R(A).

Summary:

e The range or column space: R(A) = {Az} CR™

e The row space or left-hand range: R(A”) = {ATy} CR"
e The nullspace: N(A) ={z| Az =0} CR"

e The left-hand nullspace: N'(AT) = {b| ATy =0} CR™

For PA = U and suppose rank(A) = r.

e Spanning set for R(A) = the basic columns in A.
e Spanning set for R(AT) = the non-zero rows in U.

e Spanning set for N (A) = the h;’s in the general solution of Az = 0.
(

e Spanning set for N (AT) = the last m — 7 rows of P.
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Linear Independence: A set of vectors S = {u;,uy,...,u,} is said to be a linearly independent
set whenever the only solution for the scalars «; in the homogeneous equation

Uy + Uy + - oy, =0

is the trivial solution oy = ag = -+ = o, = 0.
Basis: A linearly independent spanning set for a vector space V is called a basis for V.

Characterizations of a Basis: Let V be a subspace of R™, and let B = {b;,bs,...,b,} C V. The
following statements are equivalent.

e B is a basis for V.
e 3 is a minimal spanning set for V.

e 3 is a maximal linearly independent subset of V.

Dimension: The dimension of a vector space V is defined to be

dim V' = number of vectors in any basis for V.
= number of vectors in any minimal spanning set for V.

= number of vectors in any maximal independent subset of V.

Subspace Dimension: For vector spaces M and A such that M C N, the following statements
are true.

o dim M < dimWN.
e If dim M = dim N, then M = N.
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Proof:

(1) Let dim M = m and dim N = n. Now if m > n, then there exists a L.I. subset of N/ (or basis
of M) containing more than n vectors. This is impossible as dim(N) = n.

(2) If m = n but M # N, then 3 a vector z € N but & ¢ M. If B is a basis for M, then
z ¢ span(B). The extension set £ = BU{z} is L.i. and containing m + 1 = n + 1 vectors, which
is impossible because dim N = n.

Hence m=n=M=N.

Fundamental Subspaces:

For an m x n matrix of real numbers such that rank(A) = r,
o dimR(A) =
o dimN(4) =
o dimR(AT) =
o dimN(AT)=m —r
If PA=U and H be the set of h;’s appearing in the general solution of Az =0
e The basic columns of A form a basis for R(A).
e The nonzero rows of U form a basis for R(A”).

e The set H is a basis for N'(A).

e The last m — 7 rows of P form a basis for N'(AT).
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Bases: A linearly independent spanning set for a vector space V is called a basis for V.

Dimension of a Sum: If X and Y are subspaces of a vector space V, then

dim(X +Y)=dimX +dimY —dim(X NY)

Proof: Let say S = {z;,29,...,2,} beabasisfor XNY = SC X and SCY.

3 extension vectors {z,Zs,...,2,,} and {y ,y,,...,y, } such that

By ={2z1,29,---1y24, %1, ..., 2, = a basis for X

and By ={z,29,... 26 Yy Yoo - - ,gn} = a basis for Y

We know B = B, U B, spans X + Y. We show that B is linearly independent, i.e.

t m n
Doz Bzt Yy, =0
i=1 7=1 k=1
Then

n t m n
> wy, = —(Za@i +Zﬁj&j) €EX = ) Wy, €XNY
k=1 = j=1

k=1
3 6; € F such that

n t n t
Z’ykyk = Z(Siéi or Z*ykyk — Z 0iz; =0 = v, =0=0; Vi,k as By is a basis.
k=1 i=1

k=1 i=1

19
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t m
= > aizi+ Y Bz =0
i=1 j=1

But B, is also an independent set = a; = 8; =0 V1,j.

Thus the only solution of (®) is the trivial solution. Thus B is linearly independent and a basis of
X+Y

dm(X+Y)=t+m+n=>t+m)+ (t+n)—t
=dim X +dimY —dim(X NY)

Example: Show that rank(A + B) < rank(A) + rank(B).

ran
Sol”: Observe that R(A + B) C R(A) + R(B) because if b € R(A + B), then there exists z such
that

b=(A+B)x= Az + Bx c R(A) + R(B)

rank(A 4+ B) = dimR(A + B) < dim(R(A) + R(B))
= dim R(A4) + dim R(B) — dim(R(A) N R(B))
< dimR(A) + dim R(B)
= rank(A) + rank(B).

~— —

Rank of a product: If A is m xn and B is n X p, then

rank(AB) = rank(B) — dim(N(A) N R(B)).4thclass

Proof: Let S = {z,,2s,...,2,} be a basis for N(A) NR(B). If dimR(B) =s+t
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Then B = {z;,...,24 2,...,2 ) is a basis for R(B) for 3 extension set Sezt = {21, 29, .,2}-

We claim T = {Az;, Az,,...,Az,} is a basis for R(AB).

T spans R(AB) because if b € R(AB), then b = ABy for some y, but By € R(B) implies
By =377, &iz; + 22:1 niz;- SO - - -

s t s t
b= A(Z iz, + Z mzi) = Z §iAz; + Z niAz;
i=1 i=1 i=1 i=1
t
= ZmAgi (Az; =0 as S CN(A))
i=1

T is Li. = . . ,
0= ZOQ-AQ = AZO@;Z- = Zalgi e N(A)NR(B)
i=1 i=1 i=1

t s t s
= > aizi=)» By or > aizi— Y Bz =0
i=1 Jj=1 i=1 j=1

A trivial solution o; = 3; = 0 for all 4, j as B is an independent set.
= Thus 7 is a basis for R(AB), so t = dim R(AB) = rank(AB) and hence

rank(B) = dimR(B) = s + t = dim(N(A) N R(B)) + rank(AB).
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Bounds on the Rank of a product: If A is m x n and B is n X p then

(D rank(AB) < min{rank(A), rank(B)}
(D rank(A) + rank(B) —n < rank(AB)

and
rank(AT A) = rank(A) = rank(AAT) = rank(A7T).

Proof:
)

N(A)NR(B) CN(A) = dim(N(A) NR(B)) < dimN(A4) = n — rank(A)
= n — rank(A4) > dim(N(A) NR(B))
Lower bound:

rank(AB) = rank(B) — dim(N'(A) NR(B))
> rank(B) + rank(A) — n.

rank(AB) = rank(B) — dim (N (A) NR(B)) < rank(B)
rank(AB) = rank(AB)T = rank(BT AT) < rank(A”T) = rank(A)
— rank(AB) < min(rank(A), rank(B))
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