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Vector Norms:

Vector Norm: Let V' be a vector space over F. A function ||| : V' — R is a norm if Vz,y € V
and all ¢ € [F:

(1) 2]l =0 Non-negativity
(la) |zl =0iff z=0 Positivity

(2) llez|| = [c] [|z]] Homogeneity

3) 2+ yll < llzll + llyl Triangle inequality

Without (1a): the function is called a semi-norm.

Any non-zero vector z (in R™ or C"):
u=lzlTz = full =zl zll =zl lz] = 1.

These are normed vector spaces.

s= 2] @ =lal g = |3 s =0

xT2
but y # 0.

Inner Product: Let V be a vector space over the field F' (F = R or C). A function (-, -) : VXV —
F is an inner product if for all z,y,2 € V and all c € F,

(1) (z,z) >0 Non-negativity
(la) (z,z) =0iff z =0 Positivity

(2) (z+y, 2) = (z, 2) + (y, 2) Additivity

(3) (cz, y) = c(z, y) Homogeneity

(4) (z, y) = (¥, z) Hermitian property

Without (1a), (-, -) is a semi-inner product.

(x,y) = m1y1, z = [(5)}, (z4a & 0 - Q=

with z # 0.
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The axioms (2), (3) and (4) say that (-, -) is a sesquilinear function.
The axioms (la) and (1) require that (z, z) > 0 if z # 0.

(z, y) = llzll|yl cos O = (z, y) =0 = z Ly.

Problem: Let a,b,c,d € F and let z,y,w,z € F". Deduce the following properties of an inner
product from the five axioms.

(a) (z, cy) =c(z, y)
(b) (Z,y+2)=(z 9+ 2
(c) (az + by, cw+ dz) = ac(z, w) + bc (y, w) + ad (z, z) + bd (y, z)
(d) (z, (. y)y) = |(z, »)[*
(e) (z,y)=0forally eV <= 2=0
(z,9) = y"z = (z,cy) = (eyz = cyMz =

clz, y).

Theorem (Cauchy—Schwarz inequality). Let (-, -) be an inner product on a vector space V over
the field F' (F =R or C). Then

(2, 9)|* < (z,2)(y,y) forallz,yeV,

with equality iff z and y are linearly dependent, i.e. z = ay or y = az for some o € F.

Proof: Let z,y € V be given. If z = y = 0 there is nothing to prove, so we may assume that y # 0.
Let u = (y, y)z — (z, y)y and compute
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— (@2 v - yl) 20 [y >0by (3)]

= (2, 2y, y) > [z |
= @]’ < @)y proved.

Corollary. If (-, -) is an inner product on a real or complex vector space V, then the function
]| : V = [0, oc] defined by ||z||2 = (z, z)"/? is a norm on V.

Non-negativity and positivity:

Iz]|2 = (2, z)'/?

(la) (z, z) > 0, equality holds iff z = 0 (positivity)
(1) Jz|2>0 non-negativity

(2) ozl = (az, az)'? = (@, a)'*(z, 2)"/* = |a] - |zll2  (Homogeneity)

<(z, z) + (y, y) +2|(z, v)|
<zl + llyl? + 2 (2, 2)/*(y, y)'/?

= (Ilzll + llyl)?
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Norm:
[ : V =R, lz +yll <zl + |yl
x2
A ZtyY
g ’,,””" //
lfl > ,
'z
freef 1

Parallelogram identity:

3l +yl? + lz = yI?) = 2l + 1y

To check if a norm is induced from the inner product, the above identity is required.

Backward triangle inequality:

|zl =Nyl | < llz—yl +(|lz)l = llyll) < llz -yl

lz|]| = lz —y +
< [lz —yll + [yl
= lzl| = lyll < llz -yl (1)

Similarly:

Iyl = llz —y -z
< llz = yll + llz
=yl =zl < [lz -yl (2)

(1) & (2) = =(llzll - llgh) <z -yl

Prof. Sudhan Maghi SPWiCOM Lab Dept. of ECE, IISc



E2 212: Matrix Theory 5

Proof of parallelogram theorem:

1/2 1/2

lz]| = (z, z) Sz +yl =&ty z+y)

lz+yl> =(z+y z+y)
=(z, z) +(z, y) +{y, z) + (v, )
= [lz|* + llylI* + 2 Re{(z, y)} (1)

Similarly

lz = yll* = llzlI* + [lyl* — 2Re{(z, y)} (2)
(1) & (2) gives

lz +gl* + llz = yll* = 2(llzll* + lly]1*)

— lz+yl+llz - yl?] = lz|? + Iyl*  proved.
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(1) The Euclidean norm (fs-norm) of a vector z = [z1 --- x,|T € C™

1/2
lzllz = (|21 + - + |za]?) "

This norm helps to measure the length of a vector from the origin.
(2) The sum norm (¢;-norm) on C™ is:

lzlls =[] + - - + |zn]

(3) The max-norm (or {s-norm) on C" is:

||g||oo:max{|:z‘1|, e |a:n|}

(4) The /)-norm on C" is:

1
lelly = (l21 + - +l2al?) 7, p=1
Only the ¢5-norm follows the parallelogram identity.

(5) {p-norm (pseudo norm):

llzllo = ZH‘{% # 0} = non-zero(z)

i=1
It is not a norm.

Ex. 1 =1 and x; =0, 7 # 1 (given), a = 2.
lzllo =1, llazlo =1# 2= [af[lz]o,

hence not a norm — it does not satisfy homogeneity.
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* {p-norm for 0 < p <1 is not a norm:

21=2, 2,=0 Vi#£1 lzllp +llyll, =2+2=4
Yy2=2, yi=0 Vi#2 lz+yl,=[22+27]/P =227 > 4

o All equivalent terms:

- 1/p
lelloe = lim flzll, = lim (3" f2if?) " = max |z
p—00 p—00 P 7
Proof: Let & = [T1,2,. .., %k, Thil,---,an)! with

Ty =max|z;| fori=1tok
(2

T
= for Tp41,...,2, we have |[=-| < 1fori=k+1,...,n.
T
. p -\ 1/p
lallp = 1] (b + |22+ +|2[)
=7 = mlax\a:i|.
fo-norm f1-norm £ no-n0rm
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Equivalent Norm: Let ||-||, and ||| be given norms on a finite dimensional real or complex vector
space. Then

cmllzlly < lzlla < Carllzlls
lzllz < llzlh < Vallzl:

Lemma. Every vector norm on R" or C" is a continuous function: for every € > 0 there corresponds
0 > 0 such that
{ llz|l — Hy” } <e€ whenever |z; — yi| < 6.

(proof: next page)
Problem: For each pair of norms |||, ||-||» on an n-dimensional space V', exhibit positive constants
a and ( (depending only on the norms) such that

Q lzlla < g for all non-zero vectors in V. 1
[Ed]
ZLllb
Sol": For Sy ={y : |lylly =1}, let p= ;IéiSanHa > 0, and write anb €S
YESH x
Z .
= llzlla = llzlly Tzl = lzllo minflylla = |z,

Zllb || y

The same argument shows there is a v > 0 such that ||z, > v|/z|l. Thus (1) gives @ = p and
B=1/v.
Similarly (1) ensures that

lz = zllo =0 iff - [lz), —zflp = 0.

Let v = max||y|l, > 0,
gesb -

x

lzlla = lzlle ||+
¢ H£||b

< ||lz|lp max = |z|lp.
o izl yesbllylla z|lb
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S =

0
) 1
Proof: e¢; = canonical vector, e; = ol>e2=|o

n
o=yl = Y@ —wi) e
i=1
n
< @i — i) e
i=1
n
=" Joi = wil e
=1

n
< maxleql] Y i — yi
’ =1

<nuvd for |z; —yi| <9
= |lz—yl| <nvd

From the backward triangular inequality,

[zl =Nyl | < lz—yll < nvé=e

o K-norm:

2l = |2iy [ + [io| + - + |2 | in which Jag, [ > fai,| > - > [, |-

z=(3, -1, %, —4i) e C*
lz1] =3, |z2| =1, |z3|=2, |z4f=4 = 4>3>2>1

Izl =4, lzllg =4+3=7, |zl =4+3+2=09.
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* A sequence {z;} of vectors in R™ or C" converges to z w.r.t. |||

lim ||z;, —z|| =0 or lim z, =2z wurt. ||-].
k—o0 k—o0
* If ||-||o and ||-||p are two equivalent norms, then lim z; = z w.r.t. ||| iff lim 2z, =z w.r.t. ||[]s.
k—oo k—oo

Pre-norm: ‘ on a finite dim. R/C vector space. ‘A real-valued function that satisfies positivity, non-

negativity, homogeneity and continuity (without sub-additivity) is called a pre-norm.

Dual-norm: Let f(-) be a pre-norm on V =F" (F =R or C). The function

fP(y) = max Re(z, y) = max Re yz = max ‘QHE‘
= )= ’ f@=1 = z#0 f(z)
is the dual norm of f.
Proof:
ly"z| = Re(cyz) for |c| = — ‘CQH§| for |c| =
Proof:
H H
max x| = max max Re(cy 'z
f@)=1 Iyl f@)=1 |¢|=1 ( = )
= max max Re(y”(cz
fn, e Re(y” ()
—max max Re(y"z
le|=1 f(z/c)=1 v"2)
= max max Re(yz
=1 f(z)=1 (v"2)
ly"z|
= max Re(y"z) = max =——.
Fla)=1 ") 270 f(z)
’ y'al
y'z
P@) = |lyll« = max |y*z| = max =
2 =Julle = o Il [EA]
T n
y'z, R
yo =y*z = is a linear function.
T a gz, C
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Observe that the dual norm is a well-defined function on V because Re [y z] is a continuous function
of z for each fixed y € V and the set {x : f(z) =1} is compact. If ¢ is a scalar such that |¢| = 1,

then the homogeneity of f permits us to compute.

x The function fP(-) is evidently homogeneous; it is positive for y # 0: homogeneity of f(-) ensures
that )
w Y ‘ _ gl

fwl fy)

Triangle inequality: (3) f(-) does not obey the triangle inequality, f(-) always does.
Proof:

z| > ‘y >0 (D positive

fD(y+g) = max ‘(g—kg)Hg‘ < max |:|QH£‘ + ]gH@}

f(z)=1 flz)=1
= max |[y7z| + max |27z

f@)=1"~ flz)=1
=P+ P

= fPly+2) <Py + )

(D The dual norm of a pre-norm is positive.
(2) The dual norm of a pre-norm is homogeneous.

Proof:

D H H D
c = max |(C | = |C| maX | = |C .
Foley) f@):l‘ yiz|=| !f@zl\y z| = le[ f7(y)
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Generalization of C—S: Let f(-) be a pre-norm, then Vz,y € V

y7z| < flz) FP(y) (1)
vzl < fP(2) fy) (2)
Proof: If z #£ 0,
|QH@| H_| _ ¢D
ly"z]
— f@ </

Similarly @Hg’ < fP(z) fy)

Let f(-) and g(-) be pre-norms on R™ or C™ and let ¢ > 0 be given. Then,

(a) cf(:) is a pre-norm with its dual norm ¢=!fP(.).

(b) f(z) < g(z) Yz € R™ or C", then

(c) fPP(z) < flz)
(d) fPP(y) < f(y)
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Proof: (a) If f(-) is continuous then ¢f(-) is continuous for ¢ > 0.

H H

Diy _ yrz | v zl )
(b)
ly"al "zl _ 5

D = ax max as Xz X).
f (y)—#o o) > X Y (y) f(z) < g(z)

DD H
) = 1max Xz
7 () fD@:l’Q z|

< fg(l;};f(@) )

= f(z)

= fPP(2) < f(2)
(d) | » If 2,y € F", then

"zl < llyloollzlls  and  [y"z] < Jlzllllyl

Proof:

n

< Zwﬂz‘

n n
< D lmlleil < max il 3 l2] = lyllollzlh
=1 7j=1
= |y"z| < lyllsollzls,  similarly |y72| < |lzllcollyl:-
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* Dual norm of ||-||2, -1 and ||||cc

For the fo-norm: the dual norm is again the fo-norm

Py =

lyll? x |y

lell &

max |y
lzlloo=1 "

fz| <

)
\yH Y ] ~ gl
Hg!b

max [|yflocllzllr < flylle

x| = max |zfloollylls = llyl

l[z]loo=1

14

Let [ye| = lylloc, xr =

yk|y
_ k
Then ||z||; =1, yHg ==

Yk

= [|ylloo-

ﬁforyk#o, x; =0 (i # k).

Holder’s inequality:

"zl < lzllp lylla,

D
Il = [I-llq

p>landqg>1

+-=1,

.
q

"=

D
and |-l = II-llp-

Theorem. Let ||| be a norm on V =F" (F = R or C) and let ¢ > 0 be given. Then ||z| = ¢||z||”

Ve eV iff
D = Vel
in particular [|-[| = |- iff ||-[| = [-[|2.
Proof: Assume ||-|| = /< ||||2
||'||D=%||'H2D=\[|| l2 = \/ \[H ||—*|| |
Conversely, N(z) = ¢~ /2||z|| be a norm. So ||z|| = ¢||z||” ensures
NP() = PP = Pt = 21|
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So N(-) is self-dual.

lz[l3 = |27z < N(z) NP (z)

= |lzf]2 £ N(2)

But f(z) > g(z) = fP(z) < ¢"(2)

Extra notes:

Izl = N(z) = N()

VeeV

= [Ill2-
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