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Matrix Norm:

A function || || : M,, — R is a matriz norm if Y A, B € M, it satisfies:
(1) Al >0 Non-negativity
(1a) A =0iff A=0 Positivity
(2) lleAll = le[ 1Al VeeF Homogeneity
(3) 1A+ Bl <Al + Bl Sub-additivity
(4) IAB| < 1Al - I Bl Sub-multiplicativity

Omitting (la) — Semi-matriz norm.
Omitting (4) — Generalized matriz norms.

* A7) < JlAJ7.

For A%2 = A (idempotent), we have

1A% =04l < 1A = JAl>1

% If Ais non-singular, I = AA~L.

- — A I
Ml = A4 < JAL- 1A = A > M

I > 1.
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Example: The ¢1-norm defined for A € M,, by

n
| A1 = Z ;] (in the vector sense).
ij=1

Is it a matrix norm?

JABIL = Y > aubi| < D laubi)

ij=1 k=1 ij,k=1
n n n
< D aiwl bmgl = | D laal | | D2 1bmsl
Z7J7k7m:1 Z,k):l ],m:l
= [[All I Bl]1-

Example: The ¢3-norm (Frobenius norm, Schur norm, or Hilbert—Schmidt norm) defined for A €

M, by
1/2
92 = 2
[All2 = |tr AA* 7" = [ ) Jagl
ij=1
is a matrix norm because
4Bl = { 32 D aubis| | < | 3 (X laal) (X 1bmsl?)
ij=1 k=1 ij=1 k=1 m=1
" 1/2 . 1/2
= ) lawl? > |bml = || All2 || Bll2
ik=1 m,j=1

Example: The {,,-norm defined for A € M, by

AT I ”
14lleo = max |as;|

is a norm on the vector space M, but is not a matrix norm.
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Example: Consider the matrix

o1 , 2 2]
S R H Y
oo =10 % lloc = 127100 = 2| ]|oc = 2.
Since ||J?||oo > || J||% fails, |||l is not sub-multiplicative. However, if we define

N(A) =n||Allec, A€ My,

then we have

n n

Zaikbkj‘ < n max |aikbu;|
1

N(AB) =n max
1<i,j<n i

1<i,j<n

n

sn max > [Allcl|Bllc =1 [|Allec -1 Blloc = N(A) N(B).

Hence Scaled co-norm is a matriz norm but co-norm is not a matriz norm.

Induced matrix norm:

Def": Let ||-|| be a norm on C". Define || - || on M, by

Al = max || Az],
llzfl=1
A A
alternatively: Al = max || Az|| = max | Az] = | l“Ha’ in which ||-||o € R".
Jeli<1 a0 lzll  pzle=1 [[z]la
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The function defined above satisfies the following:

a) Il =1
b) [Ayll < | Al lyll for any A € M, and y € C"
c) Il - || is & matrix norm on M,

d) Al =~ max  |y"Az
||z||:||y||D:1‘ |

~—~ T~

Proof:
(a)

17l = max [[[z] = max [lz]| = 1.
[l]l=1 [l]|=1

(b) y = 0, nothing to prove. If y # 0, y/||y|| is a unit vector,

Yy
A1 = 4] > HAMuznAyu/nyu — ALl = 4yl

(c) Positivity, non-negativity, homogeneity, sub-additivity are true (these are in book).

[ABz[| < JA]l - [|Bz]|  (using (b))
< [IA[- 1B - [l

IABI| ZHIEELZXJIABJ»‘H S fmax AL UBI- flzlh = AN 1Bl (Sub-multiplicativity) proved.

(d) Two-variable optimization problem:

max ‘ HAm| = max max ‘yHAac‘
llzll=llylP=1 lzll=1 JlylP=1

= max| Az PP
[l

= ”mHaXIHAxH = || A]|-8th class
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The maximum column sum matrix norm || - ||;
n
Al = 1%a§n2 jaij| = max llajl, A= as, ..
1=
[Az][y = llarzs + - + anwnlly

n n
<Y llagwilli =Y lail il
=1 =1

n
< D loil (o) = el Bl
1=

=  max ||Az|1 < ||A|;x

lzlli=1 B
If we now choose x = ¢, then for any k =1,...,n we have

max [|[Az|; > ||1-aklli = |lagl:

[lz[l1=1
and hence
A 3 =[lA];.
max |4zl = max flax ]y = f Al

Combined with (x), || - |1 is induced by ||-]1.

; ).
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Maximum row sum matrix norm: ||| is defined on M,, by
n
= s 3l 14
Il = e 3 el = s 147l

[Az]loo < lA] Izl

We claim that || - |« is induced by the fs-norm on C™ and hence is a matrix norm.

|Az||co = max ‘Z azjx]‘ < max Z laijz;]

1<i<n 1<i<n
< max Z laijl @lloo = 1Al lzlloc [0 = max |z, || < [lz]loo]

and hence max [|Az|/c < ||A]co-

[zlloo=
If A = 0, nothing to prove. For A # 0, suppose that the kth row of A is non-zero and define the
vector z = [z;] € C" by

zj = if ag; # 0, zj = 1if ap; = 0. (z = %)

|ak;]

Then ||z]|oo = 1, arjzj = |ag;| for all j =1,2,...,n and

n
E a”z]‘ > ‘E Q525
J=1

> =
max [[ Az > 4] = max,

ll]] o=

n
= lal.
i=1

Thus

A |Az|loo > g Z|ak3\ = [|Alloo-
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Spectrum norm: The spectral norm || - ||2 is defined on M,, by

I All2 = 01(A), the largest singular value of A.

Let A = VEWH where ¥ = diag(oy,...,0,) and o1 > -+ > g, > 0.

max ||Az||s = max |[VEWz|l; = max |SWHz]|, (Euclidean norm, ||[Vvll2 = ||v]|2)
l2ll2=1 [l2ll2=1 llzfl2=1

= max [Yyl2 = max [[Eylls < max [ory] = o

[Wyll2=1 llyll2=1 llyll2=1
y=e =(1,0,...,0)7 -
y=W"x
—  max ||Az|js = 01(A) lylla =1, Yy =011
llzll2=1 =x=Wy
1Zyll2 = o1
Theorem: (9th class)
Suppose that || - || is a matrix norm on M,, and S € M, is non-singular. Then the function
IAlls = ISAS™Y| for all A € M,
is a matrix norm. Moreover, if ||-|| is induced by the norm ||-|| on C™, then the matrix norm || - ||s is induced

by the norm ||-||s on C".
Proof: The axioms (1), (1a), (2), and (3) are straightforward.
Submultiplicativity:

[AB]ls = ISABS™|
= [I(SAS~H)(SBSTH]
<ISASTH - ISBS~H|
= [[Alls I1Bls-
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2nd:
lzlls = [|Sz]| = max [|Az|s = max [[SAz| = max[|SAS™ y| = [SAST'.
llzlls=1 Szl=1 llyll=1

Theorem. Let || - || be a matrix norm on M,,. Then

(a) Al < p(A) < Al

1
(b) For non-singular A: p(A) > |A] > TAT]
(¢) p(A) is the greatest lower bound for all the
values of matrix norm.

Proof:

Ax = Az, X =z1" = [2,2,...,2], AX = \X.

IAXT = [AL-1X0 = lAXT < [lAl- X
= P <Al = A=A
= Al = »(4)

We have p(A) > |Al.
Al < p(4) < [IA]l-

(b) For non-singular A:

_ il _ 1 1
A7 2 AT 2 g = W2 i and ()2
1
p(A) = Al 2 -
@ 2 W = 7=y
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(c) From (a) we can say that p(A) is the greatest lower bound for all the values of the matrix norm.
Theorem. Let A € M,, and € > 0 be given. There exists a || - || on M, so that

p(A) < Al < p(A) +e.

Proof: For unitary U € M,, and an upper triangular A € M,, such that A = UAUH  set D; = diag(t,%,t3,...,t").

.. 71
A1 dio din| |t i a; tldy -ty
» Ao o doy t 1y
DtADt = Dt . . . = a2 23
An " 0

n
laills = lail + > 1t77d;il
j=1
j<i
Suppose t > 0 is chosen large enough. Then

IDAD ' < p(A)+e (- A=U"AD)

ID.U" AUD; 1y = Al p,va
= Al < p(4) +¢

lA]l > p(A) for any arbitrary convergent matrix.
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14* < 1 for all k > N

where

A A k
oA e HHH(p<A>+s)
J4*]
((A) +2)F =
—  JAF < (p(A) + )
— JARYE < p(A) +e

N

| <

=

A e M,, klim AF = 0; then A is convergent.
— 00

Theorem. Let A € M,,. Then
lim A¥ =0 if p(A) <1

k—o0

Proof:
Az = Az, AFz = Xz 5 0 only if [N\ <1 V€ a(A).

AFz = \Fz — 0 only if p(A) < 1.
Conversely: if p(A4) < 1,

p(A) <1 = 1—p(A)>0
= 1 p(4) > < p(A) < JAI < p(A)+e
S crpd) <1 = Al <1

= Al = p(4) = [Al<1 (a) [[A] <p(4)+e
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If |AJ| < 1, then [JA*|| < [|A]* — o. 10th class

Corollary. Let || - | be a matrix norm on M,, and let A € M,,. Then

p(A) = lim [ A*|V/.
k—o0

Since p(A)* = p(A*) < || A*|| we have
p(A) < JAIVE for V.

A = [p(A) 4 ] A has a spectral radius less than 1 for e > 0; hence it is convergent.

Thus ||A*|] — 0 as k — oo, and there is some N = N(e, A) such that |A¥|| < 1 for all k > N = [JA*| <
(p(A) + )

— A < p(A) e, and p(A) < JAFIVE = lim JARJY exists and equals p(A).
—00

Radius of Convergence: (RoC)

Zakzk has RoC |R)|

" {|z| < R — absolutely convergent
)k
k=0

|z| > R — absolutely divergent

Let R be the RoC of a scalar power series Z;Q:o apz¥ and A € M, be given. Then the matrix power series
> heo arAF converges if p(A) < R.
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This condition is satisfied iff there is a || - || on M, s.t. ||A| < R.

> ap AR <> anAF =D lax| A
k k k

< Z lag| A = ZakAk' is convergent if | A < R
k k

= p(4) <R.

Theorem. A matrix A € M, is non-singular if there is a matrix norm || - || such that || — A|| < 1. If this
condition is satisfied,

(I — A)*.

NE

AT =

>
Il
o

Proof: If [|[I — A|| < 1, then > 7o (I — A)* — C as RoC of Y~ 2* is 1.

(I—AF=T—T-AN 5T

M=

N
AZ(I =AY = (1 (T 4))

k=0

ol
I
<

as N — oo, we conclude that C = A~

Theorem (Lévy-Desplanques theorem). Let A = [a;;] € M,. If |a;| > Zﬁéi la;;| for all i =1,2,...,n, then
A is non-singular.

Proof: A is non-singular < let D = diag(ai1,...,ann). B =1 — DA = [bij] has all 0Os on the main
diagonal and b;; = —a,;/a;; if i # j.

= |Bleo<l = pB)<l = 1¢o(B)

— I—B=D 'Anonsingular = A is non-singular.
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Equivalent matrix norm: Any two norms on R™ or C™ are equivalent:

_ o 1Al
= X .
470 || Alls

IAlle: < capllAlls:  cas

Adjoint: If ||-|| is a norm on M, then |||’ is the adjoint norm,
!/
A" =11A"] - and  (JlAI) = |IA].

1ALl = [A" 12 = [|A]l2
1Al = 1A% = [|Allx

o -l =1l
o ||A|| = ||Al/ for all A € M, is said to be self-adjoint.
Theorem. Let || - || be a the matrix norm on M,, that is induced by a norm ||-|| on C". Then
(a) Il - |I” is induced by the norm ||-||”
Al =|A"| = max [|[y7A7z] = max max|zAy| = max ||Ay|”
14l = 1471 HIHZHyHD=1| | lylP=1 HwH=1| | HyHD:1” |
Induced norm: |[AZ| = ”m”aX | A ||
z||=1
Dual norm: ||z|| = max |y¥z| = ||Afz||= max |[yHAHz| = |AH|
llylP=1 lyllP=1
Definition of Dual matrix norm: Let ||-|| be a norm on M,,. Its dual norm

AllP = max |tr(BF 4)|.
417 = o [er(B7 )|
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Condition number of A: Let | - || be a given matrix norm and suppose that A € M,, is non-singular. We

wish to compute the inverse of A, but instead, we need to compute
B=A+AA,

in which we assume that [|A7*AA|| < 1 to ensure that B is non-singular.
Since B = A(I + A7'AA) and p(A71AA) < |[A7TAA| < 1,

JAT'AA| <1 = —1¢0(A'AA) = B is non-singular.

We have:
AN AAB =AY B-AB'=A""-p!

A= = BT = AT AABT| < AT AA] - IB7Y|
Since B~ = A~"! - A~1(AA)B~!

IB7 < AT+ 1A AABTH < AT + AT AA BT

A1)
Bfl sk A—|- AA —1 S |”
1B = I 7 < Ty
A JATIAAY AN JA7Y - 1AAL
ey Py "
| I < S aaa T[4 TAA]

Relative error:

AT = (A+ AT _ AT IARIAA]
A= T 1 flATtAA] A

—
The quantity

-1 eop L
K(A) = A=A %f A %S n.0n singular
0 if A is singular

is the condition number for matrix inversion with respect to the matrix norm || - ||.

K(A) = AT HIAN = AT A =1l = 1 for any matrix norm.
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Bound:

A7 - (A+ A7 s(AAA] _ s(A)[AA] ( _ KA AA]

h A TAA 1.
1A S TJATAALTAT < T 1Al T4l > where | I<

Note:

1. Aisill-conditioned or poorly conditioned if k(A) is large, if k(A) is small (near 1), A is well conditioned.
If K(A) =1, A is perfectly conditioned.

2. Suppose we use spectral norm:

a1(A) largest singular value

A) = .
w(4) on(A) smallest singular value

w

. k(AB) < k(A) - k(B).
4. For unitary U and V'
K(UAV) = [[VATIVTH JUAV|

= A7 1A * due to isometry of unitary matrices, |[UAV| = || 4|
= k(A)

A priori bound: Suppose we want to solve a linear system

Ax = b, AeM,, |[Al]£A0and b#£0¢e C".
Because of computational error, we solve a perturbed system

(A+AA)Z=b+Ab, A AAEM,, byAbeC", & =z + Auz.

(A+ AA)(z + Ax) = Az + (AA)z + (A + AAd)Az
=b+ (AA)z + (A+ AA)Az = b+ Ab
—  (AA)z+ (A+ AA)Az = Ab.
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Az = (A+ AA)"H(Ab— (AA)z)

IAz] = [I(A+ AA)~ (Ab — Adz)|
<A+ A4 (1Ab] + [[(AA)z])

= AT a4 gaA el
T A TAA]

R R Ve [V <|Ab|| +|||AA||)
el = T-[a1aA] \TalT=l * 141
A <||Ab||+||AAm)

T JAAAT \ o] T 14l
w(A) lab | 1AA]
< —+ .
: ||AA||(||b| 1Al
1— k(A —
7

Extra notes:

16
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