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E2 212: Matrix Theory

Eigenvalues and Eigenvectors.

@D Quadratic program with quadratic equality constraint

We solve by Lagrange

maximize z! Az st. zlz=1

x€R™

L(z,\) =z" Az — Mz"z — 1)

dL=0 = 2(Az— X z)=0 = Az =)z

flz)=2"Az

d=2z"Tz

dd = dz" z +2"dz
= (dz)"z + 2" dz
=aTde + 2T dz

=22"dz

df = (dz)" Az + 2" A (dz)
=T ATde + 2T Adx
=T (AT + A)dx
=22TAdz (A= A7)

I _

[A = I gives the box on the left]

@) Let say A, xn diagonalizable

where V' = [vy,v,,...,

dg_2A§
A=VAV!
0 X - 0
v,), & A= || , .
0 0 An,
= AV =VA
= A[Q17Q2ﬂ"'7yn]:[Q17Q2ﬂ"'7yn]A
— [AQ17 AQQ, ey Ayn] = [)\1217 )\222, ey )\n'l}n]
= Av, =Ny, = Az =)z
= (A-A)z=0 = det(A-—AI)=0
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E2 212: Matrix Theory 2

Theorem: Let A € M, be given. Then A has an eigenvalue. In fact, for each given nonzero vector
y € C", there is a polynomial g(t) of degree at most n — 1 such that g(A)y is an eigenvector of A.

Proof: Let say y, Ay, AQQ, . ,Akg are L.D. for least integer m < k
= for a, A"y + am,lAm_ly + -+ a1Ay + agy = 0, ag, ai, . ..,y not all 0.

For a,, =0, y, Ay, AZQ, e ,Amflg are linearly dependent, contradicting the minimality of m. (As
for m <mn, any n+ 1 vectors in C" are L.D.)

Thus a,, # 0
p(t):tm+th—l+...+&.

am am
= p(A)y =0 = (0,y) is an eigen pair of p(A).
— one of the zeros of p(t) is an eigenvalue of A.

Let that be A.
p(t) = (t— ) g(t) (g is an m — 1 degree polynomial).

If g(A)y = 0, minimality is a contradiction. So g(A)y # 0. But

0=p(A)y = (A—A)(g9(A)y)

= g(A)y is an eigenvector of A associated with the eigenvalue .
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e det(A — AI) is a polynomial of degree n.

det(A — AI) = 0 is the characteristic equation where A is the root.

Example:

A=

:

i

det(A—A)=0=> (7T—A)(1—A)+8=0

= A2 —8\+15=0

= A=3,5
4 =2 2
A—3I—{4 2:|l‘—0 A—SI—[4
N 4 -2 —0 |1
4 —2|t7 o ]
e 1
Ly = |y
3
ol
Axl—{
1
Loy = 2
z, = (1,1
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Spectrum of A:

Definition: The spectrum of A € M, is the set of all A € C that are eigenvalues of A
U(A):{)\E(C | Az = Az, Q#O}

e If (z,)) is an eigenpair of A, then (az, \) is also an eigenpair of A.

e How about (Sz,\) for a non-singular S € M,,? This is not an eigen pair.

Polynomial of degree k:

p(t) = apt® + ap_1t" 1 + -+ ait + ao, ar # 0
p(t) at a matrix A € M, can be expressed as
p(A) = apAF + a1 AP 4 g A+ aol.

If a;, = 1, we have a monic polynomial. a; 'p(t) is always a monic polynomial.

Monic polynomial of degree k > 1 can be also represented as

p(t)=(t—a1) - (t—ag)
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If p(oj) =0 for j =1,2,...,k, then o; is a root of p(t) = 0 or ¢; is a zero of p(t).
Also

p(A)=(A—ayl)-- (A — ail)
The eigenvalues of p(A) are related to the eigenvalues of A.

Theorem: Let p(t) be a given polynomial of degree k. If A,z is an eigenvalue—eigenvector pair of
A € M,, then p(\),z is an eigenvalue—eigenvector pair of p(A). Conversely, if £ > 1 and pu is an
eigenvalue of p(A), then there is some eigenvalue A of A such that p = p(A).

Proof: (a) We have
p(A)z = ap APz + ap_ 1 A e 4+ a1 Az + agz,  ap #0

and ‘ ‘ A | |
AJEZ Aj_lAl = A]—l)\£ = )\A]_ll A — )\]x

— p(A)z = a 'z + -+ apz = (ap\* + -+ ag)z = p(\)z

(b) Suppose p is an eigenvalue of p(A)
p(A) — pl is singular
p(t) has degree k > 1.
q(t) = p(t) — p has also degree k > 1
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q(t) = (t—B1)(t —B2)---(t—Bx)  for By € Cor R
q(A) = p(A) — pl
=(A—=p1I)---(A—Bgl) is singular.
Some factor (A — ;1) is singular.

= [3; is an eigenvalue of A
0=q(Bj) =p(Bj) —n
— 1 =p(B))-

A€o(A) = A— M singular. A=0: 0€0(A) = A— 0] singular = A is singular.

A is singular = det(A) =0 =det(A—0]) =0=0€ o(A).

e A matrix A € M, is singular iff 0 € o(A). (Az=0-2=0).

Theorem: A € M, and \,u € C. Then A € 0(A) iff A+ p € o(A+ pl).
Proof: If A € 6(A), Az = Az and hence
(A+pl)z = Az + paz = (A + p)z.

Conversely, if A+ p € o(A+ pl)

Ay+py=A+ully=A+py = Ay=\y.
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Let A € M,,. The multiplicity of an eigenvalue A of A is its multiplicity as a zero of the characteristic
polynomial p4(t). This is referred to as the algebraic multiplicity.

pa(t) = det(tI — A).
e The characteristic polynomial of each A € M,, has degree n and
pat) =t" — (tr A)t" 1+ 4 (=1)" det(A)
If a; € 0(A)

pa(t) = (t —on)(t —ag)---(t = an)

n
=t" =Y ot" e ()" [J e
=1

=1

= tr(A) = zn:ai, det(A) = ﬁai
i=1 i=1

Algebraic multiplicity: # of zeros in the characteristic equation

pa(t) = (t—a)fq(t),  a(a) #0

k is the multiplicity of zeros of p4(t), or the number of repeated roots of p4(t) = 0. (Thm. 1.2.13)
Theorem: Let A € M,,. There is some § > 0 such that A + el is nonsingular whenever € € C and
0 < |e] <.

Proof:

aco(A) < Ateca(A+el)
= 0€c0(A+el) < A+e=0 for Aeo(4)
= ¢ = —\ for some \ € g(4).

If all the eigenvalues of A are zero, take § = 1; else let § = min{|\| : A € o(A) and A # 0}
— —c¢0(A),0¢ 0(A+el).
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Similarity

Def": Let A, B € M, be given. We say that B is similar to A if there exists a nonsingular S € M,
such that
B=S"1AS

Theorem: Let A,B € M,. If B is similar to A, then A and B have the same characteristic
polynomial.

pp(t) = det(t] — B)
= det(tS™'S — STTAS) = det (S (tI — A)S)
= det S71det(t] — A)det S = (det S)~*(det S) det (¢t — A)
=det(tI — A) = pa(t).

Corollary:

(a) A and B have the same eigenvalues.
(

(c
(d

)
b) If B is a diagonal matrix, its main diagonal entries are the eigenvalues of A.
) B =0 (a diagonal matrix) iff A = 0.

)

B
B =1 (a diagonal matrix) iff A = 1I.

Def": If A € M, is similar to a diagonal matrix, then A is said to be diagonalizable.
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Theorem: Let A1, Ag, ..., A\; be k > 2 distinct eigenvalues of A € M,, (that is A\; # A; if i # j and

1 <i,j < k), and suppose that 2 is an eigenvector associated with ); for each ¢ = 1,...,k, then
the vectors zW), ..., z®) are 1.I.
Proof: For complex scalars aq, as, ..., ag such that

Let B; = (A—)\QI)(A—Agf)-‘-(A—AkI)

for eigenpair ()\i,g(i)) fori=1,2,...,k, we have

Biz® = (A — A2) (i — Az) - (N — M) 2@

_)o 2<i<k
Cl#£0 i=1

Thus

0=D5 (041&(1) +opz® 4+ Oéki(k)) = a1 BizW + aoBiz® + -+« + o Bz
=Bz + 0+ +0=qa; Bz
BizM #£0 = a1 =0
Similarly ag = --- =, =0
= 2z . 2® are linearly independent.
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Diagonalizability: If A € M,, has n distinct eigenvalues, then A is diagonalizable. (Converse not
true).

Two matrices are similar = they share the same characteristic polynomial = zeros of polynomial
are same.
=— Eigenvalues are same.

If the eigenvalues are not distinct, the characteristic poly™:

pa(t) = (t — a)*q(t).

k is algebraic multiplicity of eigenvalue of A.

Simultaneously Diagonalizable:

Def": A, B € M, are simultaneously diagonalizable if 3 a single non-singular S € M,, s.t. StAS
and S~!BS are diagonal.

Claim: A, B € M, be diagonalizable. Then A and B commute, i.e. AB = BA iff they are
simultaneously diagonalizable.

Proof: (a) Let say they are simultaneously diagonalizable

— S'AS=A, and S!BS=A,

= AjAy = Aoy

— S 'ASS'BS=5"1'BSS'AS

— S 'ABS =S"'BAS — AB = BA = commute
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(b) Suppose AB = BA  (after diagonalizing A, with equal eigenvalues grouped together)

p1ln,
pr21n, . . . e
A= ) where p1, ..., uqg are the eigenvalues with algebraic multiplicity ni,no, ...
,ud]nd

Since AB = BA

By 0
B = , each B; € M,

0 By

z € Ey,(A) = Az = \jx = A(Bz) = ABx = BAz = B\jz = \i(Bz), so Bz € E),(A) = every
eigenspace is invariant under B = B cannot move a vector from one eigenspace to another.

each B; is diagonalizable = T, 'B,T; is diagonal. Then T} *u; I, T; = pil,,, so T"'AT = A and
T~'BT are both diagonal.

Theorem: Suppose that A € M,,,, and B € M, ;,, with m < n. Then the n eigenvalues of BA are
the m eigenvalues of AB together with n —m zeros; that is ppa(t) =t" "pap(t). If m = n and at
least one of A or B is nonsingular, then AB and BA are similar.

Proof:
I, Al |AB 0| (L, A| |0, O
0 I,||B 0,]|0 I,] |B BA
AB 0 O ..
Ch = [B 0n:| and Cy = {B BA] are similar.

The eigenvalues of C; are the eigenvalues of AB together with n zeros. The eigenvalues of Cy are
the eigenvalues of BA together with m zeros. AB = A(BA)A~! if A is non-singular and m = n.
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Transpose & Hermitian: Let A € M,,. Then the eigenvalues of A and AT are the same.

The eigenvalues of A and A are complex conjugate pairs.

— det(t] — A) = det(t] — A)T = det(tI — AT).
— det(t] — A") = det(t] — A)H = det(t] — A)

pan(t) = pa(t)

and par(A) =0 iff pa(N) =0

Eigenspace of A: Let A € M,,. For a given A\ € o(A), the set of all vectors z € C" satisfying
Az = Az is called the eigenspace of A associated with the eigenvalue A. Every nonzero element of
this eigenspace is an eigenvector of A associated with A.

The dimension of the eigenspace of A associated with A is the geometric multiplicity of A.
A is simple if its algebraic multiplicity is 1.

A is semisimple if both are equal.

(a) A= [(1) g} Geometric multiplicity = algebraic mult. = 1 (Simple)

Ay = [(1) (1)] Geometric multiplicity = algebraic multiplicity = 2 (Semisimple)

11
Az = [0 1] Geometric multiplicity = 1, Algebraic multiplicity = 2.
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Algebraic multiplicity (\) > Geometric multiplicity (\)

= Alg. mult(\) > Geo. mult.(\) : A is defective.
= Alg. mult(\) = Geo. mult.(\) VA: A is non-defective

Left-Eigenvector: A nonzero vector y € C" is a left eigenvector of A € M,, associated with an
eigenvalue \ of A if

QHA:)\QH.

Observation: Let z € C" be nonzero, let A € M,, and suppose that Az = A\z. If 27 A = ugH then
A= L.

Proof: Let z is unit vector,

p=pzr = (2"A)z =" Az = 2" (Az) = 2" Oz) = \aPz = A

Theorem: Let A € M,, nonzero vectors z,y € C", and scalars A\, u € C be given. Suppose that
Az = Az and QHA = ugH.

(a) If X # p, then yHz =0
(b) If A =y and y#z # 0, then there is a nonsingular S € M, of the form S = [z Si] such that

A0

S =[y/a"y) Z1] and A:S{O B

:| S_l, Be M, 1

Prof. Sudhan Maghi SPWiCOM Lab Dept. of ECE, IISc



E2 212: Matrix Theory 14

Proof: (a) Let y be a left eigenvector of A associated with p and z be a right eigenvector of A
associated with A.

Now

Since A # pu, )\gHg = ,ugHg only if QHQ =0.

Theorem: Let A, B € M, and B = S~'AS for some non-singular S. If x € C" is a right eigenvector
of B associated with an eigenvalue A, then Sz is a right eigenvector of A associated with A. If y € C"
is a left eigenvector of B associated with A, then S—H y is a left eigenvector of A associated with A.
Proof: If Bz = Az, then S~'ASxz = Az, or A(Sz) = A(Sz). Since S is nonsingular and z # 0,
Sz # 0, and hence Sz is an eigenvector of A. If yHB = )\QH, then

Y757 As = xg or (57Hy) A= A(57Hy) "

Hermitian matrices: If

A=A

Eigenvalues of real symmetric or complex Hermitian matrices are real:

D and @ = A=\
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