E2 212: Matrix Theory
Aug-Dec 2026

Problem Set 3

(Note: M, (F) denotes the vector space of all n x n matrices whose elements come from a field F)

1.

Let f(x) = ||x||1 be the £1-norm on C3, and let f(-) denote its dual norm.
Given y = [3,1,2]T:
(a) Find a vector x € C? that solves the optimization problem:

max  |yfx]|

[Ixl[1=1

(b) Compute f?(y) by substituting x.

. If A,B € M, A is invertible, and if A 4+ B is singular, show that

1
IBll = m3=m
A=)

for any matrix norm |||-|||.

. Derive the matrix norm induced by the ¢,.-norm on C".

. Let [|-]|, denote the matrix norm induced by the £,-vector norm, and || - ||, denote the £,

vector norm on matrices, then prove the following for A € M,:

(@) Al < l[Afl < nflAfl-
(i) [[Afl < v/nllAll.

. Let

p(A) = max{|\| : Ax = Ax,Vx # 0}
be the spectral radius of A € M,,. Suppose [|-|| be a matrix norm on M,,. Then show that

Al < p(A) <Al

where A is an eigenvalue of A.

. Let |||-||| be any matrix norm on M,, and let A € M,,. Then show that the spectral radius of

A defined as p(A) = max{|\| : Ax = Ax,Vx € C"} can be obtained as

. LI/E
- o o
k—o0
A matrix A € M, is non-singular if there is a matrix norm ||-|| such that ||[I - A[| < 1.
Determine A~1.
. Show that for any A € R™ ", the series > 7o, arA¥ converges if there is a matrix norm [[-||| on

M, such that the numerical series Y 7~ |ax] - IA[|* converges. (Hint: what does convergence
of a series mean?)



9. Show that the dual norm || - || of the vector norm | - | on C" induces the matrix norm
H‘()H |H Here, A” denotes complex conjugate transpose of A.

10. Let [|A[|, be the spectral norm, which is the matrix norm induced by the fo-norm on C".

Show that
Ay
x20 x[2 [JATH],

11. Let A € M,(R) be an invertible matrix and B € M, (R) be a non-invertible matrix. Show
that (use the result in question 10)

1

A =Blly > 3=
27 A,

(Hint: Since B is non-invertible, 3 a non-zero x so that Bx = 0.)



