E2 212: Matrix Theory

PROBLEM SET 1 SOLUTIONS

Prepared by:

Aakanksha Buraga and Aman Goel

Aug — Dec 2026



E2 212: Matrix Theory
Aug—Dec 2026
Problem Set 1 — Solutions

1. Let V be a vector space over a field F'. Let X;, for ¢ = 1,2,..., K, be a nonempty family of
subspaces of V. Show that

is a subspace of V.

Solution. Since each X; is a subspace, 0 € X; for every ¢. Hence

K
0e()X:=X,
i=1

so X is nonempty.
Let z,y € X. Then z,y € X; for every i. Since each X is closed under addition,
r+yeX; for every i,
and therefore z +y € X.
Now let « € F and z € X. Then x € X; for every ¢. Since each Xj is closed under scalar multiplication,
ax € X; for every i,
and hence ax € X.

Thus X contains 0 and is closed under addition and scalar multiplication. Therefore X is a subspace
of V.

2. For a vector space V, and for M, N C V, explain why
span(M U N) = span(M) + span(N).

Solution. We prove both inclusions.

First, let x € span(M U N). Then z is a finite linear combination of vectors from M U N. Grouping
together the terms coming from M and those coming from N, we may write

Tr=u-+v,
where u € span(M) and v € span(NN). Hence
x € span(M) + span(N),
0

span(M U N) C span(M) + span(N).

Conversely, let « € span(M) + span(N). Then = u + v for some u € span(M) and v € span(N).
The vector u is a finite linear combination of vectors in M, and v is a finite linear combination of
vectors in N. Therefore v + v is a finite linear combination of vectors in M U N. Thus

x € span(M U N).

Hence
span(M) + span(N) C span(M U N).

Therefore,

|span(M U N) = span(M) + span(NV) |

3. Let X and Y be two subspaces of a vector space V.



(a) Prove that the intersection
Xny

is also a subspace of V.
Solution. Since X and Y are subspaces, 0 € X and 0 €Y, s00e€ XNY.
Let u,v € XNY. Then u,v € X and u,v € Y. Since both X and Y are closed under addition,

u+veX and u+vey.

Thusu+ve XNY.
Similarly, if « € F and u € X NY, then v € X and u € Y. Hence

au € X and au €Y,

soau € XNY.
Therefore X NY is a subspace of V.

(b) Show that the union
XUy

need not be a subspace of V.

Solution. Consider V = R? with
X = span{(1,0)}, Y = span{(0,1)}.
Then (1,0) € X C X UY and (0,1) € Y C X UY. However,
(1,0) +(0,1) = (1, 1),
and (1,1) belongs to neither X nor Y. Hence
(1,1) ¢ XUY.

Thus X UY is not closed under addition, so it need not be a subspace of V.

4. Let us denote the set of all n x n matrices over a field F' by M, (F). Let S,, denote the set of all
n X n symmetric matrices, i.e.,
AeS, <« A=A"

Let K, denote the set of all n x n skew-symmetric matrices, i.e.,
BeK, < B=-BT.

(a) Show that S, is a subspace of M, (F).
Solution. The zero matrix is symmetric, since 07 =0. Thus 0 € S,,.
If A,BeS,, then AT = A and B” = B. Hence

(A+ B =AT + BT = A+ B,

so A+ Be€S,.

If ce Fand A € 5, then
(cA)T = cAT = cA,

so cA € S,,. Therefore S, is a subspace of M, (F).



(b) Show that K, is a subspace of M, (F).
Solution. The zero matrix is skew-symmetric, since 07 = 0 = —0. Thus 0 € K,,.
If A,B € K,,, then AT = —A and BT = —B. Therefore
(A+B)" =A"+B"=-A-B=—-(A+B),

so A+ B € K,,.

If ce Fand A € K,,, then
(cA)T = cAT = —cA,

so cA € K,,. Therefore K, is a subspace of M,,(F).

(c) Show that
My (F) = Sy & Kp.

Solution. For this part, we assume char(F) # 2, so that % is defined in F'. This assumption is
necessary for the statement as written.
Let A € M, (F). Write
A= %(A+ AT) ¢ %(A a7y,
Set i i
S=5(A+ A, K= S(A- AT).

Then !
ST = E(AT +A) =5,

so S €S, and
KT = %(AT —A)=-K,

so K € K,,. Hence every A € M,,(F) belongs to S, + K, and therefore

M, (F) = S, + K.

It remains to show that the sum is direct. Let A € S,, N K,,. Then
AT=4 and AT=-A
Thus A = —A, so 24 = 0. Since char(F) # 2, it follows that A = 0. Hence
Sp N K, ={0}.

Therefore

| Mo (F) = S, © K, |

If char(F) = 2, then —A = A for every matrix A, so K,, = S, and the stated direct-sum
conclusion is generally false.

5. If the product of two matrices is the zero matrix,
AB =0,
show that the column space of B is contained in the null space of A; that is,

R(B) C N(A).



Solution. Let y € R(B). By definition of the column space, there exists a vector x such that
y = Bx.

Then
Ay = A(Bz) = (AB)x =0z = 0.

Thus y € N(A). Since every y € R(B) belongs to N'(A),

R(B) C N(A)]

6. If V and W are orthogonal subspaces, show that the only vector they have in common is the zero
vector; that is,
Vnw ={0}.

Solution. Let t €« VN W. Then x € V and x € W. Since V and W are orthogonal subspaces, every
vector in V' is orthogonal to every vector in W. In particular, because x belongs to both subspaces,

(x,x) =0.
By positive definiteness of the inner product, this implies x = 0. Hence
VnWw C{0}.
Since both V' and W are subspaces, 0 € V N W. Therefore

Vo =)

7. Prove that any set of nonzero mutually orthogonal vectors is linearly independent.

Solution. Let vy, ...,v; be nonzero mutually orthogonal vectors, and suppose
civ1 + -+ cpup = 0.
Fix j € {1,...,k} and take the inner product of both sides with v;. Then
k k
0= <Z Cﬂ)i,Uj> = Zci@i,i}j).
i=1 i=1
Because the vectors are mutually orthogonal, every term with i # j is zero. Hence
2
0 = ¢j{vj,v5) = ¢jllvill”.
Since v; # 0, we have ||v;]|2 > 0, and therefore ¢; = 0. Since j was arbitrary,
cp=--=c¢=0.
Thus the vectors are linearly independent.

8. For matrices such that the product AB is defined, explain why each of the following statements is
true:

(a)
R(AB) C R(A).

Solution. Let y € R(AB). Then there exists a vector x such that
y = ABx = A(Bx).
Thus y is of the form Az with z = Bz, so y € R(A). Hence

|R(AB) € R(A)|
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(b)
N(AB) D N(B).

Solution. Let € N(B). Then Bz = 0, and therefore
ABx = A(Bx) = A0 = 0.

Hence = € N(AB). Thus

| N(AB) D N(B)}

9. Suppose that
B = {b17b27"‘7bn}

is a spanning set for R(B). Prove that
A(B) = {Aby, Aby, ..., Ab,}

is a spanning set for R(AB).
Solution. Let y € R(AB). Then for some vector z,

y = ABx = A(Bx).
Since Bz € R(B) and {b1,...,b,} spans R(B), there exist scalars ¢y, ..., ¢, such that
Bxr =c1by +-- -+ cpby.

Therefore
y=A(Bz) =c1Aby + -+ + ¢, Aby,.

Hence every vector in R(AB) lies in
span{Aby, ..., Ab,}.
Also, because each b; € R(B), there exists z; such that b; = Bx;. Therefore
Ab; = ABx; € R(AB).

Thus all the vectors Ab; belong to R(AB) and together they span it. Hence

|A(B) = {Aby,...,Ab,} is a spanning set for R(AB) |

10. If M and N are subsets of a vector space V', explain why

dim(span(M U N)) = dim(span(M)) + dim(span(N)) — dim(span(M) N span(N)).

Solution. Assume the relevant spans are finite-dimensional, as required for the subtraction formula

above. Let
U = span(M), W = span(N).

From Question 2,
span(M UN) =U + W.

Let {z1,...,2,} be a basis of U N W. Extend it to a basis of U:

{z1,. .oz, u1, . up



and to a basis of W:
{z1,.. . zp,w1, ..., wg )

Then
{#z1,. . zp w1, up,wi, . Wt

is a basis of U + W. Hence
dim(U+W)=r+p+gq.

But
dimU = r + p, dimW =r + gq, dim(UNW) =r.

Therefore
dim(U + W) =dimU + dim W — dim(U N W).

Substituting U = span(M) and W = span(N) gives

| dim(span(M U N)) = dim(span(M)) + dim(span(N)) — dim(span(M) N span(N)) |

11. Let X be a plane passing through the origin in R?, and let Y be the line through the origin that
is perpendicular to X. Determine
X+Y.

Justify your answer.

Solution. Since X is a plane through the origin,
dim X = 2.
Since Y is the line through the origin perpendicular to X,
dimY = 1.

Also X LY, so by Question 6,
XnY ={0}.

Therefore
dim(X +Y)=dimX +dimY —dim(XNY)=2+1-0=3.

Since X + Y is a 3-dimensional subspace of R?, it must be all of R3. Thus

X+Y =R3|

12. For a general vector space, let X and Y be two subspaces with respective bases

BX = {ZL‘l,ZIIQ,...,ZL‘m}

and
BY - {y17y27 e 7yn}

(a) Prove that
XNnY ={0}
if and only if
{xla"'axmayla"'ayn}

is a linearly independent set.

Solution. Here the displayed collection is understood as the concatenated family z1, ..., Zm, y1, - - -

y Yn-



Suppose first that X NY = {0}. Assume
a1y + -+ AmTm + b1y1 + -+ + bpyn = 0.

Then
a1z + -+ amTm = —(b1y1 + - + bayn).

The left side belongs to X and the right side belongs to Y, so their common value belongs to
X NY ={0}. Hence

a1x1 4+ + apx, =0, biyi +--- + bpyn = 0.
Because Bx and By are bases, each is linearly independent. Therefore
a1 = =a, =0, by=---=b,=0.
Thus the concatenated family is linearly independent.
Conversely, suppose the concatenated family
TlyeeesTmyYls-- -5 Yn

is linearly independent. Let z € X NY. Since z € X and z € Y, there exist scalars a; and b;

such that
m n
z= Zaixi = ijyj.
i=1 j=1
Therefore

m n
Zaixi — ijyj =0.
i=1 j=1

By linear independence of the concatenated family, all a; and b; are zero. Hence z = 0. Therefore

XNnY ={0}|
Does
Bx U By

being linearly independent imply
XnY ={0}?

Justify your answer.

Solution. No. Literal set union removes repeated elements. For example, let
X =Y =span{e; }

with
BX = BY = {61}.

Then
Bx UBy = {61}

is linearly independent, but
X NY =X =span{e; } # {0}.

Thus the implication is false.



(c) If
Bx U By

is a linearly independent set, does it follow that X and Y are complementary subspaces? Why?

Solution. No. Even if the union is linearly independent, it need not span the whole ambient
space.

For example, in V = R3, let
X = span{e }, Y = span{es}.

Then
Bx UBy = {61,62}

is linearly independent, but
X +Y =span{ey,ep} # R3.

Hence X and Y are not complementary subspaces of V.



