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E2 212: Matrix Theory Problem Set 3 Solutions

Note: ||| denotes a matrix norm (submultiplicative); ||-||,, is the matrix norm induced by the ¢,
vector norm; [|Al|, is the £, norm of A viewed as a vector of n? entries. p(A) = max{|)\| : Az =
Az for some z # 0}. The dual norm of f is fP(y) = maxf(;)—1 |y x|

Problem 1
3 T

Here f(z) = ||lz||; and y = |1| is real, so for x = |zo| € C3,
2 T3

yH:v = 3x1 + x2 + 2x3.

(a) We need x such that

fPly) = max |y"z|=  max  |3z)4 w2+ 2u3].

ol =1 e s =1
By the triangle inequality,
13x1 4+ x2 + 2x3| < 3|x1| + |x2| + 2|23].

Since the quantity on the right is an upper bound that we can actually attain (shown below), we
maximize it instead. Using the constraint |xi| + |z2| + |x3]| = 1,

3lwy| + |z2| + 2|x3| = (|z1] + |@2| + |z3]) +2]21| + [23] = 1+ 2|21 | + |23].
=1

Equivalently, since 3(|z1| + |z2| + |z3]) = 3,
3lz1| + |z2| + 2|z3] = 3 — 2|xe| — |z3] < 3.
The maximum value 3 is attained if and only if 2|zo| + |x3] = 0, i.e.
|xa| =0, lz3| =0 = |z1| = 1.

(Any mass placed on zg or x3 strictly reduces the value, because their weights 1,2 are smaller than
the weight 3 of z;.)

e?
For z = | 0 | we have ||z], = 1 and |y x| = |3¢/%| = 3, so the upper bound is attained (the
0
triangle inequality is tight). Hence
e?
c=|0|, o<o<on
0

solves the optimization problem (and these are the only maximizers).

(b) Substituting z, ‘
FPy) =zl = 3¢ =3 (= Iyllo)-
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Problem 2

Lemma (used here and in Problem 7). If A € M, is singular, then |I — A|| > 1 for every matriz
norm.

Proof. There exists  # 0 with Az = 0. Then (I — A)x = x, so 1 is an eigenvalue of I — A and
p(I — A) > 1. By Problem 5, p(I — A) < ||[I — A, hence ||I — A|| > 1. O

Proof of the claim: Write
A+B=A(I+A'B).

Since A is invertible and A + B is singular, I + A~! B must be singular (a product of an invertible
matrix and a singular one is singular; equivalently, det(A + B) = det A det(I + A~!B) = 0 with
det A # 0). Applying the Lemma to M =1 + A~'B,

7= +A7B)||z1 = [[-A7'B|| = [|A7'B]| = 1.

By submultiplicativity,

1
A=Y 1Bl = ||lA7'B|| > 1 = |IB]| > AT

Problem 3

Matrix norm induced by f:

[ Az|

Al = o _ A A = Az)il.

Il = max o = max [z, [[Azllo = max [(Az)i]
n

Claim: ||A|, = max Z |a;j| (maximum absolute row sum).

1<i<n 4
Jj=1

Upper bound: For each i,

n n n
()il = | 3 ages| <D laglasl < (3 lowl) ol
j=1 j=1 j=1

Taking the maximum over 1,

n n

I4e < (max 3 lal) el = Bl < mox 3 ) M
J= J=

Lower bound: Let k be a row at which the maximum row sum is attained (k is not the index of

Illoc)- Choose o
Q5
¢ y Okj # 07

Tj = |ag;|

1, agj = 0.
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Then |z;| =1 for all j, so ||z|/,, = 1. Moreover ay;z; = |ay;| for every j (also when ay; = 0), so

n n
(Az)p =Y agjwj =Y lagl.
j=1 j=1

Therefore
1420+ 1 Aw)el =3 o] = max Z\a = Al > max Y lagl @
[ P— — J 1<i<n i 00 _'1<i§n/, - K
J= J=
From (1) and (2),
IAll. = gglagglz |ai;] n
Problem 4
Recall
n
lAll, = max > laij| (max column sum),  [A[l,, = max Z |a;;| (max row sum),
’L 1 ‘77
n o n 1/2
JAl =YY layl, DAl = (ZZI%I )"
i=1 j=1 i=1 j=1

(i)(a) lAll; < IlA|ly: the largest column sum is at most the sum of all column sums,

Al = max Z\au\ < ZZ\%I = [IAl; -

j=11=1

(i)(b) ||All; £ n||A].: every row sum is at most the maximum row sum. Let k be a row with the
maximum row sum. Then

IIAHl—ZZ!au\ < ZZ\aml—nZIaml—nlllAlll

=1 j=1 =1 j=1

Hence [|A]l; < [[A[l, <n Al

(i) 1A, £ V/n ||All,- By the Cauchy-Schwarz inequality, for any a € C" (take the vector
(1,..., )T against (|ai], ..., |a])7T),

Z|al| < I(Daz\ )"

Apply this to each column j of A:

Slagl < va( Y lag)"" < va( S laal)” = var 4l
=1 =1 k=1 1i=1

Taking the maximum over j gives [|Af; < /n [|A],. B
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Problem 5

(1) || < p(A) for every eigenvalue A\ of A — immediate from the definition of p(A) as a maximum
over the spectrum o(A).

(ii) p(A) < ||A|l- Let A € o(A) with eigenvector = # 0. A general matrix norm need not come with
a vector norm, so we avoid using ||Az|| and instead form the n x n matrix

X:[ac A x];«éO.

Then AX = AX, so
ALIXT = IAXT = [ AX] < JlAJ X

Since | X|| > 0, we get |A| < ||A|l. As A was an arbitrary eigenvalue,

A) = A <Al
p(4) = mas |A| < 4]

(For an induced norm one may simply use ||Az| = |A| ||| < [|A] ||z]].)

Combining (i) and (ii): |A| < p(4) < || 4]. |

Problem 6

We will prove two lemmas.

Lemma (1). If A€ M,, and ||A|| < 1 for some matriz norm, then limy_,o, A¥ = 0.

Proof. By submultiplicativity [|A*|| < IAJ* — 0 since [|A]| < 1. So A¥ — 0 with respect to ||-|].

All norms on C" are equivalent, hence A¥ — 0 with respect to |||, i-e. every entry of A¥ tends
to 0. 0

Lemma (2). For A € M,: limj_,,, A¥ =0 < p(A) < 1.

Proof. For (=), let Av = Az, x # 0. Then A*z = A\*z — 0, which forces |\| < 1. This holds for
every A € 0(A), so p(A) < 1.

For (<), let p(A) < 1. By Schur triangularization, A = UTU with U unitary and T upper
triangular with diagonal entries A1,...,\,. For t € (0,1] let D; = diag(1,t,...,t""!). Then
(Dt_lTDt)ij = tj*iTij for j > 4, so the maximum row sum satisfies

|7 Tl < p(A) +1C, O =maxy [Ty,

§>i

Choose ¢ small enough that this is < 1. With S = UD, the function |B|’ := ‘HS_IBSH}OO is a
matrix norm (it is submultiplicative), and [|A|] < 1. By Lemma 1, A* — 0. O

Proof of p(A) = limg_, H‘Akml/k:
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Lower bound: If Ax = Az, then A¥z = \fz, so A¥ is an eigenvalue of A¥. Hence |A|F < p(AF) for
all X € 0(A), ie. (p(A))* < p(A¥). By Problem 5, p(AF) < |HAI’“H‘ Therefore

A) < H’Akml/k for all £ > 1. (1)

Upper bound: Fix € > 0 and define
-~ 1

A=————A4
p(A) +e
. A . -
Then p(A) = p(/;l()j—g < 1, so by Lemma 2, A* — 0, i.e. ‘HA’“H’ — 0. Hence there is NV € N such
that || 4[| <1 for all k> N:

Combining ( ) and ( ) forall k > N,

kml/k < p(A4) +e. (2)

<1 = < biaeer = |

kH)W < p(A) +e.

<

Since € > 0 is arbitrary, by the squeeze theorem

p(A) = lim H‘Ak [ |

k—o00

I

Problem 7

Assume || — A|| < 1 for some matrix norm.
Step 1: A is invertible. Suppose A is not invertible. By the Lemma in Problem 2, || — A| > 1

— contradicting ||/ — A|| < 1. (Directly: some z # 0 has Az =0, s0 (I —A)z = x and p(I —A) > 1,
while p(I — A) < ||[I — A|| < 1.) Hence A is non-singular.

Step 2: the inverse. Claim:
o0

AT =N (1 - A

k=0

Since ||[I — Al < 1, we have Y22 [|(I — A)F|| < X520l — A" < oo (geometric series). By
Problem 8 (with a; = 1 and matrix I — A), the series converges to some matrix C. Then

AC=A i, - A= lim (I (I - A)) f:(f _ A
k=0 k=0
= Iim (Y= A =301 ) = Tim [1- (1 - 4],
k=0 k=0

Since ||[I — A]| < 1, Lemma 1 gives (I — A)"*! — 0, so AC = I. For square matrices this means
C=A"

[e.9]

AT =N (1 - A |

k=0
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Problem 8

Definitions - For matrices Xy, the series Y -, Xj converges to S if the partial sums Sy =
SV o Xi — S. Tt is absolutely convergent if 32 [| Xp|| < oo.

Claim: absolute convergence = convergence. Assume ), || Xj| < co. For N > M,

N N
ISy = Sull = || > Xif|< Do IXkl-
k=M+1 k=M+1

The right side is a piece of the tail of a convergent numerical series, so it tends to 0 as M, N — oco.
Thus (Sy) is a Cauchy sequence in M,,. Since M, is a finite-dimensional normed space (hence
complete), (Sy) converges. So the series converges.

Our problem. Take X}, = a,A*. By submultiplicativity,

5[ = ot 4] < et 11" <o
k=0 P —

by hypothesis. Hence Y 2, apAF is absolutely convergent, and therefore convergent. W

Problem 9
Let ||-|| be the matrix norm induced by ||-|| and [|-|| , the matrix norm induced by |II°. We show
14l = | 4™

There are two observations:

|y 2|

using |27 y| = |y 2| and homogeneity).
ly]

(1) Forz € C™ |z||° = max, =1 |2 2| = max,4

jw!a|

=
]

(2) (Duality theorem) (||-|°)2 = |||, i.e. for w € C": |w| = maxXy£(

Proof:

Al — i 14217 @ 1 ly" Az| _ |(Afy) x|
Al , = max - = Max —— max = max 5
w70 || =20 [P w0yl aA0u0 P |y

= mMax — max ——— max
v20 |yl =20 ||z y#0 |yl

Here we used yf Az = (A”y)" 2 and interchanged the two maxima. Hence

Al = [|A%]]
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Problem 10

A 1
Let A € M, be invertible. We show min [Az]ly =0
w20 |lzfly AT,

Proof 1 (direct): Since A is invertible, x — y = Az is a bijection of C* \ {0}, with z = A~1y.
Therefore
Ay Ll ! L

min = min = = i
w20 [lzfly w20 [[A7 Myl A yll, 1AM,
max

y20  lyll,

Proof 2 (via SVD): Let A = USV# with U,V unitary and ¥ = diag(o1,...,04), o1 > -+ >
on >0 (0, > 0 since A is non-singular). Unitary matrices preserve the Euclidean norm, so with
2=V (so |[2lly = [lzl,),

n
2 2
1Az]l3 = 122]3 = Y oflzl*.
i=1

This lies between o2 ||z||3 and o7 |23, with equality at z = e, and z = e; respectively. Hence

140, = A 4) (= hua#4)). min Lo2le — a) (1)

Now A~! = VU with ¥~! = diag(1/0y,...,1/0,), which is an SVD of A~! whose largest
singular value is 1/0,. By (1) applied to A1,

1

A=, =

A, |
From (1) and (2): min =op(A) = —. 1
(1) and (2): win Jer = = onlA) = o

Problem 11

Let A be invertible and B non-invertible. Since B is singular, there is x # 0 with Bx = 0. By
definition of the induced norm,

[(A—=B)zlly o (A= B)zlly _ [[Az]l,
12112 - [P /5

because (A — B)x = Ax. Using Problem 10,

A—B|, =
Il Il max

Ay o W2l 1
fel. = 0 Tl — 14T,

Therefore )
IA=Bly > =
2 A=,



