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Problem 1

(a) Proof of subadditivity of rank. For any XY € C™*",
rank(X +Y) < rank(X) + rank(Y).

For any vector v,

(X+Y)v=Xv+YveR(X)+R(Y),

R(X+Y) CR(X)+R(Y).

Applying the dimension inequality

dim(U + W) < dim(U) + dim (W),

we obtain
dim(R(X +Y)) < dim(R(X) + R(Y))
< dim(R(X)) + dim(R(Y)),
and hence
rank(X +Y) < rank(X) + rank(Y").
Now, since

A= (A+B)+(-B),

subadditivity gives
rank(A) < rank(A + B) + rank(—B).

Because rank(—B) = rank(B) = k and rank(A) = r,
r<rank(A+ B)+k = rank(A+B)>r—k.

Together with
rank(A + B) < rank(A) + rank(B) = r + k,

we get
r—k <rank(A+ B) <r+k|
(b) Write
A=(A-B)+B.
Then

rank(A) < rank(A — B) + rank(B),
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SO

rank(A — B) > r — k.

Similarly,
B=A—-(A-B)=A+(B-A),

which gives
rank(B) < rank(A) + rank(B — A) = r + rank(A — B).

Therefore,
rank(A—B) >k —r=—(r—k).

Combining the two inequalities,

|r — k| <rank(A — B) |

Problem 2

Condition for (z,y)s = (Sz, Sy) to be an inner product.

Non-negativity holds because

(x,x)g = (Sz,Sx) > 0.
For positive definiteness, we require

(r,2)s =0 <= z=0.

Since
(Sz,Sx) =0 < Sz =0,

we need

Null(S) = {0}.

Therefore, S must be nonsingular (invertible), equivalently it must have full column rank.

S must be invertible (nonsingular).
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Problem 3

Cauchy-Schwarz inequality. If y = 0, then both sides are zero and equality holds. Now
let y # 0 and define

Since the inner product is non-negative,
(x —cy,x —cy) > 0.

Expanding,
0< <l‘7l’> - C<y7x> —6<l’,y> + |C|2<y7y>

Substituting ¢ = (x,y)/(y,y) gives

Hence,

Equality holds if and only if
(x —cy,x — cy) =0,

which, by positive definiteness, implies
r—cy=0 = z=cy.

Thus x and y are linearly dependent, and conversely linear dependence gives equality.

Problem 4

Define
ol = (&, ).
We verify the norm properties.

(i) Non-negativity and definiteness.

|z]| =0 <= (z,2) =0 < 2 =0.
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(ii) Homogeneity.
laz||* = (oz, ax)

= aa(z, )
= |of*||[|*.

Therefore,

locz|| = |ex] [l[]

(iii) Triangle inequality.

lz+y|* = (z+y,2+y)
= (z,z) + (z,y) + (v, z) + (v, y)
= ||z||* 4+ 2 Re(z, y) + ||y]|*.

Using Re(z) < |z| and the Cauchy-Schwarz inequality,

Iz +9l* < ll=1* + 2/, )] + lyll*
< ll=l* + 2l /vl + llyll*
= (llll + llyI)*.

Taking square roots,

12+ yll < ll=ll + llyll|

Problem 5

For a semi-inner product, positivity is not guaranteed; that is, (x,z) can be zero even
when x # 0.

Suppose (y,y) = 0. If (x,y) # 0, consider
(x+ Ay, =+ A\y) > 0.
Expanding,
(@, 2) + My, z) + Mz, y) + [M*(y,y) > 0.

Since (y,y) = 0,
(x,z) + 2Re(X<x, y}) > 0.

By choosing an appropriate A, the real part can be made arbitrarily negative, contradicting

the inequality. Hence,
(x,y) =0.
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Therefore, in all cases,

(2, 9)|* < (2, 2)(y, y) |

1/2

The function ||z|| = (x,x)"/* satisfies homogeneity and the triangle inequality, but strict

positivity may fail. Hence it is a seminorm.

Problem 6

Parallelogram identity.

lz+yll* +llz —ylI* = (@ +y, 2+ ) + (z —y,z —y)

+ ((z,2) = (2,9) = (v, 2) + (v,9))
(, ) + 2(y, y)
= 2(|l=[* + [ly[1*).

Thus,

(Il + I + llz = yI?) = lell” + [1yll*|

DO | —

Problem 7

Let p(z) be an arbitrary seminorm and define
N ={zeC":p(x) =0}
The set N is a subspace. Construct a complementary subspace W such that
Ct'=NaoW.
Thus, every x € C" has a unique decomposition
r =N+ Tw, rny €N, xw e W.
Let S € M, be the projection onto W along N. Then

St = zw, (I —S)xr=uxp.
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Using the triangle inequality for p, we have

p(z) = plan + zw)
< p(zn) + plaw)
= p(aw).
Also,
plaw) = p(zr —2n) < pla) + p(=zn) = pl(o),
S0
p(x) = plzw) = p(Sz).
Now define
2l = p(Sz) + (1 = S)xll2,
where || - ||2 is the standard Euclidean norm. This is a norm: it is positive definite because

the two terms can vanish simultaneously only when x € W N N = {0}; homogeneity
follows from homogeneity of p and || - ||2; and the triangle inequality follows from the

corresponding properties of the two terms.
Since S is a projection, S? = S, and hence
[Sz[| = p(S(Sx)) + [|(I = 5) Sl
p(Sx)+0
= p(x).

Therefore,

p(x) = [|Sz]| = ]| |

Problem 8

To prove,
[zl = Nyl < llz = vl

Since x =y + (z — y),
]l <yl + Nl = wll,

SO

)l =1yl < llz =yl

Similarly, since y = = + (y — z),

Iyl <zl + [ly =zl = llzll + ll= = yl],

6
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which gives

Iyl = llz[l < llz =yl

Combining the two inequalities,

2l = llyll| < llo =yl |

Problem 9

Minkowski’s inequality. Let p > 1 and let ¢ satisfy

1 1
T
P q
Then
p—lzg
q
For each i,

| 4+ yil” = |2 + il o+ yP
< (|| + i) |i + il
= |x;| |x; + yi‘p/q + |yl |z + yi‘p/q-

Summing over ¢,
Z i + yil” < Z | i + il + Z il |i + il

Applying Holder’s inequality to the first sum,

(2

= (Z |$z‘|p> " (Z |z: + yz‘|p> " :

7 %

1/p 1/q
Slelle+ul < (Shap) (X (et ur))

Similarly,

1/p 1/q
Z|yi’|$i+yi|p/q§ (Z‘Mp) <Z|$i+yi’p> .

)

Therefore,

Z’xi+yi|p <

(i) ()| (o)
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Assuming ||z + yl|, # 0 (otherwise the inequality is trivial), divide by (>; |z; + yilP)'.
Since 1 — 1/q = 1/p,

(rvr) "= (pier) "+ (gor) )

This is Minkowski’s inequality.

Problem 10

Show that
e = Jmm Il
Recall
l2llp = ([P + [waf? 4 - + )7
Let
|xar| = max{|z], |zal, ..., |z0nl}

Then o o U

el = barl ({205 ot 20

As p — o0, every ratio |z;|/|za| with |z;| < |za| tends to zero after raising to the p-th

power, while each ratio with |x;| = |x | contributes 1. If there are k such maximal entries,
the parenthesized factor tends to
B — 1.
Hence,
T [Jall, = o] = 7]

Problem 11

Show that ||z||w is not derived from an inner product.

If a norm is induced by an inner product, it must satisfy the parallelogram identity.

o f] e

[2lle =1, ylloo = 1.

Consider

Then
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Also,

1
e H — ot yle =1,
and

1
T—y= {_J — e —ylle =1

For an inner-product norm, the parallelogram identity requires
lz +yl* + llz = ylI* = 201z ]* + lly[1*)-

Here,
LHS =12+ 1% =2,

whereas
RHS = 2(1* + 1%) = 4.

Since 2 # 4, the identity fails. Therefore,

|| - |l is not induced by an inner product.

Problem 12
Let
[ells = (1S,
where S € M,, , has full column rank and m > n. We verify that || - ||s is a norm on C".

(a) Non-negativity.
l2]ls = [I5z] = 0.

(b) Positivity.
|Sz|| =0 < Sz =0.

Since S has full column rank, its columns are linearly independent. Therefore,

Sx:inSi:O = x; = 0 for all i,

so x = 0. Hence,

|z]|ls =0 <= x=0.
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(c) Homogeneity. For any scalar ¢ € C,

lexlls = [[S(ca)]
= [le(Sz)]|
= |el S]]

= [el [|lls-

(d) Subadditivity. For z,y € C",

[z +ylls = [15(z + )]
=[Sz + Sy||
< 1Sz + (15
= [lzlls + lylls-

Therefore,

|z||s = || Sz is a norm on C".
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