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•• Nesterov 's acceleration

• convergence for C- Smooth convex

ochre )
• Interpretation via second - order

ODE



Nesterov 's method :

=
-

Yuri Nesterov 1983

¥+1 = It - M If (2t )

•

Itu = ¥+1 + ¥3 ( Itu - %-)

Yt, ,
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2++1 = It - Mt . ¥ 4- flat) : aggressive

7th = t÷ ¥+1 + I

C- +3
It-4 : average

in

lower
weight



Recall :
-

For f : IRD → IR that is L Smooth and convene
,

gradient descent yields

fly - flam £ I 1120-2*112
,
-170

2T

En 10-6
Iteration complexity : 0 ( Yg )

Tag 3
106

What does Nesterov 's accelerated gradient yield ?

Iteration
.

complonity Of O( %) Twa, -710
>



Let us define the
energy function ( potential or

Lyapunov function ) and ansign to each time É :

( t) = t ( t -11 ) ( Flye ) - flat ) ) + 2L 113+-2*11!

✓
aggressive step

If 0/(1-+1) c- 047 , for each t , we have

1- (-1+1) ( fly , ) - t(z*)) + 2L 112g, - a-* Ilie 2L H2o -2*112

_€ ¥

⇒ fly, ) - f(z* ) £ 2k Uzo - 2*112

i
⇒ T ⇒ 0 ( t)



Recall from the vanilla analysis and for C- Smooth

functions :

with Mt = M = -12¥ and qt = ☒ Flott)

2++1 = It - Mt . ¥ If let) : aggressive

• get ( Bt - Iit ) = l 11%112 -1¥, ( 112+-2*112-11 ?ot+ , -2*112
)

4L

Yt, ,
= It - Mt flat ) : normal

• f(Y±+ , ) £ flat ) - 1- 11 8+1122 ; m =L
2L

• co-nvene.ly : flat) - flue ) £ §'t (zz - e)



Forth pote function :

0/(1-+1) = t ( ta) ( e- 1¥, ,
) - flam) -1211-+1 )[f(y±+ ,

) - f free)] + 2L 112++1-3*112
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5 = 0Ct+¥,→
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☐ e t [ flat) - flat] + 21 flat ) - Itoi))
- ¥ 118+112 - 2qÉ( It - z* )

E t [ flee ) - 7- ( Yt )] + I [ flat ) - flail]
- 2 get ( It - z*)

e t 8E( set - %) + 2 IE ( Et - ni)

- 2 get ( Kt - nie )

= get [ d-+ 2) zt - 1- It
- 2kt]
-

= ☐ ⇐ It-11 = t¥,- ¥+1 +

+¥ 2++1 : average

⇒ D E O ⇒ Lt -11 ) e lo (f) for each t.rs



T-n-K-pxtaonw-ingdiwialeauali-nsi.se#.-ord-er0D-E:

(e) + & ICT ) + ☒ Flyte) ) = 0

damping Lyapanov
Co - efficient

§
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F : - ñf(×) ( spring force )

¥;
'
-¥
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g- i ( time - varying damping)

¥+1 = It - M If (2t )

It-11 = ¥+1 + ¥3 ( Itu - Yet)



9th = Yt + t¥z ( Yt
- Ye -D - M ltflnt)

Ya ,

- Yt
⇒

¥
= t÷z Y_tgnY -

Fn ☒ e- (E)

Let t = Elron
, y (e) ¥ Ye / rn = It

and

y (z + rn) I 4th
Then

,
Using T=ayl :

Yt-ng.net#--(Y(e+fn)-YCe)).Yrn
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¥ if (e) -
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So Nestrov 'S acceleration

it> + izniice ) = ( I - II)[yt) - izrniitd]
- rn Iffy (e) )

⇒ iit ) + 3g It) + It ( Yt))=o

For this second - order ODE

e- ( YG ) ) - foot £ Of %)

Actually , 3 is the ✗mallest constant that guarantees O( Yea )



Let f- is L - smooth and µ - strongly Corwen
,
then

Nestor 's accelerated gradient descent falsifies

fly, ) - e- Cz" s L-¥ enpf⇒ H2o -all :

with

t = ÷ ( RE - 1)
K =

Lun
= I


