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• Proximal operator

• Poornima gradient descent

• convergence analysis
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• First - order methods
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Recall gradient descent m_thod :

It -11 = Zz - Mt If (Kt)

=

It# = arg min [ f- Get ) + Étnt ) (2- It ) -121mHz -ztz #

affine approximation
-

Proximal

= arg min [ Intl / n - Int - mentftne)) /ti )
term

I

optim-d.ly condition :

4-flat) + 1- 2 (n - ne) = 0
2Mt



⇒ Nt+ , is a point for which the dope

of f- ( ne ) + TAINT) (z - It )

and - 1- 112-24-11} are the 8ame_ .

2Mt

flat)

112-14-11? -1 const .

f-Get)tVÉ(me) (I - Be )



Recall poojeded gradient#- :

minimize f- (e) subject to I C- C

24+1 = 1? ( Rt - Nt #flat ))

Define
11
,
(a) = { 0 ; it n_ c-Cos

, otherwise
Then
,

It -1 , = Arg min 2+1 + IÉtkt7(z - ne) +¥112 - Nelli
I

+ me Ida)]
= arg min [ ¥-112 - ( zt-mtlt-tu.tl/Ii-nt1ktn-B

:3



Proximal operator :

-
-

Prosch (z) = ang min [£113s -ZIP + h ( z) )
Z

with this
,
the projected gradient descent

becomes
It -11 = Prom

my
,

( Rt - Mt If let))

Prough (z) = ang min [¥113s -ZIP + h ( z) ]
Z



• We can generalize kl - 7 and handle an

important class of functions
, namely , composite models

f- (a) = f- (a) + htz)

4- (n) : ( nice ) convene and Smooth

hlnf : (simple ) convene ( may not be differentiable)

PnÉal gradient method :

gradient descent : Yet , = It - Mt If Gtt) }
]pronimal minimization : Z.tt , = Proxy h (Ltl )

⇒ Ken = It - Mt Ghtnf



ruin Ftz) = FCI ) + hlz)
NG IRD



Ghent =

¥ ( Z - Prough ( z - ntltflne )))

is the so - called generalized gradient of f.

• This covers many commonly used regularized in ML

and
"

Pnonh (a)
"

is well - defined for nonsmoolh

Corwen functions

¥6s :

• L
, regularized minimization :

minimize f- In) + 112111
K

• nuclear norm regularized minimization

minimize f- (X ) + 11×11
,

✗



Enamp#
① Indicator function h = 1

,
= {

0
,
it KC

Cs
,

O - w .

Proven (e) = arg min 112-3113 =P
,
(n)

ZEC

( Euclidean projection )

+ as
- -

.
- Mtg - - - - - - - -

⇒ " a-at
/

+ const .



d

② l
,
- norm h (z ) = ✗ 11211s -_ E. Init

i : i

Prosch (z) = ang min [21-113--2112+9112111]
A d

Z ÷ ans min [ E E:(zi-m.int 13inZ

ang min 12 ( Zi-n.it#dlZi1 ; for i :| , - id
Zi

① when Zi is positive :

d- ( Zi - ni )2+ ✗ zi
1
"
order condition : Zi = ni - d 80 Ni > A

similarly ,
when zi is negative , gradient

vanishes at zi = hi + A and ni e - di

⇒ [ Prose,,h(zDi= Soft - Threshold ( sci , d)

$06T- Threshold (n
,
d) = {

N - d i il n >d
n -1A , if need
0 ; if - densa



Soft - Threshold thin

-
- -

-

÷¥÷É- d- Ha -all?
t const .



Monotonicity of the Lost :
-
-
-

Cen : Suppose f- is convene and L - smooth

and Mt = f- .

Then

to F ( Nen ) £ Flnt )

2. 112++1-2*11 :S Hat - a- HE

• For fsulagrradieut methods
, objective value might not

be monotonic .



If the following is true :

f- ( neo ) - FCI) ⇐ ¥412 - 2+11? - Hz - zenith]
- (7) Zz)

where 4Gt , see) = f- ( z) - fl me) - Tlfttkf )(2- at

70 [ by convening of f ]

Then
, taking se = me we have . ① as

f- Inta) - Fort ) £0
and

taking n = n
'

we have ②

as Flute , ) - FIND + 612$
, Mt) E RHS

=



Prod :
Let ( z) = f- ( z? + Étnglz - at ) -14112 - nelli

+ h (E)
See that

zµ ,
= ang min $ ( Z)

I

•• Since (2) is L - strongly Corwen

10 ( z ) 3 0/(4+1) + {-112-2++111}
on f- then• (24-+1) = ftht) c- IÉ(zq , (¥µ ,

- ze)
→↳
"
""&

+ ¥ 11m€,- Alli + h (2++1)

7 f- ( Kal ) + h (2++1) { From smoothness]



0/(7-+1) 7 1=(2++1)

⇒ 0121 7 Flute , ) + I 112-2*11?

%Cz+) + HIGH 12-247 + hln) + § 112 - Nell?

Z F (7++1) + ¥ 112 - Zeek}

7- In) - v ( z , at) + htn) + ¥ 112 - Kell}

71=(2++1) + ¥ 112 - Zack}

⇒ F. 12++17 - Fln) E E- [ 112 - Zeki - 112 - Neill
']

- 612,24)
Boozman



: Fln)= fln ) these )

suppose f- is converse and L - smooth and Mt __£
Then pnonimal gradient descent satisfies

F Intl - F
"
E ⇐ 11 no-2*11 ?

projected scubgradient : of Yqz) , whereas we now

have 0( %)

Preet: F. 12++17 - Foi E § { 112*-2-117 - 112*-2*1112]
- 412,24)

¥



E EN ni - nelli - Uninstall :]
Sum over t=o to T- l

,

É:'( Flora ,
) - Flam ) e t Uzo - zoe HE

t=u 2

- E Hz , - villi
since last iterate is the best

,

⇒ Fln
,
) - FC2.lt L 1120-2*1122

IT ☐BBd



ill - strongly convene and L - smooth functions
= = =
-

IN ith Mt = ± ,
we have

112*-2*115 c- ( 1- IT 1120-2*11?

• Iteration comp lenity : 0( Iog (t ))

proof :

F. 12++17 - Foi E lez [ 112*-2-117 - 112*-2++1112]
- 412724)

since f is it - strongly convene

( n' , It ) = f- (H ) - fczt) - If
'-

(7) (mid - Mt)

7 f- 112*-2+1122



⇒ Flaw , ) - Fbi ) s ¥ Hat -Kelli

¥0 -

E- Itza ,
- niki

⇒ 11m¥
,
- millie ( 1- E) 112€ - milk

BAG


