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(contd . )

• Convergence analysis

• mini - batch variant



stochastic gradient decent

Ita = at - Mt §( It ;k )

where § Get ;k ) in unbiased estimate

of 1T¥ (Zt )
,
i. e.
,

El g- (at ;E )) = IT# Get)

É fi (a)ERI : minimize f- (2) = ÷ i. ,

• Sample i c- (m ) uniformly at random

•

¥+1 = Ke - Mt Ifi (Kt)

-

§z = Stochastic gradient



Bou-ndedstohdiegradi-I.rs :

• Same convergence rate as gradient descent method

Er : Let 7- : Rd → R be a convene and differentiable

function , I'd be a global minimum of f ;

1120-2*11 ER and that É [119+112] f B ' At
Then Stochastic gradient descent with

constant step size M = RBf- Yields
T- I

f- £ lE[ flat)] - f(z* ) £

Rift:O

Iteration comphnity : 0 ( Zz) 01¥)



Recall our vanilla analysis :

§? Get -2*7 = 12 118+112-1 In (
11kt - 2*112-11 ze-a-z.li

Telescoping sum :

T- l

£ 119+112 + In (11%-2412-11%-271)
TÉ give -7*1 = 12 t=. -

t -- o -

É 11%112--1 In
1126-2*112E MI t=o

Taking expectation on both sides

T- I

ÉI 4- [ aj; Get - nil ] s Iz ¥
.

E- [ HSIN ) + ¥11k -2*112t

I. EE
late have the lower bound :

E- [ ÉÉ Cate - ri ) ) > E [ flat ) - FINI]



T- l

E' E fftkt) - font ) ] £

2- BY
+

In
R2

t=o

= qlm)

choose 7 that minimize the upper bound :

£-92T -

2- nz
R2 = o

n = Ray
for which we have ☐( Yag) Do

⇒ This can be directly entendre to
"

projected

stochastic gradient detent
"



Psoj . . SGD
- Sample i c- In]

min . f- (2)
• Yt+ ,

= Nt - Mt Ft} I C- C
•

Nt+ ,
= Pc ( Ya , )



Strong convexity :
- =

• f is differentiable and ee strongly Cowen ;

with a decreasing ftp.size

Mt = 2-
ietittl )

stochastic gradient descent yields

¥2' t.se ) - f(z*)] E 2B£E- [ f- ( ¥e+Dt=
' let-11 )

☐ = Max 1-1=[119-+11] .

-1=1
, - - T

• we don't assume smoothness of f

- diminishing step size

( similar to the analysis of subgradie.nl)



Recall our vanilla analysis :

§? Get - 2*7 = 12 118+112-1 In (
11kt - 2*112-11 ze-a-z.li

EIJI Gee -2*51 = It ENEMY + ¥ [El Une -1*1192

- e- zt+ , -2*117
Use strong convexity lower bound :

e- CIE (z - ni )] = El Pftlnt ) ( set - rid

-7 E [ flat) - ffni)]
+ ¥

E- [112+-3412]



⇒ e- [ flat ) - e- (ri )] stint + Elmi ' - a) Elliott - nill]
I

- mi
'
E- { Itza ,

- silt]
I

substituting Mt = ¥+1 , ÷

t.IE/ftet)-flniDeB2t-t+-uUftCt-i)EHl-M--z4lY
Nlt -11 )

- ¢+11T Elmer -2917 ]
£ B2
a-

* 4ft It -11*[11%-2412]

- ¢+11T Elmer -2917 ]



Sum from t = I . . .

T
:

T

E
'

E- • E- [ flat ) - flat)]f☐÷' + My G- Ten e- [117-+1-2417]
t=- l

E B÷
T

we have 2 E t = 1 .

n t=i

T

E t.at ) - 4- (nil] £ 2B£E [f (-1%+1) t= '

all (Ttl )

⇒ E- accuracy requires 0(%) steps .



• Now
,
natural to ask if f is L - smooth

and el - strongly convene
,
will we get 0(ws(¥ ))

( linear convergence ) similar to the deterministic

calc .

Answer is No .

-

• Self - tuning properly : If Gc) → o as z→z•

⇒ Allows a big step size [ ± or ¥]
⇒ so far MN ¥ or Mt =

¥+1 ,
• No self- tuning for SGD : E- 111 g-all? ] -130 as

I → z*
- SGD responds to every new sample

- Choo .ae Small ✗teps close to the optimal



• Il - Sctrongly Convene and L - Smooth

suppose E- { 118112 ] E 92 -1 cg HIFCNIIPZ→ 2

Then
,

SGD with fined sctepsize Mt __ ME ¥g
yields

E- [ ttlzt ) - fc2.DE MLB'
⇒

+ ( 1-7×1%-6171:D

• 5g = o : linear convergence

• converges to Some neighborhood of 2$



Prtma :

when progress stalls
, half the deposing & repeat



Key question :

-
-

SGD with big steps izes poorly

suppressed noise . larger 8tepsiz.es are needed

for faster convergence .

How to reduce the variance ?

Average iterates to reduce variance and

improve convergence .



Mini - batch variants : ( Tame the variance )

n

• Instead of choosing a single fi from -1£ filet
,

n
i- i

let us pick several of them to form It

• Let us pick B { fi } : -9
, fz . - . IB

and average the gradients :

I
, ,
Iz . -

. Ij ~
Uniform
,
( 1
,
-
- -

,
n )

It -11 = It - ME £I-PI.gl?t)j--I

B
• stochastic gradient :

e- { b- £ If (at )) = t §: E [0%1%1]j=i

= ¥
,
?& If (Zt) = Of (Zt )

.



• 13=1
,
we have SGD

c-

• B = mm ,
we have full gradient descent

• Reduces variance : ( average of independent v.v. reduces variance)

:÷÷÷÷÷#
3• parallelization

guy = g- Ei If,=;(It )g- =L

-

can be computed
independently in parallel


