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method of multipliers
( ADMM )

• Dual ascent

• method of multipliers

• ADMM ( scaled form )



Recall :

• For primal feasible z ,
and dual

feasible et and y :

deiqlity gap
: flz) - §(4,1 )

• zero duality gap implies optimality
f- (n) - f(n*) e Fln) - g( I. 1)

• Under St=g obey :

m

primal : minimize flat + £ u? hilni-E.ie?liEa1
-

z i =\ i=i

(unconstrained problem - useful when dual is easier to

solve )



Emad :
m

nrninimize Ei Fi Ge? Subject to sin = b
E- 1

I

• fi : IR → IR is smooth & strictly convene

I = [×
, , *z . - - ✗

n ]T
Dud tendon :

n

get ) = minimize
£ f. (z ) t v ( b - Iz )

I
i= ,

= bv + É minimize { film - aivni}
i= , n

= bv - É f? ( aiu )
i=i

1¥ conjugate tendon : f-
*

(g) = man y.tn - flz)
2



So the dud pwbIm:n
Bu - Si &.*(air ) } Corner program

Max .

V i= ,

in a scalar variable

And primal solves :( unionstrained problem) :

minimise £ ⇐ (z) - ai v*ni )
I i=i

-

I film) = aint i --1
, - - . ,nSolution :

Another en¥ [ commponite model]

minimize 7- (n) + guy
2-

I minimize Else) t g (2)
I

, Z

Subject to I = 2-



Dud tandon :

g( it) = min ftnl -1813) + É( z - z )
N

=
- 7-

*

( n ) - g*¢ - u )

Thus
,
the dual problem

- f-
*
Cu ) - g*(- u)Max .

M

Example :
-

primal : minimize
z

f- (x ) + Icca)

Dual : maximize - f- * (w) - IIC- u )
it



Dud ascent :

minimize f- (2)

s . to AI = b-

• L( 2. g) = f- (7) + GT ( Az - b)

•

g ( y ) = min .

n

LCZ , § )

• Max
. g(y ) =

mog
.

- f-
*

C- Atg ) - Eq
I

• z* = aogmin Llz ,%* )
7

(sub) Gradient to solve the dual problem :

'¥141 = G- K + ✗
K Ig ( G- K )



Ig ( Ix ) = AE - b-
,
where I -- avg.minlla.ge)

I

Thus
,

the dual ascent method :

N - minimization :

- -

21<+1 = avg min L ( Z
, Ik)

I

Debate :

1kt ,

= Lk + ✗
k ( A ?ek+ ,

- b)

Urine correspondences between f- and f-
☒ [e.9. , f is

ee - strongly convene ⇒ f-
*

il ul smooth] , we can derive

convergence results for dual update -

• Strong convening of f- needed to ensure convergence ( o( %)]



minimize f- (2)

Dyal design :
s.io An

.

-
- is

Supf its S⇒k :
L( 2,11 = flat + GT ( Az - b)

f- (z) =
f

, (n ,
) t fz(Nz ) + - . .

+ f- (MN )N

Z = & H, , Nz , . . In ]
>

E. g. , i th client solves for ni

Then
,
( ( -2 , g) = 1

,
(n

, , 1) t ↳ ( Nz
> f) + - - + Lucania)

- IT b-

with Li (ni , y ) = film ;) + YÉ Aiki
in

Az = f.tt , - - - An] /7) = b-
Nw

= D- INI t A-zNz -1 - - + d-NNN



a. = Cai , ai - - - iii.T
• TE-_minimizdi

ca-nb-cdo-nein-parall-di.mil" '

= arg Min Li (ni , Ik ) ; i
--1
,
. - . >

N

ni
N

yktl = yk + ✗
"

[ £ Airi"" - b)
c. =\

Scatter GI ; update ni in parallel ; gather Aiki
" '

(solve csubproblems
in parallel )

• Strong convexity of f needed to ensure convergence



Method of multipliers :
= ← -

Augment the Lagrangian to robustity the dual ascent :

min . e- (n ) + E- HAE - BHI
n

s .
to

Az = b-

• Augmented Lagrangian :

Letz , g) = Fln) -1 It (Az - b) + ez 11 Az - blitz

• method of multipliers :
- - -

zk
"

= avg min Cp ( 2 , G-
K )

drawee : IK
"

= yank + e ( Az'" '- b)



For differentiable fig we have the optimality

Corkins for primal↳ feasibility :

Az* - b = 0 and If(z*) + At&t = 0

• Since 2k" minimizes Lp (2 , §
" )

0 = In Lp ( z , yk )

= In f(zk* / + AT / g-
"
+ e ( Az "" - b))

= In ftp.kt
' ) + AT yktl

-

• so the dual update : y
'" '

= ygk + e ( Azk
"
- b)

⇒ using e as a fskpnize in the dual update
,
the iterate

Czk"
, YY

' ) is dual feasible .



⇒ primal residual Az
""

- b → o as iterations progress

• lovhen f is separable , the augmented Lagrangian

Cp is not separable .
So N - minimization

cannot be computed in parallel .

→ robust properties of method of multiplier

→ supports decomposition



Alternating direction method of multipliers ( ADMM )
-

-

-
-

suppose f and g are converse
,
and we wish to

solve

minimize f- (2) + plz )
N
,
Z

Subjed to Az -1 Bz = C

I ugmented Lagrangian :

Le ( z , z , g) = Fte ) + 8137 + IT (Az + Bz - c)

+ ez HAZ -133 - CHI



⇒ Alternating minimization ( one pan of Gauss - Seidel method )

i.e. , minimize over n with fined Z ,
and vice versa

(minimizing jointly over (n, y ) reduces to Mom )

ADI :

N - mini#on :
-

ZK
"

=

argzmin Lp ( E , z
"

, yk )

2- minimization:

↳ ( zzktl3¥
'

= arg min
- , z , yk )

2-

dual update :
-

YI
'

= yank + e ( Az
""
+ 321<+1 - C)



Optimality conditions :

- =

psim-dfeosib-ik.tv : ARE -1 331 - c- = 0

dhal-teaibiktyi.Ifcnl-A-y.io
Ig (3) + Bty = 0

Since zk
"

minimizes Le (z
"

! z , y±
' ) we have

0 = Ig ( zk
" )
+ Ñyk + e RT ( Az

#'

+ Bzk
"

- g)

= Ig (21+1) + BT yktl
-

• So ADMM dual update ( 2k" , y
'" '

i ZK" ) satisfies dual feasibility

• primal & dual feasibility are achieved at K → as



ADI scaled fozrm :

• Combine linear & quadratic terms in (
e
(n
, z , y ) :

Lela, 3- , & ) = FCI ) -1g ( Z ) c- IT ( Az + Bz - c)

+ Iz 11 Az + Bz - c- 1122

= f- (2) + g. (3) + ez 11 Az + Bz - C- + Ill?

+ const .

with y
"

= (f) É

É're + ( %) 11211 ? = 92 11 I + (E) 111} - (E) 11%-11}
= egllrtf-1-z.cz 114112 + F. ez &?

- ¥ 112112

= (%) 11 I + ell} - ( %) 111113



Scaled - form ADMM :
- -

-

z
'" '

= avg min f- (2) + (%) 11 Az + Bzk - e + Ikki
n

'" '

= avg min
g. ( z )

+ (%) 11 Az Bz - e + Ikki2-
z

yK+ '

= a-
K
+ A zkt ' + Bzk" - e

Engh : min .
fln ) is . to z c- C

n

E min . FCI) + glad 9. to . I -3=0

7,3
IT

sADMM
zkt1

z

Itn ) -1 42 113-2*+414122= Arg min

zkt
'

= Pc ( zkt ' + yk)
Kt '

= y
k
+ zK

-11
- zk -11


