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'mated bacndI :

EEP "

① Sets : open ,
closed

, compact

② functions : Erlend real value
,
closedness

og

continuity , Femi continuity ,
Lipschitz continuous

③ Optimization problem :

- Solution ( minimum ; local , global )
- Eminence of optimal solutions

( Weierstrass
'

theorem )

R" "

• Bertsekas
,
Non - linear programming (Appendix A)

• Beck
,
First -order optimization ( ch . 2)



Open a_ndÉd :

closed set : A set A CIR
"
that contains all of its limit

= =

points

¥6s : [ 0
,

I ]
,

☐ [c. e) ={ KEIR
"

: 112 - c. 11£ E}
Of Nis 1

Open set :

- =
complement of closed set

.

EE:S ( 0 , 1) me ✗ E.IM
0 < ni < I

É > o

"

All elements are Neln)= { yc-X://z-yk.ee}
interior points

" X -

f ( n - E. N+E)c Me (a) C- ✗

É cannot take Itn
✗ :[ 1,453 end point

closed Sati Nelms c- ✗ does not hold



compad-seti.oeobounded-eti.tt
c c- IR such that the magnitude of any

coordinate of any element of A in ten than e

Example : [ 2 ,
d) [ 2,5]

-

not bounded bounded

A subset of IR
"

is compact iff it is closed and bounded

ENaM
Any closed interval fa

,
b) in IR



-

Let A C IRM and f : A→ |RnContinuity :

⑨ f is continuous at a point z c- A it

Lt fly ) = flu)

y→n
continuous over A if it is continues at every

point R C- A attn

wppsemicoty : ¥ / ~ n

flz ) > it sup often) ←ÉA= f- u , -3]
k→es

⑤ f : A → IR is lower Semion timeous at
i f n C- A- it

flays ltinf f- (2k )
largest scalar k → as

Ney Hye- A for any sequence { zx } of elements in A

convergewins to gf

_¥%a ¥÷ e- to
"

17 A
flnbo)

' "
°

int A



② Ie : f : A → 112

it
k→•

* (Me ) = as

for every sequence { Mek} of element of A

such that 11m¢ 11 → as

Enlended real - valued trenchant.
-
- -
-

defined over Itne entire underlying ☒ pace IR
as well as - as and as

¥ : see.
"" ÷::÷%;÷%☐f. •

. IRM → IR

20m (f) = { y C- IN : e- (7) cos }

9m¥ : Indicator function of C C- lR^

fine log cant
b)

8
,
( z ) , {

0 ZEC with dom (A) =C

Oom # ? as nctc



EL : f : IR
'
→ C- es

,
as]

epi (f) = § ( z
, y) : f- (2) EY , zevi , yek}

I 112^+1112

Tepito ,ftx) ^ flops

e.mis
. . . |¥-☐*F

^

N

closed functions : f- : 112
'

→ f- as , as] is closed
-
-

if its epigraph is closed

Epi (A) = { Ise , y ) C- IN ✗ IR : 3
,
(a) sy } = C ✗ 1R+

→ epi ( Zc ) is closed when C is closed



⇒ if f is closed
,
00m41 is not necessarily closed

for) = { £ ,
n > 0

,

P , else .

cnoi-cw.ae, .%20m (f) = ( o
,
as) open interval

kepi(f) = { Guy) : my > I ;n >o }
closed set

50 Lcn) is closed ¥ e y

is my



For L : IR
'
→ f- as, as] ,

Itu following
are equivalent :

① f is lower semicontinuous

② I is closed

③ 'd - Sub level set : For any ✗ c- IR

ftx)
↳ (f) = { I C- Ñ : fluted

is cloned

infirm pepita

1 I
{n : t.tn> e-a }



PEY lower sic closed

• ① ⇒ ② : let { tea
, ya} Eepilt ) such that

( nay , ypf → ( n☒,y* ) as nk→ as . Then

f. ( 2k ) c- YK defn . epigraph .

-By lower semi continuity ,

f- (E) e tt ins flew) I Hint y*
*→ as k→os

= y*
So ( z*,y* ) C- epi ( L ) .

Hence f- is closed
.gg

f- closed Ex closed

• ② ⇒ ③ Ket { my } C c✗( f) and my → so

I is closed ifepi¥ ( 2k , d) C- epi (f) and ( me ,d) → (2%2)

→ (2%2) c- epi (f) and z*Ég
Bag



Lipschitz - conhn tanks :

f : ✗ → IÑ is called Lipschitz
continuous if there emits ☐ go

11 flat - fly)K E B 112 - £11
A I. I C- ✗

• B is the Lipschitz Constant Of f over ✗

⇒ llfczc ) - Ily) 11

score
' 11¥

E B j ☒ =/ y

¥=t"y" ein) - Blx - yle fly)s
"

"

stope - B flac ) -1 Ba / ✗ -91



opt-In poob_6m :

minimize f- (z)

I C- X

f : Dom (f) → IR objective or cost function

for) : value of the objective function

✗ coom (t ) is Itn feasible set

91 is Itn variable anz

minimize f- CN , , Nz )

S.t. Rizo in > ☐Ém,
JC ,

+ Nz El



Minima : pfln)

-1¥⇐÷✓
local minima strict local Global N

minimum
mnimnima

• n'
*

c- ✗ is a local minimum if F c- > 0

Pouch that ¥1m) 7- I (n* ) for c- ✗ with

11 z - 2*11 < c-

• n'
*

c- ✗ is a strict local minimum if F E 70

Pouch that ¥1m) > I (n* ) f n c- ✗ with

11 z - 2*11 < c-

• n'
☒

c- ✗ is a local minimum if F E > 0

Pouch that ¥1m) 31 to ) f n c- ✗

avg miie#
strict if >

set of all : I =/ Z*
global minima z c- ✗


