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Abstract— In this paper, we propose new non-coherent space-
time block code (STBC) designs, which achieve full transmit di-
versity as well as high rates. We first present a search procedure
to generate full-diversity non-coherent unitary space-time code-
books for any number of transmit antennas (n;) and time slots
(T > 2n.), using radial coordinates of points lying on the surface
of a sphere in RT~"t. The search method generates codebooks
having a specified minimum chordal distance, which allows flex-
ibility in achieving coding gain. Further, we propose another
unitary design using circulant matrices for any n, by restrict-
ing the search only to suitable constellation sets in R? for the case
of T' = 2n,. For the latter design, we present two different op-
timizations; 7) to maximize the minimum chordal distance, and
i) to maximize the expected chordal distance. The proposed
designs use an analytical design criterion which guarantees full
diversity. The proposed designs are shown to outperform Jing
and Hassibi codes reported previously in the literature.

Keywords — Non-coherent unitary STBCs, full-diversity, chordal
distance.
I. INTRODUCTION

The capacity of wireless multiple-input-multiple-output (MI-
MO) channels can be very high in scattering-rich environ-
ments compared to a single-input-single-output (SISO) chan-
nels [1]. In non-coherent communication, detection is car-
ried out without the knowledge of the channel gains at the
receiver. In fast fading situations where we cannot afford to
use time slots for channel estimation, or rely on inaccurate
channel knowledge (noisy observation), non-coherent space-
time codes can be considered.

From a capacity point of view, calculations for a MIMO block
fading channel show that unitary space-time codes are opti-
mal for non-coherent MIMO communication with i.i.d. Gaus-
sian noise [2]. Also, for minimizing pairwise error probabil-
ity, unitary codebooks are optimal [3]. In [4], the authors
used Cayley transform to obtain unitary space-time codes.
However, they have no control over transmit diversity. In
[5], the authors designed codes for PSK constellations, en-
suring full transmit diversity, while in [6], the authors used
exponential transform and coherent codes to design unitary
space-time codes which require lesser number of parameters
to be optimized than in [4]. Their construction guarantees
full transmit diversity. In [7], the authors proposed a training
based scheme which employs coherent codes that ensures full
transmit-diversity and good spectral efficiency. In [8], the au-
thors obtained non-coherent unitary codebooks by solving an
optimization problem that numerically maximized the mini-
mum principal angle.

In this paper, we propose new non-coherent unitary STBCs.
Our key contributions can be summarized as follows.

o We propose a search procedure to construct full-diversity
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unitary codebooks having a guaranteed minimum chord-
al distance for any number of transmit antennas (n;) and
time slots (7' > 2n;). We also give a method to increase
the codebook size if the required size is not achieved by
the search procedure.

o We further propose another unitary design using circu-
lant matrices for any n,, by restricting the search only
to suitable constellation sets in R? for the case of T =
2n;. For this, we present two different optimizations; )
to maximize the minimum chordal distance, and i) to
maximize the expected chordal distance.

o The proposed designs use an analytical design criterion
that guarantees full transmit diversity.

e Our simulation results for2 x 4,2 x 5,3 x 6and 3 x 7
codes show that the proposed designs outperform Jing
and Hassibi codes in [4] by about 1.5 dB at a codeword
error rate (CER) of 1072, Also, a comparison with a
training-based scheme that employs 2 x 2 Golden code
shows that the proposed design achieves better perfor-
mance by about 1 dB at a CER of 1072,

Organization of the paper: The rest of the paper is organized
as follows. In Section II, we present the non-coherent MIMO
system model and necessary definitions. In Section III, we
present the proposed code design based on chordal distance
criteria (referred to as Design-I), and its CER performance
results. In Section IV, we present the code design using cir-
culant matrices (referred to as Design-II), and its CER perfor-
mance results. Conclusions are given in Section V.

II. SYSTEM MODEL

Consider a MIMO channel with n; transmit and n,. receive
antennas. We assume a block fading channel with a coher-
ence time of 7' channel uses. The complex valued received
signal matrix of size n,. x T is given by

Y= HX+N, (1)

where X is the complex valued transmitted signal matrix of
size n; x T, H is the complex valued channel matrix of size
n, X ng, whose entries are assumed to be i.i.d. CA/(0, 1), and
N is the complex valued noise matrix of size n,, x T', whose
entries are i.i.d. CA(0,02). In the absence of the knowledge
of channel coefficients at the receiver, the generalized likeli-
hood ratio test (GLRT) estimate of X is given by [11],[12]

X = Y|X, H
arg max sup p(Y|X,H)

= r(YX*XY* 2
arg max r( ), (2)

where ¢ indicates the unitary space-time codebook used, and
(.)* denotes Hermitian operation. X must be of rank n; so
that the codewords are decodable using the GLRT metric.



Our focus in this paper is to design non-coherent unitary space-
time codes.

Definition 1: [11] Let X and Y be two orthonormal bases
of two different subspaces 2x and {2y of dimension M. Let
XY* = UxCUy,, where Uy and Uy are unitary matrices
of dimension M x M, and C is a diagonal matrix with C;; =
cosb;, 0; € [0,7/2],% = 1,2,---, M. Then 6;’s are called
the principal angles between the two subspaces.

Definition 2: [11] Let @ = [0y 05 --- 03] be the princi-
pal angles between the two subspaces 2x and 2y of dimen-

sion M. Then, d.(Qx,Qy) = \/Zij\il sin® 6; is called the

chordal distance between the two given subspaces.

When the channel matrix H is unknown at the receiver, T’
must be > n; to have at least n,n; observation equations.
Also, when H is unknown, it has been shown in [5] that the
order of transmit diversity that can be achieved is given by

T =

xfgé?eg [dim(Qx,) — dim(Qx, N Qx,)], ¥V i # 7, (3)
where the following bound gives the maximum achievable
transmit diversity:

“

From (4), it is seen that 7" must be > 2N, to achieve full
transmit diversity of » = n;. Also, it has been shown that
the r in (3) corresponds to the minimum number of non-unity
diagonal values of C over all possible X;,X;,7 # j code
word pairs (Definition 1). As in [13], we will use the chordal
distance based criterion to obtain new non-coherent code de-
signs. While the code design in [13] does not have control
over the achievable transmit diversity, our codes proposed in
Sec. III and IV achieve full transmit diversity.

r < min[ng, T — nyl.

III. PROPOSED CODEBOOK DESIGN-I

In this section, we present a search algorithm to generate
codebooks that guarantee full transmit diversity. In (3), the
transmit diversity 7 is maximized when the subspaces of X;
and X; do notintersect V i # j. We develop a code construc-
tion which satisfies this condition of non-intersection between
subspaces to achieve full transmit diversity.

A. Achieving Full Transmit Diversity

Let us consider the design of a n, x T  code, where 1" > 2n;.
Consider n; = 2. Let 31,32 € R? be linearly independent
(LI) over R. Let aj, s € RT~2 such that oy, oy are LI in
R7~2, and hence in CT 2. Let au3, oty be another such pair.

Now, let

% o-lg e ®
and

-lh o ©

Since B1, 32 are assumed to be LI in R?, )~(i’s are of rank
n¢(= 2), and hence GLRT decodable. The intersection of the
row space of X, X, in C” consists of elements satisfying

[aB1+bB2 aay +bas] = [a'B1 + b/ B2 daz+Vad, (7)

for some a, b,a’,b’ € C. Also, because of the LI between (31
and (3,, 512

(a—d)Bi+(b-V)B2 = 0, =a=d, b="b. (8

From (7) and (8), aa; + bas = aas + bay, which implies

9)

ala; —az)+b(as —ay) = 0.

Now, if a1, aio, aeg, ey be so chosen such that ] — a3, g —
ay are LI, then a = b = 0. This implies that the row spans of
X and X, (of dimension 2) do not intersect, and hence, from
(3), codes constructed in the form (5) and (6) will achieve full
transmit diversity (of 2). It can be shown that this argument
can be extended for any n; and T" > 2n;. The performance of
the codes can further be improved in terms of coding gain by
appropriate choice of a’s and 3’s. We propose to use chordal
distance measure for this purpose, which is described next.

B. Choice of a’s and (3’s Based on Chordal Distance

For a ny x T code design, for each code word, we need to
choose the « vectors; i.e., for the codeword indexed by £,
choose az(-k) = [agﬁ) aE’k’Q) agkgim}, fori =1,2,--- ,ny
and k = 1,2,--- , K, where K is the number of codewords.
Also, the 3 vectors need to be chosen; i.e., choose

,61‘ = [ﬂi,l ﬁ@g s ﬁi{”t]’ fori = 17 2, e, Ny such that ,Bi’S
are LI. The « vectors are chosen to be the Cartesian coordi-
nates of a point lying on the surface of a sphere in R” =", as
follows:

alf) = sin(e{)
k k . k
ag,z) = cos(gbﬁﬁf) Sln(@(‘,z))
O‘z(',k3) _ COS(¢Z('7]§1) cos( 5’“2)) sm(d)fg)
: (10)
0 = con() e cos(6, ) sin(o, )
k k y g
O‘E,Z)“—m = COS(QSE,I)) tee COS(¢7§%—7H—2) COS(¢57%_71’t_1)’

where gi)z(krz is

o) = kAR, (11)

where 7; ,, 1s an initial angle and A%k) is an angular incre-
ment. To get the first code word, we assign Ag,,l) = 0 and
choose 7; ,, so that {agl), aél), e
ordered basis of R” =", Construct

,aS})} is a subset of the

5

_ B2 ol

X C (12)
/Bnt agzlt)

The first codeword is obtained as X; = (X (X1))*)2 X 1),
For generating the kth codeword rotate each element of the
(k=1) _(k—1) (k—1
1 , Oy s, Oy
aék), e ,a,gi)}. Form the matrix

set {« )} by an amount AP to ob-

tain {agk),

B ol

, B o
X = . ; (13)

,Bnt ath)



from which form the matrix X~ = (X' (X')*)~2X’. For
j = 1to k — 1, compute X”X;‘f and obtain the SVD of the

resulting matrix as UjCjV;f. Ifvi=1,--- ;n,and Vj =
1,--- k-1,
(Cjli < 1, (14)
and
2 dmi’m (15)

admit X as k™" codeword in the codebook1 Note that if X
is of full rank, all the elgen values of XX* are strictly real and
positive. Hence, (XX*)_’ exists and X = (XX*)~2X has
the same row space as X, but now the rows X are orthonor-
mal. This unitary map not only gives the capacity achieving
structure but also spreads the information across all the time
slots which is not the case in training based schemes. It is
possible that the proposed construction method does not give
the required codebook size. We address this issue in the fol-
lowing section.

C. Codebook Size

If the codebook size (= K) has still to be increased further,

set A;’“) = 0 and choose appropriate ; ,, so that {agk), e

is another subset of the ordered basis of RT="¢ for k = K —|—1.
Repeat the construction described in section III-B starting

with the permuted row positions of agk), e a%kt) for k =

K + 1 and vary ¢£k73 for £ > K + 1. If all subsets of the set
of ordered basis and all permutations are exhausted and the
codebook size has still to be increased, then Vk = 1,--- | K
and Vi = 1,--- ,ns, we scale a( )

words by suitable scalars c( ) € Rand repeat the construc-
tion in III-B. The logic behind the scaling is as follows. If for
eachk =1to Kandsome j,1 < j < K,k # j,

used in forming the code

k j k _
o ol o al)  JeRTTM (6

are LI, then it amounts to say that the determinant

(k)

ol ()

—af
£ 0. (17)

(k)
(T'—ny)

(4)

o (T—n)

—Q

@ ... 0)

Now, consider the determinant in real variables c; y Cp Lt
al? — g
(18)
Q?M*#MQKM
Determinant (18) is not equal to zero for
o)==, =1, (19)

foreachk =1,--- , K, k # j. Now, for each k, the determi-
4 . (4)

nant (18) is a polynomial function in reals ¢y, -+ ,cp”, |
say fr. fx is continuous in c(J)’s foreach k = 1,--- | K.

Since, for ng) = ... = c(Tj)nt = 1, fr # 0 for each

1t is noted that, for Design-1, (14) is the condition for full-diversity and

15) controls the coding gain.
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(k) )1 peat the construction with the set {¢; c L, Cy

k=1,---,K, k # j, there exists however small an €, >
0,0, > 0, €,o0r € Rsuch that if
T—ny )
S n-dP < e, (20)
i=1
then, |fi(ct”, -, ¢? ) = fu(l, -+, 1)| < o Let
e =min(e1, -, 61,641, K). Whenever cgj), e c(qf) -
are chosen such that
T—n¢ )
S < e 1)
1=1

then,Vk =1, , K,k # j, | fu(c, ;) )= fu(1, . 1)] <
ok, 1.e., all K — 1 inequalities hold simultaneously. So, there
exists suitable values of ¢{’), - ¢/}~ # 1 for which the
determinant given by (18) can still be guaranteed to be non-
zeroVk =1,--- , K, k # j. If we impose further the restric-
tion that for each k, {agk), - ,agl;)_m)} are LI, then we
have the determinant (18) not equal to zero Vk = 1,--- | K.
(k) _ (j)agj)7 L (k) ) (J)} of

Hence, the subset {a; — Cpf Oty

{agk) - 0§j)a§j)7 e Otgf) - ng),nta(Tfm} can be made

LI by proper choice of c( ) So, foreach k = 1,--- | K, re-

(k) (k) (k) (k)} to
get the required codebook size. This also explams the reason
for the choice «;’s to be LI in (5) and (6).

To ease the process of getting n; LI vectors, we begin the con-
struction with a n;-size subset of the ordered basis of RT ~"t
and rotate al(-k)’s by small appropriate A%k) so that for each

k, a(k)’s are LI. The choice of suitable Ank can be argued

(k) (k) »

out similar to the treatment for choice of ¢, ", since «; ’ ’s

are functions of qﬁ(k)’ S.

D. Simulation Results and Discussion

We evaluated the CER performance of the proposed code-
book Design-I through simulations. Figure 1 shows the CER
results for the proposed Design-I for 2 x 5 and 3 x 7 codes
(i.e.,ny = 2,3and T = 5,7) withn,. = 1 at 1 bit/channel use
spectral efficiency. The codebooks are obtained by computer
search using the code search parameters listed in Table I. The

SNR plotted is %. For comparison purposes, we have
also plotted the performance of 2 x 5 and 3 x 7 codes of Jing

and Hassibi in [4]?.

From the CER plots in Fig. 1, we observe that the proposed
codes perform better compared to Jing and Hassibi codes by
about 1.5 dB at a CER of 1072, This better performance is
due to the flexibility in achieving coding gains in the pro-

posed design, where the angular increment A%k) along with

the values of c( ) are used to control spacing d,,;, between

the codewords. We further note that, looking at the plots
at high SNRs in Fig. 1, it might appear that Jing and Has-
sibi codes have a tendency for a sharper bend at high SNRs,

2While we have simulated the CER results for our codes, we did not simu-
late Jing and Hassibi codes. We have simply plotted the CER points available
in Figs. 3 and 4 in their paper [4]. This is because Jing and Hassibi codes
are not explicitly given in [4]. Even if we had obtained their codes by their
search procedure, we would not be sure if the codes we obtain are same as
those obtained by them. However, we have ensured that our SNR definition
used in the figures is same as that in [4].



Codeword error rate

Parameters 2 x 5 code 3 X 7 code
Bvectors | B1=[10], | 51=[100],62=1[010]
B2 =10 1] Bz =100 1]
AP range | 0.489 t0 0.51 0.55 t0 0.75
cl(»k) range -4to4 4t04
dmin 0.52 0.754
TABLEI

CODE SEARCH PARAMETERS FOR GENERATING THE CODEBOOKS FOR
2 X 5 AND 3 x 7 DESIGN-I CODES.

‘s
R
-1
10 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
10"2 ...............
— @O - Jing & Hassibi; 2x5 code, Nr=1
—O— Design |; 2x5 code, Nr=1
— 4 - Jing & Hassibi; 3x7 code, Nr=1
—+— Design I; 3x7 code, Nr=1
10_3 i i i i i
10 12 14 16 18 20
Average received SNR (dB)
Fig. 1. Codeword error rate performance of the proposed Design-1 2 x 5

and 3 X 7 codes. n, = 1.

and hence a higher diversity. We, however, clarify that 7)
we have analytically established that our codes achieve full-
diversity (see full-diversity criteria in Sec. III-A; Eqn. (14)
ensures full-diversity), 7¢) we have measured the slopes of our
CER curves at high SNRs and verified that our codes indeed
achieve the full diversity of 2 and 3 for n; = 2 and 3, and i)
Jing and Hassibi codes at best can achieve full diversity, im-
plying that their curves can at best run parallel to our curves at
high SNRs. The 1.5 dB better performance achieved by the
proposed codes at low SNRs is quite attractive, considering
that these are the SNRs/error rates at which the vertical fall of
outer turbo codes typically occur.

IV. PROPOSED CODEBOOK DESIGN-II

In this section, we present code designs restricting the search

to suitable constellation sets in R? (which simplifies the code
search compared to Design-I). Let

B1
X =[BA], B = : (22)
Bn. |
where 31, - - - , B,, are n; LI row vectors in C", and
T1 X2 Ty ]
Ty T1 Tng—1
A = (23)
€2 R r1  J

is a circulant matrix. xz;’s take values from a constellation set.
Thus the unitary design is X = (XX*) 2X. To increase the

number of symbols sent per channel use, we replace each %71 4

in A by Zk n(i—1)+1 Tk We address the issue of choosing
suitable constellation sets for getting full diversity for the case
of T' = 2n; in the following section.

A. Optimum Choice of B and Constellation Sets

For the case T' = 2n;, we exploit the features of A of the
form (23) to derive conditions for getting full diversity and
optimize the choice of B to maximize d,,;, or the expected
value of the chordal distance square (Ed?). Let B be a fixed
n; X n, invertible circulant matrix. The eigen values of A are

ni

> w0y,
j=1

i2w
and w,, = e [10]. Then, A = UDU", where D is a
diagonal matrix (i.e., D;; = [;) and U is the n; x n; DFT
matrix normalized by \/n;. Similarly, B = UAU", where A
is another diagonal matrix with A;; = \;, where \; are the
eigen values of B. Since B is full rank, it can be shown that

k=1, 24)

y Tt

_1
(5;53) : —U[ AA*+DD* |TFUT. (25
Then, X = ()NQE*)’%)? simplifies to
X = [C C], (26)
where C1, Cs are both circulant matrices given by
C: = U[AA +DD* |2 AU, (27)
C: U[ AA"+DD* | 2 DU". (28)

Using the arguments in Sec.III-A, for a given choice of in-
vertible B, it can be shown that the full diversity criteria in
this case amounts to choosing constellation points such that

ki # (29)

Vi=1,---,n, k#m,and k,m = 1,--- ||, where [¢] is the
codebook size. Let C denote the diagonal matrix obtained by
SVD decomposition of X, X;,X,,X;. It can be shown that

[Xi|* + 2‘>\i|2§R(lk,il:n,i) + ki P lm.i ]
[N+ N2 (ks |2 4 |lmi|) + kil 2| lmai]

The chordal distance squared between codewords Xy, X, is

l'm,iv

Cii = (30)

do = t(I—XpX, X X}). (31)
The above equality can be shown to be reduced to
S il Ui = il
- | L .32
i = L TR PO + e 2

For a given choice of constellation sets, for maximizing d2 ..,
we numerically search for that |\;|2 , € R that maximizes the
minimum of ¢th term of (32) over all possible codeword pairs.
This process is repeated foreach i = 1,2, -+, ny.

It may be noted that in maximizing d,,;,, we might decrease
the distance between other codeword pairs severely, affect-
ing the overall distance distribution of the codebook. So, we
try to maximize the expected chordal distance squared of the
codebook. We define our objective function averaged over all
codeword pairs as

ZI Z\f\ X
5P et @ 33
€1(1EN - 1) "
- 2
Setting 757 = 0, we get
13 $
Z lzl: ‘lkl_ mz (|lki|2|lm,i|2_ |/\1‘4) 0(34)
e (A 12 4 10 [2)2 (N + [l i)



which can be solved numerically for each¢ = 1,--- , n; sep-
arately to get |\;|2,,. It is noted that this criteria is different
from that in [4], where the expected log determinant of the
difference between matrix pairs is maximized. In either of our
two objective criteria, an n; dimensional optimization prob-
lem is reduced into n; independent 1-dimensional problems.
Also, if all |A;|opt’s are same, we reduce to the special case
of scaled identity matrix. Hence, for the 7' = 2n; case, the
choice of an optimum invertible circulant matrix can improve
Ed? compared to using identity matrix (as used in [5]).

Choice of Constellation Sets: The kth row of a ny x n; DFT
matrix consists of ath roots of unity, where a = m.
So the entries of the kth row of the DFT matrix belong to
Q(wq). If we let each z; take values from a;Z][i](a;Z][i]
{ajz : z € Z[i]}), i.e., QAM constellations scaled by a;
(for each j = ,n¢) such that a; ¢ Q(wy,, 1) are irra-
tional numbers that are Q LI, then the jth term in the sum-
mation of [ in (24) belongs to a;Q(w,,%). This implies
that I, ; — I # 0, VYk,m = 1,--- |}k # m,Vi =
1,---,ns. Thus, there exists scaled QAM constellations for
which Design-II can guarantee full diversity. A similar argu-
ment can be made for PSK constellation to ensure full diver-
sity. Further, after scaling the constellations by appropriate
irrational numbers, we propose to rotate/scale each constella-
tion by suitable angles/(numbers € Q). B is computed using
either (34) or d,,;,, criteria and their respective Ed? or d,p;n, 1S
calculated. The optimum angle and rational number for each
constellation is chosen by computer search for which Ed? or
dymin 1S maximum.

B. Simulation results and discussion

We obtained 2 x 4 and 3 x 6 Design-II codes, where B is
optimized to maximize Ed?. In Fig. 2, we present the CER
performance of the proposed Design-II for 3 x 6 code at a
spectral efficiency of, 7 = 1 bit/channel use. The matrix A
for this 3 x 6 code is

T+ T2 T3+ T4 T+ Te
A =| o5+x6 x1+22 x3+24 |, (35)
T3+ T4 Ts+Te T1+ T2
0.25

Whereme{i 64} :che{i”eh} z3 € {55}
x4 € {:I:J } x5 € {£el1}, x5 € {#je'T} and j = /1.
We have also plotted the performance of Jing and Hassibi’s
3 x 7 code for the same n = 1. We observe that proposed
3 x 6 Design-II code performs better (by about 2 dB at a

CER of 1072) compared to Jing and Hassibi’s 3 x 7 code.

We present a similar comparison for 2 x 4 codes. For the
proposed 2 x 4 Design-II code, A is given by
r1+ Ty X3+ x4
A = 36
r3+xy T1+a0 |’ (36)

$1€{i 36']18 iﬂeJQ+J18}x2€{ifeJSG :tfeJ2+J36} 9]
3 € {:I:e_o 06ei5  £e 000 5HEY 1y € {40.563117) 405633 HLITY

With 2 x 4 codes also, the proposed Design-11 codes perform
better than Jing and Hassibi’s codes.

We also compare the performance of the proposed 2 x4 Design-

II code with a training based scheme [7] using Golden code at
1n = 1. The CER performance of the training scheme, where
the channel is MMSE estimated using an 2 x 2 orthogonal pi-
lot matrix, followed by ML decoding of a 2 x 2 Golden code
matrix (BPSK modulated) is plotted in Fig. 2. The pilot ma-

Codeword error rate

trix as well as the data matrix have the same power. For t@1 5

—+— Design-Il, 2x4 code, nr=2, 1 bit/c.u

Training; Golden code (2x4), nr=2
1 bit/c.u

—+8— Design-Il, 3x6 code, nr=1, 1 bit/c.u

— Bl - Jing & Hassibi, 3x7 code, nr=1, 1 bit/c.u
- A- Jing & Hassibi, 2x4 code, nr=2, 2 bits/c.u
—A— Design-II, 2x4 code, nr=2, 2 bits/c.u

12 14 16 18

Average recieved SNR (dB)
Fig. 2. Codeword error rate performance for 3 x 6 and and 2 x 4 Design-II
codes. n, = 1, 2.

Design-II code, A is given by (36), where z1 € {355 eJ i},

xze{i eJ4} xge{ie o =5 amE{iJe;OS} Thepro—
posed 2 X 4 Design-II code i 1s seen to outperform the training

based scheme using Golden code by about 1 dB at 10~2 CER.

V. CONCLUSIONS

We presented two new non-coherent STBC designs (Designs-
I and IT) which achieved full diversity and high rates. For
Design-1, a search technique generated full-diversity unitary
STBCs whose chordal distances can be chosen to get good
coding gains. The proposed algorithm can be useful in gen-
erating small-sized codebooks. Design-II simplified the code
search space by restricting the constellation sets to R?. Our
proposed designs showed improved performance than exist-
ing designs for the considered sizes of codes.
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