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ABSTRACT

In this paper, we consider robust joint linear precoder/receive
filter designs for multiuser multi-input multi-output (MIMO)
downlink that minimize the sum mean square error (SMSE)
in the presence of imperfect channel state information at the
transmitter (CSIT). The base station (BS) is equipped with
multiple transmit antennas, and each user terminal is equipped
with one or more receive antennas. We consider a stochastic
error (SE) model and a norm-bounded error (NBE) model for
the CSIT error. In the case of CSIT error following SE model,
we compute the desired downlink precoder/receive filter ma-
trices by solving the simpler uplink problem by exploiting the
uplink-downlink duality for the MSE region. In the case of
the CSIT error following the NBE model, we consider the
worst-case SMSE as the objective function, and propose an
iterative algorithm for the robust transceiver design. The ro-
bustness of the proposed algorithms to imperfections in CSIT
is illustrated through simulations.

1. INTRODUCTION

There has been considerable interest in multiuser multi-input
multi-output (MIMO) wireless communication systems in view
of their potential to offer the benefits of transmit diversity
and increased channel capacity [1, 2]. In multiuser MIMO
systems, multiuser interference at the receiver is a crucial is-
sue. As a means to mitigate multiuser interference, transmit-
side processing in the form of precoding has been studied
widely [2]. An important criterion that has been frequently
used in precoder designs for multiuser MIMO downlink is
sum mean square error (SMSE) [3, 4]. However, most stud-
ies in multiuser MIMO, like in [3, 4], assume availability of
perfect CSIT. But, in practice, CSIT suffers from inaccura-
cies caused by errors in channel estimation and/or limited,
delayed or erroneous feedback. The performance of precod-
ing schemes is sensitive to such inaccuracies [5]. Hence, it
is of interest to develop transceiver designs that are robust
to errors in CSIT. Two approaches to robust designs are gen-
erally adopted. One approach is based on minimax or worst
case performance [6], applicable when the parameter uncer-
tainties belong to a predefined uncertainty set. The other ap-
proach is based on a stochastic measure of the performance,
applicable when the distribution of the parameter uncertainty
is available. A few studies on robust precoding for multiuser

multiple-input single-output MISO downlink with imperfect
CSIT have been reported in the literature [7, 8]. The studies
on robust precoder design in [7,8], however, are only for user
terminals with single receive antenna.

Recently, a robust precoder design for multiuser MIMO
downlink based on total BS transmit power minimization un-
der individual user mean square error (MSE) constraints has
been reported in [9]. We, in this paper, propose robust joint
designs of the precoder and receive filter for multiuser MIMO
downlink with imperfect CSIT. We consider two models for
the CSIT error, viz., stochastic error (SE) model and norm-
bounded error (NBE) model, and propose robust transceiver
designs valid under each model. The proposed transceiver
design under the SE model is based on minimizing a modi-
fied function of SMSE under a total transmit power constraint.
We show that the uplink-downlink duality for the MSE region
(which holds when CSIT is perfect [4]) is also valid when the
CSIT error follows the SE model. We exploit this duality and
propose a robust transceiver design algorithm.The proposed
transceiver design under the NBE model is based on min-
imizing the worst-case SMSE under a total transmit power
constraint. For this model, we propose an iterative optimiza-
tion algorithm, wherein each iteration involves the solution
of a pair of convex optimization problems that can be solved
efficiently. The robustness of the proposed algorithm to im-
perfections in CSIT is illustrated through simulations.

The rest of the paper is organized as follows. The system
model and the CSIT error models are given in Section 2. The
proposed robust transceiver designs for SE and NBE models
of CSIT error are given in Section 3 and Section 4 respec-
tively. Simulation results and comparisons are presented in
Section 5. Conclusions are presented in Section 6.

2. SYSTEM MODEL

We consider a multiuser MIMO downlink, where a base sta-
tion (BS) communicates with M users on the downlink. The
BS employs Nt transmit antennas and the kth user is equipped
with Nrk

receive antennas, 1 ≤ k ≤ M . Let uk denote1

the Lk × 1 data symbol vector for the kth user, where Lk,
k = 1, 2, · · · ,M , is the number of data streams for the kth

1Vectors are denoted by boldface lowercase letters, and matrices are de-
noted by boldface uppercase letters. [.]T denotes transpose, and [.]H denotes
Hermitian. vec(.) operator stacks the columns of the input matrix into one
column-vector. A � B denotes A − B is positive semi-definite.
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user. Stacking the data vectors for all the users, we get the
global data vector u = [uT

1 , · · · ,uT
M ]T . Let Bk ∈ C

Nt×Lk

represent the precoding matrix for the kth user. The global
precoding matrix B = [B1,B2, · · · ,BM ]. The transmit vec-
tor is given by

x = Bu. (1)

The kth component of the transmit vector x is transmitted
from the kth transmit antenna. The overall channel matrix is

H = [HT
1 HT

2 · · ·HT
M ]T , (2)

where Hk is the Nrk
× Nt channel matrix of the kth user.

The entries of the channel matrices are assumed to be zero-
mean, unit-variance complex Gaussian random variables. The
received signal vectors are given by

yk = HkBu + nk, 1 ≤ k ≤ M. (3)

The kth user estimates its data vector as

ûk = CkHk

( M∑
j=1

Bjuj

)
+ Cknk, 1 ≤ k ≤ M, (4)

where Ck ∈ C
Lk×Nrk is the receive filter of the kth user,

and nk is the zero-mean noise vector with E{nknH
k } = σ2

nI.
Stacking the estimated vectors of all users, the global estimate
can be written as

û = CHBu + Cn, (5)

where C is a block diagonal matrix with Ck, 1 ≤ k ≤ M
on the diagonal, and n = [nT

1 , · · · ,nT
M ]T . The global re-

ceive matrix C has block diagonal structure as the receivers
are non-cooperative. The MSE between the symbol vector uk

and the estimate ûk at the kth user is given by

εk = E{‖ûk − uk‖2}, 1 ≤ k ≤ M, (6)

and the sum-MSE (SMSE) is given by

smse = E{‖û − u‖2} =
M∑

k=1

εk, (7)

where E{·} denotes expectation operator.

2.1. CSIT Error Models
In this paper, we consider two models for the CSIT error. In
both the models, the true channel matrix of the kth user, Hk,
is represented as

Hk = Ĥk + Ek, 1 ≤ k ≤ M, (8)

where Ĥk is the transmit CSIT of the kth user, and Ek is the
CSIT error matrix. The overall channel matrix can be written
as

H = Ĥ + E, (9)

where Ĥ = [ĤT
1 ĤT

2 · · · ĤT
M ]T , and E = [ET

1 ET
2 · · ·ET

M ]T .
In a stochastic error (SE) model, Ek is the estimation error

matrix. The error matrix Ek is assumed to be Gaussian dis-
tributed with zero mean and E{EkEH

k } = σ2
EINrk

Nrk
. An

alternate error model is a norm-bounded error (NBE) model,
where

‖Ek‖F ≤ δk, 1 ≤ k ≤ M, (10)

or, equivalently, the true channel Hk belongs to the uncer-
tainty set Rk given by

Rk = {ζ∣∣ζ = Ĥk + Ek, ‖Ek‖F ≤ δk}, 1 ≤ k ≤ M, (11)

where δk is the CSIT uncertainty size, and ‖ · ‖F denotes the
Frobenius norm. When the transmitter performs the channel
estimation in systems where channel reciprocity holds (e.g.,
as in TDD systems), it is suitable to adopt the SE model
for CSIT error. But, when the transmitter obtains the CSIT
through a feedback channel from the receiver (e.g., as in FDD
systems), the CSIT error is mainly due to quantization. In
this case, the NBE model is suitable. Both models have been
employed in robust precoder designs reported in the litera-
ture [3, 4, 8]. In this paper, we use the SE model in Section 3,
and the NBE model in Section 4.

3. PROPOSED ROBUST TRANSCEIVER DESIGN
WITH SE MODEL

In this section, we consider the robust transceiver design based
on minimizing the SMSE under a total BS transmit power
constraint. The CSIT error is assumed to follow the SE model.
First we show that the MSE duality between the downlink
and the equivalent uplink, which holds when the CSIT is per-
fect [3, 4], is also valid when the CSIT follows the SE model.
We use this MSE duality to transform the downlink robust
transceiver design problem to a simpler problem in the equiv-
alent uplink. We obtain the desired solution for the downlink
by an appropriate transformation of the solution for the up-
link.

3.1. Uplink-Downlink Duality Under SE Model

In this subsection, we show that the downlink and the equiv-
alent uplink achieve the same MSE averaged over the CSIT
error under a total transmit power constraint. In the multiuser
MIMO downlink, when the CSIT error follow the SE model
(8), the downlink MSE at the kth user terminal averaged over
Ek can be written as

μk = EEk{εk} = Tr

(
I + CkĤk

( M∑
j=1

BjB
H
j

)
ĤH

k Ck

−2�(
CkĤkBk

))
+ ‖Ck‖2

F

(
σ2

E‖B‖2
F + σ2

n

)
. (12)

For the corresponding dual uplink, we have

ûk = CU
k HH

k

( M∑
j=1

BU
j uj

)
+ CU

k nk, ∀k, (13)

where CU
k denotes the receive filter, BU

k denotes the pre-
coder, and HU

k denotes the dual uplink channel matrix of the
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kth user. The dual uplink MSE at the kth user terminal aver-
aged over Ek can be written as

μU
k = EEk{εU

k } = Tr

(
I + CU

k

( M∑
j=1

ĤH
j BU

j (BU
j )HĤj

)
CU

k

−2�
(
CU

k ĤH
k BU

k

) )
+ ‖CU

k ‖2
F

(
σ2

E‖BU‖2
F + σ2

n

)
. (14)

We claim that, for a given uplink system with precoder matrix
BU and receive filter CU , we can obtain a precoder matrix B
and a receive filter C for the equivalent downlink such that
μU

k = μk, 1 ≤ k ≤ M , and ‖B‖2
F = ‖BU‖2

F . Let us
consider the following transformations from the uplink to the
dual downlink [4]:

Bk =
√

ak(CU
k )H , Ck =

√
(1/ak)(BU

k )H . (15)

Substituting the above in (12) and setting μU
k = μk, 1 ≤ k ≤

M , we have
Γa = σ2

nP, (16)

where
a =

[
a1 a2 . . . aM

]T
, (17)

P =
[‖BU

1 ‖2
F . . . ‖BU

M‖2
F

]T
, (18)

and

Γk,j =

{ ∑
i�=k ‖CU

k HH
i BU

i ‖2
F + σ̃2‖CU

k ‖2
F if k = j,

−‖CU
j HkB

U
k ‖2

F − σ2
E‖B‖2

F ‖CU
k ‖2

F if k �= j,
(19)

where σ̃2 = σ2
n + σ2

E‖B‖2
F . As Γ is real-valued and has

strictly dominant positive diagonal elements and negative off-
diagonal elements, Γ−1 exists and it has non-negative ele-
ments. Hence, there exists a solution for (16) such that ak >
0, 1 ≤ k ≤ M . Further, adding all the individual equations
in (16), we have

M∑
k=1

‖Bk‖2
F =

M∑
k=1

ak‖CU
k ‖2

F =
M∑

k=1

‖BU
k ‖2, (20)

which implies the equality of total transmit power in the
downlink and the equivalent uplink. We observe that, the ar-
guments here essentially extends the result in [4] to the case
with imperfect CSIT.

3.2. Robust Precoder/Receive Filter Design

The uplink-downlink duality enables us to compute robust
downlink precoder and receive filter by appropriate transfor-
mations of the precoder and receive filter for the virtual up-
link, the computation of which is often simpler. In this sub-
section, we describe the design of the robust precoder and re-
ceive filter for the uplink. For a fixed precoder matrix B, the
optimum receive filter can be obtained by setting the deriva-
tive of the SMSE averaged over the CSIT error, μU =

∑M
k=1 μU

k ,
with respect to the CU

k , 1 ≤ k ≤ M equal to zero. Perform-
ing this operation, we obtain

CU
k = (BU

k )HHU
k

( M∑
k=1

(HU
k )HBU

k (BU
k )HHk + σ̃2I

)−1

, ∀k. (21)

Substituting the expression for CU
k in (14), and after a few

algebraic manipulations, the uplink SMSE, averaged over the
CSIT error, can be represented as

μU =
M∑

k=1

μU
k =

M∑
k=1

Lk − NT + σ2
ntr(Z−1), (22)

where Z =
(∑M

k=1 HH
k BU

k (BU
k )HHk + σ̃2I

)
. Now, we can

reformulate the robust uplink precoder design problem as

min
{BU

k }M
k=1

f
�
= tr(Z−1)

subject to
M∑

k=1

‖BU
k ‖2 ≤ PT , (23)

where PT is the upper limit on the BS transmit power. We
solve this constrained optimization using the projected ver-
sion of conjugate gradient method [10]. The proposed algo-
rithm is shown in Table I. The optimum value of the coeffi-
cient α in the table I can be obtained by a line search [10].
f ′

k = HkZ−2HH
k BU

k is the derivative of f with respect to(
BU

k

)H
.

TABLE I

1) j = 0, BUj

k =
√

PT∑ M
i=1 Lk

I, Dj
k = −f ′

k,

1 ≤ k ≤ M .
2) j = 2, BUj+1

k = BUj

k + αDj
k, ∀k

3) Dj
k = −f ′

k + |Dj
k|2

|Dj−1
k |2 D

j−1
k , ∀k

4) BUj+1

k = BUj

k + αDj
k, ∀k

5) BUj+1

k =
√

PT∑ M
i=1 ‖BUj+1

k ‖2
BUj+1

k , ∀k

6) Stop if sufficient accuracy is reached;
else j = j + 1, go to step 3.

We can obtain the desired robust precoder and receive fil-
ter matrices for the downlink by applying the transformation
in (15).

4. PROPOSED ROBUST TRANSCEIVER DESIGN
WITH NBE MODEL

In this section we consider the robust transceiver design when
the CSIT follows the NBE model. In this case, we consider a
minimax design, wherein the robust transceiver design seeks
to minimize the worst case SMSE under a total BS transmit
power constraint. This problem can be written as

min
B,C

max
Ek:‖Ek‖≤δk,∀k

smse(B,C,E) (24)

subject to Tr(BBH) ≤ PT .

The optimization problem given above, is a semi-infinite op-
timization problem, which in general is intractable [6]. We
show, in the following, that an appropriate transformation makes
the problem in (24) tractable.

We note that the problem in (24) can be written as
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min
B,C,t

M∑
k=1

tk (25)

subject to ‖Dk(ĥk + ek) − fk‖2 + σ2
n‖ck‖2 ≤ tk,

∀‖ek‖ ≤ δk, ∀k

‖b‖2 ≤ PT ,

where tk, 1 ≤ k ≤ M are the dummy variables, Dk =
BT ⊗ Ck, ĥk = vec(Ĥk), ek = vec(Ek),ck = vec(Ck),
fk = vec(ILk×Lk

), and b = vec(B). The first constraint in
(25) is convex in B for a fixed value of Ck and vice versa,
but not jointly convex in B and Ck. Hence, to design the
transceiver, we propose an iterative algorithm, each iteration
of which involves only the computation of B or Ck.

4.1. Robust Precoder Design
For the design of the precoder matrix B, the second term in
the left hand side of the first constraint in (25) is not relevant,
hence we drop this term. The robust precoder design problem
for a fixed value of C can be represented as

min
B,t

M∑
k=1

tk (26)

subject to

[
tk [Dkhk − fk]H

[Dkhk − fk] I

]
� 0,

∀‖ek‖ ≤ δk, 1 ≤ k ≤ M,

‖b‖ ≤ √
PT ,

where hk = ĥk + ek. In the above formulation, we have
invoked the Schur Complement Lemma [11] to reformulate
the first constraint in (26) as a linear matrix inequality (LMI).
The first constraint in (26) can be written as

A � PHXQ + QHXHP, (27)

where

A =

⎡
⎣ tk

[
Dkĥk − fk

]H

[
Dkĥk − fk

]
I

⎤
⎦ , (28)

P =
[
0 DH

k

]
, X = ek, and Q = − [1 0]. Having refor-

mulated the constraint as in (27), we can invoke the following
Lemma [12] to solve the problem in (26):
Lemma 1: Given matrices P, Q, A with A = AH ,

A � PHXQ + QHXHP, ∀X : ‖X‖ ≤ ρ (29)

if and only if ∃λ ≥ 0 such that[
A − λQHQ −ρPH

−ρP λI

]
� 0. (30)

Applying Lemma 1, we can formulate the robust precoder
design problem in (26) as the following convex optimization
problem:

min
B,t,λ

M∑
k=1

tk (31)

subject to Mk � 0, λk > 0, ∀k,

‖b‖ ≤ √
PT ,

where

Mk =

⎡
⎣ tk − λk (Dkĥk − fk)H 0

(Dkĥk − fk) I −ρDk

0 −ρDH
k λkI

⎤
⎦ . (32)

4.2. Robust Receive filter Design
Here, we consider the design of robust receive filter for a
given precoder filter B. This problem can be written as

min
C,t

M∑
k=1

tk (33)

subject to ‖Dk(ĥk + ek) − fk‖2 + σ2
n‖ck‖2 ≤ tk,

∀‖ek‖ ≤ δk, 1 ≤ k ≤ M.

Applying the Schur Complement Lemma to the first constraint
in (33), we can formulate the robust receive filter design as the
following convex optimization problem:

min
C,t,λ

M∑
k=1

tk (34)

subject to Nk � 0, λk > 0, ∀k, (35)

where

Nk =

⎡
⎢⎢⎢⎢⎢⎣

tk − λk

[
(Dkĥk − fk

σnck

]H

0[
Dkĥk − fk

σnck

]
I −ρDk

0 −ρDH
k λkI

⎤
⎥⎥⎥⎥⎥⎦ . (36)

4.3. Iterative Algorithm for Solving (24)

Here we present the proposed iterative algorithm for the min-
imization of the SMSE under a constraint on the total BS
transmit power, when the CSIT error follows NBE model. At
the (n + 1)th iteration, the value of B, denoted by Bn+1,
is the solution to problem (31) and hence satisfies the BS
transmit power constraint. Having computed Bn+1, Cn+1

is the solution to the problem in (34). So J(Bn+1,Cn+1) ≤
J(Bn+1,Cn) ≤ J(Bn,Cn), where

J(B,C) = max
‖Ek‖<δk,∀k

smse(B,C,E). (37)

The monotonically decreasing nature of J(Bn,Cn), together
with the fact that J(Bn,Cn) is lower-bounded, implies that
the proposed algorithm converges to a limit as n → ∞. The
iteration is terminated when the norm of the difference in the
results of consecutive iterations are below a threshold or when
the maximum number of iterations is reached. We note that
proposed algorithm is not guaranteed to converge to the global
minimum.

5. SIMULATION RESULTS
In this section, we illustrate the performance of the proposed
robust transceiver algorithms, evaluated through simulations.
We compare the performance of the proposed robust designs
with the nonrobust transceiver designs reported in [4]. First,
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we consider the performance of the robust precoder design
with SE model for the CSIT error. We consider a system
with the base station transmitting L = 2 data streams each to
M = 3 users, each equipped with Nr = 2 receive antennas.
The simulation results are shown in Fig. 12. The SMSE per-
formances of the proposed robust design and the non-robust
design proposed in [4] for σ2

E = 0.1, and Nt = 6, 8 are com-
pared. We have also shown the performance of the designs
when the CSIT is perfectly known.The proposed robust de-
sign is seen to outperform the non-robust design in [4]. It is
found that the difference between the performance of these
algorithms increase as the SNR increases. This is observ-
able in (12), where the second term shows the effect of the
CSIT error variance amplified by the transmit power. Next,
we consider the performance of the robust precoder design
with NBE model for CSIT. In this experiment, we consider
a system with Nt = 4 transmit antennas and M = 2 users,
each equipped with Nr = 2 receive antennas. The BS trans-
mits L = 2 data streams to each user. The simulation re-
sults in terms of SMSE versus the CSIT uncertainty size δ for
PT = 15 dB and 25 dB are shown in Fig. 22. We observe im-
proved performance of the proposed robust design compared
to that of the non-robust design in [4]. Like in the case of
the robust transceiver design with SE model, here also we ob-
serve that the difference in SMSE between the robust design
and the non-robust design is larger for larger transmit power.

6. CONCLUSIONS
We presented two robust joint designs of linear precoder and
receive filter for multiuser MIMO downlink with imperfect
CSIT. Both the designs were based on the minimization of
SMSE under a constraint on the total BS transmit power. The
first design is for the scenario where the CSIT error can be
modeled by the SE model. For this case, we showed that the
MSE duality holds between the downlink and the correspond-

2Similar performance is observed for other settings of the parameters also.
Corresponding results are not included due to space constraint.
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ing uplink. We proposed an iterative algorithm for the robust
joint precoder/receiver design by using this duality. The sec-
ond design is for the scenario where the CSIT error can be
modeled by the NBE model. We proposed an iterative algo-
rithm to solve this problem. Through simulation results, we
illustrated the superior performance of the proposed robust
designs compared to the non-robust designs in the presence
of CSIT imperfections.
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