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Abstract—In this paper, we investigate the achievable rate region
of Gaussian multiple access channels (MAC) with finite input
alphabet and quantized output. With finite input alphabet and an
unquantized receiver, the two-user Gaussian MAC rate region
was studied in [5]. In most high throughput communication
systems based on digital signal processing, the analog received
signal is quantized using a low precision quantizer. In this paper,
we first derive the expressions for the achievable rate region
of a two-user Gaussian MAC with finite input alphabet and
quantized output. We show that, with finite input alphabet, the
achievable rate region with the commonly used uniform receiver
quantizer has a significant loss in the rate region compared to
that in [5]. It is observed that this degradation is due to the fact
that the received analog signal is densely distributed around the
origin, and is therefore not efficiently quantized with a uniform
quantizer which has equally spaced quantization intervals. It
is also observed that the density of the received analog signal
around the origin increases with increasing number of users.
Hence, the loss in the achievable rate region due to uniform
receiver quantization is expected to increase with increasing
number of users. We, therefore, propose a novel non-uniform
quantizer with finely spaced quantization intervals near the
origin. For a two-user Gaussian MAC with a given finite input
alphabet and low precision receiver quantization, we show that
the proposed non-uniform quantizer has a significantly larger
rate region compared to what is achieved with a uniform
quantizer.

Keywords — Gaussian MAC, finite input alphabet, quantized receiver,

discrete memoryless channel.

I. INTRODUCTION

Most communication systems are based on digital signal
processing, and rely on analog-to-digital converters (ADC) to
digitize the analog received signal. With increasing through-
put and bandwidth requirements, ADCs are expected to
operate at high frequencies. However, at high operating
frequencies, ADCs typically have low precision resulting in
loss of system performance [1]. In [2], it has been shown
that quantization causes floors in the bit error performance in
single-input multiple-output (SIMO) fading channels. In [3],
it is shown that for a single-input single-output (SISO) point-
to-point single user system with additive white Gaussian
noise (AWGN), receiver quantization with low precision
ADC results in significant loss of capacity when compared
to an unquantized receiver.

In this paper, we address the problem of degradation of the
rate region of a two-user Gaussian multiple access channel
(MAC) due to receiver quantization. In [3], the optimum in-
put distribution for a point-to-point single-user SISO AWGN
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channel with quantized output was shown to be non-Gaussian
with a finite support set. We, therefore, believe that even for a
two-user Gaussian MAC with quantized output, the optimum
input distribution for each user must have a finite support. In
this paper, we do not derive the optimum input distribution
for each user. Instead, we assume finite equi-probable input
for each user, and derive expressions for the achievable rate
region with a quantized receiver.

With finite input alphabets and an unquantized receiver, the
two-user Gaussian MAC rate region has been studied in [5].
In [5], in terms of the achievable rate region, it was shown
that, compared to having both the users transmit using the
same finite signal set, it is better to have the second user
transmit using a rotated version of the first user’s signal set.
We refer to the two-user Gaussian MAC system model in
[5] (with finite input alphabet and no output quantization) as
constellation constrained MAC (CCMAC).

In this paper, as in [5], we consider the rotation scheme,
wherein one user transmits using a rotated version of the
other user’s signal set. However, instead of assuming an un-
quantized receiver as was done in [5], here we consider quan-
tized receivers. Since uniform quantizers are commonly used
in communication receivers, we first consider a uniformly
quantized receiver, and show that with uniform quantization,
there is a significant reduction in the two-user Gaussian MAC
rate region compared to the CCMAC rate region. This is
due to the fact that the received analog signal is densely
distributed around the origin, and is therefore not efficiently
quantized with a uniform quantizer.

This then motivates us to propose a novel non-uniform
quantizer with finely spaced quantization intervals near the
origin. We show that, with finite input alphabets and receiver
quantization, the proposed non-uniform quantizer results in
enlargement of the two-user Gaussian MAC rate region
compared to that achieved with a uniform quantizer. It is
further observed that, with increasing number of users, the
probability distribution of the received analog signal is more
and more dense around the origin. Hence, it is expected
that with increasing number of users, larger enlargement in
rate region can be achieved with non-uniform quantization
compared to uniform quantization. The results and insights
reported in this paper can be of relevance in the design
of good low-precision quantizers at the receiver. We also
believe that, to our knowledge, a study on the effect of output
quantization in MAC channels with finite input alphabet have
not been reported so far.
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Fig. 1. (a) Two-user Gaussian MAC model with quantized output (b)
Equivalent DMC.

II. SYSTEM MODEL

Consider a two-user Gaussian MAC channel. Let x; and
9 be the symbols transmitted by the first and second user,
respectively. Let 1 € A} and zo € A,, where A; and
X, are finite signal sets with /Ny and N complex entries,
respectively. Let 2z ~ CN(0,0?) be the additive white
Gaussian noise at the receiver. The analog received signal
is then given by

y=1r1+ w2+ 2. (D

The analog received signal, y, is quantized by a quantizer Q,
resulting in the output r, as shown in Fig. 1. The quantizer
Q is actually composed of two similar quantizers acting
independently on the real and imaginary components of the
received analog signal, y. The real and imaginary components
of the quantized output r are then given by

TI = Qb(yj)v TQ = Qb(yQ)a (2)

where the function Q,(.) models a receiver quantizer having
a resolution of b bits. Qy(.) is a mapping from the set of real
numbers R to a finite alphabet set S;, of cardinality 2°, i.e.,

Q:R—S,, S,CR, [S]=2" (3)
Let R be defined as
R={c+jd|c,de S}, j=+v-1 4)

Thus the quantized output, r, takes values from the set R.
Henceforth, we refer to the above system model of Gaussian
MAC with finite input alphabet and receiver quantization as
quantized MAC (QMAC).

ITII. RATE REGION OF TWO-USER QMAC

In this section, we derive analytical expressions for the
rate region of a two-user QMAC. From the Fig. 1, we
observe that the effective multiple-access channel after re-
ceiver quantization, (X; X Xo, p(r|x1,x2), R), is a discrete
memoryless channel (DMC) with the transition probabilities

derived and given in (10). Let R; and Ry represent the rates
achieved by user 1 and user 2, respectively. Since QMAC is a
discrete memoryless multiple-access channel, the achievable
rate region [4] is the set of all rate pairs (Ry, Rs) satisfying

Ry < I(xzy:7|x2) ®)
Ry < I(xg:7r|xy) (6)
Ri+Ry < I(x1,20:7)
= I(zg:r)+I(z:r|xs). (7
The mutual information I(xs : 7), I(x; : r|zy) are given by
I(xzg :r) = H(r)— H(r|zs) €]
I(zy :7r|lze) = H(r|lze) — H(r|zy, z2), )

where the entropies in (8) and (9) are calculated using the
probability distribution function

p(r=358p(1) +jSp(k) |21 = X1 (1), 32 = Xp(m))
p(rf = 8y(i), 1% = Sp(k) |21 = X1 (1), 20 = Xa(m))
p(z" € F(x (1), X (m), S (7))

x p(z% € F(AXL(1), 257 (m), Sy(k))), (10)
where j = /—1, and Sy (i), X1 (i) and X (i) refer to the ith
element of sets Sy, X; and Xs, respectively. X7 (1), X2 (1)

and X{ (m), X5 (m) are the real and imaginary parts of X ({)
and X(m), respectively.

The region F(.) is defined as

Fp.q.t) ={n €eR|Qu(p+q+n)=t}, (A1)
and n ~ N (0,02 /2). From (10), the probability distributions
p(r|x2) and p(r) are calculated as
p(r = 8(i) + jSu(k) [z2 = X2(m))

Ny

_ N%Zp(r = Sy(i) + Sy (k)|z1 = X1 (1), w2 = Xa(m)); (12)

=1

p(r = Sp(i) + jSu(k))
1 &

= — > plr = 8y(0) + jSp(k)|z2 = Xa(m)).

A (13)

m=1

On substituting (10), (12), (13) into (8) and (9), I(z2 : 7)
and I(x; : r|xa) can be computed. By symmetry, I(x; : r)
and I(z9 : 7|z1) can be computed in a similar manner. The
final expressions for the achievable rate pairs (R, Ry) are
then given by (14), (15), and (16), presented on the top of
the next page.

Now, let Ay 2 {—(M —1),---,—1,1,---, (M — 1)} be
the M-PAM signal set, and A 2 2 {u+jv | u,v e Ay}
denote the corresponding M?2-QAM signal set. We restrict
the input of the first user to be from M 2?-QAM alphabet, and
the second user input to be from a rotated version of the first
user’s input alphabet, i.e., X1 = A,;2, and

Xy 2 {ue |ue Xy}, (17)

where 6 is the rotation angle. We are interested in maximizing
the sum rate (R; + Rp) achieved using the input alphabets
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prm,zz (Sb( )+ 3Sp(k) | X1(l1), X2(m1))

X1 and X defined above. Since R; and R, are functions of
6, we denote them by R;(f) and Rz (), respectively. For a
given b-bit quantizer, the optimal rotation angle, °P*, which
maximizes the sum rate is given by

§°Pt = ar max

R1(0) 4+ R2(0). (18
{0|X1€A1w27X2€{u6j9|7L6X1}} 1( ) 2( ) ( )

In all the numerical results reported in sections IV and V,
the resolution of # in the above optimization is set to 1°.

IV. QMAC WITH UNIFORM QUANTIZER

In this section, we study the achievable two-user QMAC rate
region with a uniform b-bit quantizer. First, define the sum
signal set as

Xsum = {$1 + 2 |$1 c Xla T2 € XQ} . (19)
Let X and X be defined as

X' 2 max lal], X922 max la®|.

(20)
a€Xsum a€Xsum

Now, the function Qy(.) for the uniform b-bit quantizer on
the real component of the received signal y is given by

+1, ) > 21
A -1, Iy < —(2071 -1
74I _ Qb(yI) o 2(( I) " C(y ) ( )
y7) otherwise,
2P —1
(21
2 |y =] gimi o
where ((y') = |75  Similarly, for the imaginary

component of y,

41, Cy?) > (21 —1)
" Q)< —(21 - 1)
r9 = Qb(i‘/Q> = v N
%7 otherwise,
(22)
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Fig. 2. Rate region of two-user QMAC with uniform quantizer. User 1
transmits from 16-QAM signal set, and User 2 transmits from an optimally
rotated version of the first user’s signal set. SNR per user = 15 dB.

where ((y?) 2 {%—27@2—1)]

With the uniform quantizer defined in (21) and (22), we
have numerically evaluated the rate region using (14),(15)
and (16), the results of which are discussed next.

A. Results and Discussion

In Fig. 2, we plot the rate region of a two-user QMAC as
a function of the quantizer resolution, b, with User 1 using
a 16-QAM input alphabet and User 2 using an optimally
rotated version of the 16-QAM alphabet, as per (18), at SNR
per user = 15 dB. The rate regions of GMAC (Gaussian
MAC with Gaussian inputs and no output quantization) and
CCMAC (Gaussian MAC with finite input and no output
quantization [5]) are also plotted. From Fig. 2, we observe
that with low precision ADCs (b = 1 or 2 bits), the sum
rate achieved with uniform receiver quantization is very
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poor compared to the sum rate of CCMAC. For instance,
with a 2-bit uniform quantizer, the sum rate is 2.9144 bits
which is just 49.5% of the sum rate of CCMAC (5.886
bits). To achieve a sum rate close to CCMAC, increased
quantization resolution is required. For a fixed quantization
resolution of b bits, the degradation in the rate region due to
a uniform quantizer compared to CCMAC is expected to be
more with increasing number of users. This is because the
sum constellation becomes more and more dense around the
origin, as illustrated in Fig. 3. Figure 3(a) shows the two-user
sum signal set with User 1 using 16-QAM with no rotation
and User 2 using 16-QAM with 45° rotation. Figure 3(b)
shows the three-user sum signal set; User 1 using 16-QAM
with no rotation and Users 2 and 3 using 16-QAM with 30°
and 60° rotations, respectively. It can be seen that the scatter
plot for the three-user sum signal set is clustered more around
the origin than that for the two-user sum signal set.

Scatter plot Scatter plot

Quadrature
L
Quadrature
L

-1 -05 05 1 -1 -05 05 1

o
In-Phase

]
In-Phase

(a) 2-user sum signal set (b) 3-user sum signal set

Fig. 3. Scatter plots of two-user and three-user sum signal sets.

B. Motivation for a Non-uniform Quantizer

Since the symbols in the sum signal set are densely dis-
tributed around the origin, for a given quantization resolution
of b bits, the uniform quantizer may not be the best quantizer
in terms of the achievable rate region. We highlight this point
through a simple example. Let

(miwé) S N B
X1 157157 157157 157 157 '
As illustrated in Figure 4(a), with a b = 3-bit uniform
quantizer, the receiver is unable to distinguish between the
transmitted points ¢1 and to, since they both fall in the same
quantization interval. It is expected that a quantizer which
can distinguish between all possible transmitted points would
have a better rate region than a quantizer which fails to do
so. Hence, as shown in Fig. 4(b), with b = 3 bits, a non-
uniform quantizer, which distinguishes between all possible
transmitted points, would have a better rate region than what
is achieved by a b = 3 bit uniform quantizer. In the following
section, we propose a non-uniform quantizer for QMAC.
We will see that indeed the proposed non-uniform quantizer
enlarges the rate region.

(23)

V. A NON-UNIFORM QUANTIZER FOR QMAC

In this section, we propose a non-uniform quantizer for
QMAC. The function Qy(.) for the real component of the
received signal in the proposed non-uniform quantizer is

|
T T
115 o35 37 s 417 517 47 1

‘ - | I * I *
+ *

+ + t
18 ns s 1

(b) 3-bit non-uniform quantizer

Fig. 4. Plot of the quantization intervals for 3-bit uniform and non-uniform
quantizers. The boundaries between the quantization regions are demarcated
by the dotted lines and the black dots show the points given in (23). Since
the quantizer is symmetric about the origin, only the positive side is shown.

L) > @ -
A n o wh<—@roy
a I\ 7? I p
%K?(yl)) +(2«;%)?1)) } o,
(24)

A

b 1\ 1/p
where p > 1, ((y') 2 {(221) ()%) J and X! defined
in (20).
Likewise, for the imaginary component
+1, (9>t -1
-1, (Y9 < -2 -1

o\ ? Q i
() (] o

(25)

1/
where ¢(y?) £ KT;) (;%) pJ and X9 defined in (20).

>

9 = Qu(y?)

Note that the parameter p in (24) and (25), is a quantizer
design parameter, which is used to increase/decrease the
quantization granularity around the origin. It can be seen that
the uniform quantizer in (21), (22) is a special case of this
non-uniform quantizer with p = 1.

For a fixed rotation angle ¢ and a quantizer resolution of b
bits, the sum rate R (6)+R2(6) is a function of the parameter
p. Since the sum rate is a function of both p and 6, we shall
denote it by

Rsum(97P) = Rl (eap) + R2(0ap) (26)

For a fixed 0, the optimal quantizer parameter, p* (), which

maximizes the sum rate is given by
p*(0) = arg max Rgyum(0,p). (27)
p:p=1

In the following subsection, for a fixed 6, we present a low-
complexity iterative algorithm to find a suboptimum solution
to the maximization problem in (27).

A. An Iterative Algorithm to Solve (27)

Let p*) and R*®) = Ry, (8, p™*)) denote the value of p and
the sum rate in the kth iteration, respectively. The algorithm
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starts with p(® = 1. In the (k + 1)th iteration, evaluate
RFHD = Ry (8, p™) +1). If R*+1) > R then go to the
next iteration with R+ = R(E+1) and p(k+1) = p(k) 4 1,
If R < R then evaluate (26) for all values of p in
the set

_ [ ;1J S LLJ}
P {p +1A,zeﬂA =01 | | ez

(28)
where A < 1 is the search granularity of the algorithm. Find

Reum (0,9 + 1A).

[ = 29
argle{ (29)

L max
3o [4])
Output 5(A) = p) + [A as the solution and stop.

In the above, the algorithm iteratively increments p in steps
of one until the sum rate cannot be further increased after
some iteration k. At this point, a finer granularity search
is performed in the neighborhood of p*). It is observed
numerically that R, (6, p) monotonically increases as a
function of p for a fixed €, and hence, with a sufficiently
low value of A, the value of p(6) is expected to be close to
p*(0). The rotation angle that maximizes Rgym (6,5(0)) is
then given by

0’ = arg max Rsum (0,p(0)). (30)
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Fig. 5. Comparison between the achievable rate regions with uniform and

non-uniform receiver quantization for a two-user MAC. User 1| uses a 64-

QAM signal set and User 2 uses the optimally rotated 64-QAM. SNR per

user = 22 dB.

B. Results and Discussion

We compute the rate regions achieved by the proposed non-
uniform quantizer for a two-user QMAC with User 1 using
a QAM alphabet and User 2 using the optimally rotated
QAM, and compare them with those achieved by the uniform
quantizer. Figure 5 shows the rate regions for 64-QAM at
SNR per user = 22 dB, and Fig. 6 shows the rate regions
for 16-QAM at SNR per user = 15 dB. From Fig. 5, we
observe that the maximum achievable sum rate with a b = 2-
bit uniform quantizer is 3.0891 bits, whereas a b = 2-bit
non-uniform quantizer achieves a sum rate of 3.7486 bits,
which is a 21.35% increase in the sum rate. This shows that
significant enlargement in the rate region is achieved with
non-uniform quantization compared to uniform quantization.
Table I presents a summary of the observations from Figs. 5
and 6.
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Fig. 6. Comparison between the achievable rate regions with uniform and
non-uniform receiver quantization for a two-user MAC. User | uses a 16-
QAM signal set and User 2 uses the optimally rotated 16-QAM. SNR per
user = 15 dB.

Uniform Non-uniform
# quant. | Quantizer Quantizer % gain
bits, b [ Reum (0°P")| Rsum(0,p(0)) | p(O)

(bits) (bits)
User 1: 16-QAM, User 2: Optimally rotated 16-QAM (Fig. 6)
b=2 2.9144 3.4675 2.9 18.98
b=3 4.6290 5.0787 1.3 09.71
User 1: 64-QAM, User 2: Optimally rotated 64-QAM (Fig. 5)
b=2 3.0891 3.7486 3.2 21.35
b=3 4.8910 5.1790 1.6 05.89

TABLE I

COMPARISON OF THE MAXIMUM ACHIEVABLE SUM RATES WITH
UNIFORM AND NON-UNIFORM RECEIVER QUANTIZATION FOR A
TWO-USER QMAC

VI. CONCLUSIONS

We investigated the effect of receiver quantization on the
achievable rate region of Gaussian MAC with finite input
alphabet. Low-precision quantization was shown to signif-
icantly degrade the rate region. Uniform quantization was
found to result in significant rate loss due to the dense
distribution of the sum signal set near the origin. So we
proposed a non-uniform quantizer that achieved significant
enlargement of the rate region compared to a uniform
quantizer. As a further extension to this study, design of
optimum non-uniform quantizer that will attain the maximum
achievable sum rate for a given quantization resolution can
be investigated.
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