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Abstract—In this paper, we consider a robust design of MIMO-
relay precoder and receive filter for the destination nodes in a
non-regenerative multiple-input multiple-output (MIMO) relay
network. The network consists of multiple source-destination
node pairs assisted by a single MIMO-relay node. The source and
destination nodes are single antenna nodes, whereas the MIMO-
relay node has multiple transmit and multiple receive antennas.
The channel state information (CSI) available at the MIMO-
relay node for precoding purpose is assumed to be imperfect.
We assume that the norms of errors in CSI are upper-bounded,
and the MIMO-relay node knows these bounds. We consider
the robust design of the MIMO-relay precoder and receive filter
based on the minimization of the total MIMO-relay transmit
power with constraints on the mean square error (MSE) at
the destination nodes. We show that this design problem can
be solved by solving an alternating sequence of minimization
and worst-case analysis problems. The minimization problem is
formulated as a convex optimization problem that can be solved
efficiently using interior-point methods. The worst-case analysis
problem can be solved analytically using an approximation for
the MSEs at the destination nodes. We demonstrate the robust
performance of the proposed design through simulations.

I. INTRODUCTION

Relay-assisted wireless communication systems have been
studied widely [1]–[3]. Improvement in link quality and reli-
ability, and increase in coverage area are some of the benefits
resulting from the use of relaying in wireless systems. Various
relaying schemes have been proposed in the literature. Among
them, regenerative and non-regenerative schemes have been
studied widely [1], [2]. In regenerative relaying, the relay
nodes decode the received signal, re-encode and then transmit
it to the destination nodes. Whereas, in non-regenerative
relaying, the relay nodes scale the received signal and transmit
it to the destination nodes. The non-regenerative relaying is
of practical interest as the signal processing involved is less
complex and is easier to implement. A widely studied wireless
relay-assisted system consists of a single source-destination
pair and multiple relay nodes. Relay precoder designs for such
a system have been reported in [4]–[6]. All the studies in [1]–
[6] consider relay nodes having a single antenna. Use of relay
nodes with multiple-input multiple-output (MIMO) capability
has the potential for further enhancing the spectral efficiency
and the link reliability. Recently, studies on the application of
MIMO techniques in relay networks have been reported in [7]–
[9]. In [7], a relay precoder design that maximizes the capacity
between the source and destination nodes in a non-regenerative
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relay system with single MIMO source-destination pair, and
a MIMO-relay is considered. In [8], a MIMO point-to-multi-
point system with a MIMO-relay is studied. In [9], a source
and relay precoder design based on the minimization of mean-
square error (MSE) for a three-node multicarrier MIMO-relay
network is reported.

Most of the works mentioned above assume the availability
of perfect channel state information (CSI) at the relay node.
In practice, the CSI available at the relay node is usually
imperfect due to different factors such as estimation error,
quantization, feedback delay, etc. Moreover, the performance
of the precoders designed based on the assumption of perfect
CSI degrades in the presence of errors in the CSI . Hence,
it is of interest to develop relay precoder designs that are
robust to errors in CSI. Relay precoder designs for single-
antenna nodes with partial/imperfect CSI have been studied
in [10]–[12]. The robust precoder designs proposed in [10]
are based on the second-order statistics of the CSI. These are
stochastically robust designs, and do not guarantee quality-of-
service (QoS) for all realizations of the CSI. Whereas, in [11],
the robust designs consider only large-scale fading. A robust
relay precoder for minimizing total relay transmit power under
an SINR constraint at the destination node is considered in
[12]. Very recently, a study on robust MIMO-relay precoder
design with SINR constraints for a multipoint-to-multipoint
relay network has been reported in [13].

In this paper, we propose a robust precoder/receive filter
design for a MIMO-relay system using non-regenerative relay-
ing with imperfect CSI at the MIMO-relay. More specifically,
we consider a system with multiple source-destination pairs
assisted by a single MIMO-relay. The source and destination
nodes are single antenna nodes, whereas the relay node has
multiple receive and transmit antennas. The relay precoder
design is based on the minimization of the total relay transmit
power under MSE constraints at the destination nodes. Our
robust design takes into account the imperfections in the
instantaneous CSI, and ensures that the QoS constraints are
satisfied for all realizations of CSI errors belonging to a given
uncertainty set. This is ensured by adopting a worst-case
(minimax) design. Although the system model considered here
and in the robust design in [13] are the same, we consider
an MSE-constrained design whereas [13] considers an SINR-
constrained design. Our formulation leads to a optimization
with second order cone (SOC) constraints which are compu-
tationally less complex compared to the semi-definite program
(SDP) formulations in [13]. We show that the proposed robust
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Fig. 1. MIMO-relay system model

precoder/receive filter design problem can be solved by solving
a sequence of minimization and worst-case analysis problems.
The minimization problem is formulated as a convex optimiza-
tion problem that can be solved efficiently using interior-point
methods [14]. The worst-case analysis problem can be solved
analytically. Further, for the special case of relay precoder and
receive filter design with perfectly known CSI, our formulation
leads to a convex optimization problem with SOC constraints.

The rest of the paper is organized as follows. The system
model is presented in Section II. The proposed robust pre-
coder/receive filter design is presented in Section III. Section
IV presents simulation results and comparisons. Conclusions
are presented in Section V.

II. SYSTEM MODEL

We consider a wireless relay system with M source-
destination pairs, and a MIMO-relay node having N trans-
mit and receive antennas, as shown in Fig. 1. The source
and destination nodes are equipped with single antenna. We
assume that there is no direct link between the transmit and
the destination nodes. We consider a non-regenerative relaying
scheme with half-duplex relay mode. In this mode, during
the first time slot, the ith source node transmits the symbol1

xi ∈ C with E{|xi|2} = 1, where E{·} denotes the expectation
operator. Let αi,j ∈ C represent the channel gain from
the ith source node to the jth receive antenna of the relay
node. Define αi = [αi,1 αi,2 · · ·αi,N ]T , 1 ≤ i ≤ M , and
A = [α1 α2 · · ·αM ]. The signal vector received at the relay
node is given by

y = Ax + μ, (1)

1Vectors are denoted by boldface lowercase letters, and matrices are denoted
by boldface uppercase letters. [·]T denotes transpose operation, [·]H denotes
Hermitian operation, and [·]� denotes complex conjugation. ⊗ denotes the
Kronecker product. �(·) and �(·) denote real part and imaginary part of the
argument respectively. vec(·) stacks all the columns of the argument into a
single column vector. diag(·) generates a diagonal matrix with the argument
on the diagonal. IN denotes a N × N identity matrix.

where y = [y1 y2 · · · yN ]T , x = [x1 x2 · · ·xM ]T , μ =
μ1 μ2 · · ·μN ]T , μk ∈ C is the noise at the kth receive
antenna of the relay node. The elements of μ are independent
and complex Gaussian random variables with zero mean and
E{|μk|2} = σ2

μk
, 1 ≤ k ≤ M . During the second time

slot, the relay node transmits the received signal vector after
multiplying it by a precoding matrix W ∈ C

N×N . Let
βi,j ∈ C represent the channel gain from the the jth transmit
antenna of the relay node to ith destination node. Define βi =

[βi,1 βi,2 · · ·βi,N ], 1 ≤ i ≤ M , and B =
[
βT1 βT2 · · ·βTM

]T
.

The signals received by the destination nodes, zi, 1 ≤ i ≤M,
can be represented vectorially as

z = BWy + ν, (2)

where z = [z1 z2 · · · zM ]T , ν = [ν1 ν2 · · · νM ]T , and νi ∈ C

is the noise at the ith destination node. The elements of ν
are independent and complex Gaussian with zero mean and
E{|νk|2} = σ2

νk
, 1 ≤ k ≤M . Let Γ = diag(γ1, γ2, · · · , γM ),

where γi is the receive scaling factor at the ith destination
node. The estimate of the transmitted signal vector can be
expressed as

x̂ = Γz

= ΓBWy + ν

= ΓBWAx + ΓBWμ + Γν, (3)

where x̂ = [x̂1, x̂2 · · · x̂M ]T , and x̂i is the signal estimate at
the ith destination node. We consider CSI uncertainties that
can be modeled as

αi = α̂i + φi, 1 ≤ i ≤M, (4)

βi = β̂i + πi, 1 ≤ i ≤M, (5)

where αi, βi, 1 ≤ i ≤ M are the true CSI, α̂i, β̂i, 1 ≤
i ≤M, are the imperfect CSI available at the relay node, and
φi, πi, 1 ≤ i ≤ M represent the additive errors in the CSI.
Further, we assume that ‖φi‖ ≤ δαi

, and ‖πi‖ ≤ δβi
, 1 ≤

i ≤ M . Equivalently, αi belongs to the uncertainty set Rαi
,

and βi belongs to the uncertainty set Rβi
, where

Rαi
= {ζ∣∣ζ = α̂i + φi, ‖φi‖ ≤ δαi

}, (6)

and

Rβi
= {ζ∣∣ζ = β̂i + πi, ‖πi‖ ≤ δβi

}. (7)

III. PROPOSED ROBUST RELAY PRECODER AND RECEIVE

FILTER DESIGN

In this section, we describe the proposed robust design
of the relay precoding matrix W and the receive filter Γ,
that minimize the total relay transmit power while meeting
MSE constraints at all the destination nodes in the presence
of imperfect CSI at the relay node. The CSI required by the
relay node for the purpose of precoder and receive filter design
consists of αi, βi, 1 ≤ i ≤ M . When the CSI available
at the relay is imperfect with errors of bounded norm, we
can make the relay precoder and the receive filter robust by
ensuring that the precoder and the receive filter satisfy the
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MSE constraints for all possible CSI errors satisfying the norm
bound. Mathematically, this problem can be represented as

min
W,Γ

P

subject to εi ≤ ηi,

αi ∈ Rαi
,βi ∈ Rβi

1 ≤ i ≤M, (8)

where P is the total relay transmit power, εi is the actual MSE
at the ith destination node, and ηi is the maximum allowed
MSE (MSE target) at the ith destination node. The problem
above is equivalent to

min
W,Γ

max
αi∈Rαi

,∀i
P

subject to max
αi∈Rαi

,βi∈Rβi
,∀i
εi ≤ ηi. (9)

Though an exact solution to this problem is difficult, we pro-
pose a tractable solution based on the cutting-set method [15].
The proposed solution involves solving an alternating sequence
of two sub-problems, viz., i) precoder/receive filter design
with fixed channel vectors, and ii) computation of worst-case
channel vectors for a fixed precoder and receive filter. We
note that the precoder/receive filter design with perfect CSI is
a special case of the problem described above, which involves
only solving once the first sub-problem using the perfectly
known channel vectors. The following subsections describe
the solutions of the first and second sub-problems and the
iterative algorithm to solve the overall robust design problem.

A. Precoder/Receive Filter Design for Given Channel Vectors

The first sub-problem in the proposed robust design is the
computation of the relay precoder W and the receive filter
Γ for a given set of channel vectors αi,βi, 1 ≤ i ≤ M .
This computation involves the minimization of the total relay
transmit power under MSE constraints at the destination nodes.
Mathematically, this problem can be written as

min
W,Γ

P

subject to εi ≤ ηi, 1 ≤ i ≤M. (10)

The total relay transmit power can be expressed as

P = E{‖Wy‖2)
= E{w̃H(IN2 ⊗ yT )H(IN2 ⊗ yT )w̃}
= w̃H(IN2 ⊗ (E{(yT )HyT })w̃
= w̃H

(
IN2 ⊗ (AAH + Rμ)T

)
w̃, (11)

where w̃ = vec(WT ), and Rμ = E{μμH}. The estimate of
the transmitted signal xi at the ith destination node can be
written as

x̂i = γiβiWαixi + γi

M∑
k=1,k �=i

βiWαkxk

+γiβiWμ + γiνi (12)

= γiβi(IN ⊗ αT
i )w̃xi +

M∑
k=1,k �=i

γiβi(IN ⊗ αT
k )w̃xk

+
N∑
k=1

γiβi(IN ⊗ eTk )w̃μk + γiνi, (13)

where ek is the kth column of IN . From the expression given
above, the MSE at the ith destination node can be written as

εi = E{|x̂i − x|2}

= |γiβi(IN ⊗ αT
i )w̃ − 1|2 + |γi|2

M∑
k=1,k �=i

|βi(IN ⊗ αT
k )w̃|2

+ |γi|2
N∑
k=1

|βi(IN ⊗ eTk )w̃|2σ2
μk

+ |γi|2σ2
νi
. (14)

The MSE constraints at the destination nodes can be written
as

|γiβi(IN ⊗ αT
i )w̃ − 1|2 + |γi|2

M∑
k=1,k �=i

|βi(IN ⊗ αT
k )w̃|2

+|γi|2
N∑
k=1

|βi(IN ⊗ eTk )w̃|2σ2
μk

+ |γi|2σ2
νi

≤ ηi, ∀i

⇒ |βi(IN ⊗ αT
i )w̃ − ψi|2 +

M∑
k=1,k �=i

|βi(IN ⊗ αT
k )w̃|2

+
N∑
k=1

|βi(IN ⊗ eTk )w̃|2σ2
μk

+ σ2
νi

≤ ηi|ψi|2, ∀i,
(15)

where ψi = 1
γi

. The precoder/receive filter design problem
as obtained by substituting (15) in (10) is not a convex
optimization problem. But we can transform this problem into
a convex optimization problem as follows. Let

pi =
[
pi1 · · · pii−1 (pii − ψi) pii+1 · · · piM

]
, (16)

where pik = βi(IN ⊗ αT
k )w̃. Let qi =

[
qi1 qi2 · · · qiM

]
,

where qik = βi(IN ⊗eTk )w̃σμi
. The constraints in (15) can be

reformulated as∥∥[
pi qi σνi

]∥∥2 ≤ ηi|ψi|2, ∀i. (17)

The precoder design that minimizes the total relay transmit
power under MSE constraints at the destination nodes can be
expressed as

min
w̃,{ψi}

w̃H
(
IN2 ⊗ (AAH + Rμ)T

)
w̃∥∥[

pi qi σνi

]∥∥ ≤ √
ηiψi, 1 ≤ i ≤M, (18)

where we have assumed ψi, 1 ≤ i ≤ M, are non-negative
real numbers. This assumption is valid, as any phase factor
of ψi can be absorbed into W without affecting the MSE.
The objective function in the problem in (18) is a convex
quadratic function, and the constraints are SOC constraints.
Hence, the precoder/receive filter design has been formulated
as a convex optimization problem that can be solved efficiently
using interior-point methods [14], [16].

Further, as we described earlier, if the CSI is known
perfectly at the relay node, then the relay precoder and the
receive filter can be designed by solving (18).
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B. Computation of Worst-Case Channels

The second sub-problem in the proposed robust design
involves the computation of the worst-case channels, i.e., those
channel vectors which belong to the uncertainty region and
maximize the total relay transmit power and the MSEs at the
destination nodes.

First, we consider the computation of the worst case chan-
nels that maximize the MSEs for a given precoder and receive
filter. If the worst-case analysis problem can be solved exactly,
then the exact robust optimal solution to the problem above is
possible. But, in the present problem, it turns out that an exact
solution to the worst-case analysis, i.e., the computation of
αi, βi, 1 ≤ i ≤M that maximize P and εi, 1 ≤ i ≤M , is
not possible due to the non-convexity of this problem. Hence,
we propose an approximate solution to the worst-case analysis
problem. We can express the MSEs, εi, 1 ≤ i ≤M , as

εi = |γi(β̂i + πi)W(α̂i + φi) − 1|2

+ |γi|2
M∑

k=1,k �=i
|(β̂i + πi)W(α̂k + φk)|2

+ |γi|2(β̂i + πi)WRμWH(β̂i + πi)H + |γi|2σ2
ν .
(19)

Let φ
i

k, 1 ≤ k ≤ M , and πi be the optimal solution of the
following problem:

max
{φk}M

k=1,πi

εi (20)

subject to ‖φk‖2 ≤ δαk
, 1 ≤ k ≤M,

‖πi‖2 ≤ δβi
.

Then αi
k = α̂i + φ

i

k, 1 ≤ k ≤ M, and β
i

= β̂i + πi

correspond to the worst-case channels, which give rise to
the worst-case MSE at the ith destination node, given the
imperfect CSI ({α̂k}Mk=1, β̂i) at the relay, and the CSI error
norm bounds {δαk

}Mk=1 and δβi
. Note that the MSE at the ith

destination node is a function of the source-to-relay channel
vectors of all the source nodes, i.e., αk, 1 ≤ k ≤ M . From
(19), we can see that solving (20) exactly is quite difficult. To
significantly simply the problem, we approximate εi in (20)
by neglecting those terms in (19) which involve second and
higher orders of {φk}Mk=1 and πi. We can approximate the
MSE at the ith source node as

εi ≈ 2
{(θ�ii − 1)βiWφi} + 2
{(θ�ii − 1)πiWαi}

+ 2
M∑

k=1,k �=i

{θ�ikβiWφk}

+ 2

{

πi

( M∑
k=1,k �=i

θ�ikWαk + WRμWβH
)}

,

(21)

where θij = βiWαj . Considering the terms involving φk and
πk in (21), and applying Cauchy-Schwarz inequality, we can

determine the worst-case CSI error vectors as follows:

φ
i

i =
δαi

‖(θii − 1)WHβHi ‖ (θii − 1)WHβHi , ∀i (22)

φ
i

k =
δαk

‖θikWHβHi ‖θikW
HβHi , ∀i,∀k �= i (23)

πi =
δβi

‖fi‖ fi, ∀i, (24)

where

fi = (θ�ii − 1)Wαi +
( M∑
k=1,k �=i

θ�ikWαk + WRμWβH
)
.

Next, we consider the computation of the worst case chan-
nels that maximize the total relay transmit power. The total
relay transmit power can be expressed as

P =
M∑
k=1

(α̂k + φk)
HWHW(α̂ + φk)k + trace(WRμWH).

(25)

As the last term in (25) does not depend on the CSI error, the
worst-case channel vectors maximizing the total relay transmit
power is obtained by solving

max
{φi:‖φi‖≤δαi

}M
i=1

M∑
k=1

(α̂k + φk)
HWHW(α̂k + φk). (26)

The problem in (27) is equivalent to the following individual
problems for 1 ≤ k ≤M :

max
φk:‖φk‖≤δαk

(α̂k + φk)
HWHW(α̂k + φk). (27)

The constraint in (27) is always active. So, the optimality
conditions [14] can be written as

∇Lk = 0 (28a)

φHk φk − δ2αk
= 0, (28b)

ρ > 0, (28c)

where ∇ is the gradient operator, ρ is the Lagrange multiplier,
and Lk is the Lagrangian associated with (27)

Lk = (α̂k + ak)HWHW(α̂k + φk) + ρ(φHk φk − δ2αk
).
(29)

From (28a) and (29), we get

φk = −(WHW + ρIN )−1WHWαk. (30)

Let WHW = UΛVH be the singular value decomposition
of WWH , where U and V are unitary matrices, and Λ is a
diagonal matrix containing the singular values λi 1 ≤ i ≤ N .
Then, based on (30) and (28b), we can show that

φHk φk = gHk Λ(Λ + ρIN )−2Λgk = δ2αk

⇒
N∑
i=1

|gki|2λ2
i

(λi + ρ)2
− δ2αk

= 0, (31)

where gk = VHαk, and gki is the ith element of gk. The
Lagrange multiplier ρ can be determined by solving (31).
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C. Iterative Algorithm for the Robust Design

The proposed robust precoder design involves iterating over
a sequence of minimization and worst-case analysis steps
described in the previous two subsections till a stopping
criterion is met. We start with the set S of channel vectors,
which initially contains only the imperfect CSI α̂i, β̂i, 1 ≤
i ≤M available at the relay node. The first step involves the
solution of the optimization problem in (10) for all elements
of the set S. This step computes W and Γ for a given S.
The second step is the worst-case analysis as described in
the previous subsection. If the resulting worst-case channels
violate the MSE constraints at the destination nodes, these
channel vectors are added to S. So, during the worst-case
analysis step in each iteration, the set S of the worst-case
channels may be expanded depending on the MSE constraint
violations. During the minimization step in each iteration,
the precoder and the receive filter are optimized to meet
MSE constraints for increasing number of worst-case channels
resulting in increased robustness. These two steps are iterated
till maximum constraint violation maxi(εi−ηi), where εi is the
worst-case MSE at the ith destination node, becomes less than
a certain threshold. When the worst-case analysis problem has
an exact solution, these iterations lead to the robust optimal
solution [15]. For the problem considered here, the worst-case
analysis is approximate, and the iteration is not guaranteed to
lead to the robust optimal solution. However, our simulations
show that the proposed design is robust to the CSI errors.

IV. SIMULATION RESULTS

In this section, we illustrate the performance of the proposed
robust design of the MIMO-relay precoder and receive filter,
evaluated through simulations. We compare the performance
of the proposed robust design with that of the non-robust
design. The non-robust design of the precoder and receive
filter are obtained by solving (18) using α̂k, β̂k, 1 ≤ k ≤M .
The channel fading is modeled as Rayleigh, with the channel
vectors αk, βk, 1 ≤ k ≤M , comprising of independent and
identically distributed (i.i.d) samples of a complex Gaussian
process with zero mean and unit variance. The noise at
each node is assumed to be zero-mean complex Gaussian
random variable. In all the simulations, we have assumed
σ2
μi

= σ2
μ, σ

2
νi

= σ2
ν , ηi = η, δαi

= δβi
= δ, 1 ≤ i ≤M .

For a comparison of the performance of the proposed robust
design with that of the non-robust design, first we consider the
cumulative distribution of achieved MSEs in the presence of
CSI errors. For this purpose, we consider a system with M = 4
transmit nodes communicating with M = 4 destination nodes,
and a MIMO-relay with N = 4 Tx/Rx antennas. The target
MSE is set as 0.2 for all destination nodes. To estimate
the cumulative distribution, we use φk, πk, 1 ≤ k ≤ M,
satisfying the norm constraints. The results are shown in Fig.
2. The results show that the non-robust design fails to meet
the MSE target with higher probabilities for larger values of
the CSI error bounds. The robust design results in MSE less
than the target MSE even in the presence of CSI errors. We
also evaluate the performance of the proposed design in the
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presence of CSI errors that are Gaussian distributed. For this
study, we consider a system with M = N = 4, and the target
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ν = 0.1, η = 0.3, 1 ≤ i ≤ M , δ = 0.01, 0.03, 0.07.

MSE η = 0.1 for all destination nodes. The components of
the CSI error vectors φk, and πk are generated as independent
and identically distributed complex Gaussian random variables
with zero mean and variance σ2

e . We compare the performance
of the non-robust design and robust design in terms of the
probability of outage defined as Pr{εi > ηi} versus CSI
estimation error variance. Probability of outage for the non-
robust design and the robust design with δ = 0.05, 0.1, 0.15
are shown in Fig. 3. The probability of outage of the non-
robust design significantly increases with increase in the CSI
error variance, whereas the robust design result in zero or very
low outage depending on design value of δ. For example, when
σe = 0.06, the probability of outage is negligibly small for the
robust precoder designed with δ = 0.15, and it is 0.045 for
δ = 0.1, whereas it is 0.83 for the non-robust design.

Next, we study the performance of the proposed design in
terms of total relay transmit power versus MSE target for
different values of CSI error bounds. For this purpose, we
consider a set-up with system parameters set as M = N = 4,
σ2
μ = σ2

ν = 0.1. The total relay transmit power resulting from
the robust and the non-robust designs in the presence of CSI
errors is estimated through simulations. The results are shown
in Fig. 4. The results show that the total relay transmit power
required to achieve a given MSE target increases with increase
in the CSI error norm bound. Comparing with the results in
Fig. 2, we observe that this increase in transmit power is the
price to pay for ensuring that the MSE constraints are satisfied
in the presence of CSI errors. Finally, the convergence be-
haviour of the proposed design is shown in Fig. 5. We consider
a set-up with M = 6 source-destination pairs and a MIMO-
relay with N = 6 Tx/Rx antennas. The target MSE is 0.3
at all the destination nodes. We have shown the convergence
results for CSI error norms δ = 0.01, 0.03, and 0.07. From the
results, we can observe that the algorithm converges in less
than 4 iterations of the minimization and worst case analysis
steps.

V. CONCLUSIONS

We presented a robust MIMO-relay precoder/receive filter
design with MSE constraints for wireless relay networks in the
presence of imperfect CSI at the relay. The proposed robust
design was based on total relay transmit power minimization
under MSE constraints at the destination nodes. We showed
that this design problem can be solved by solving a sequence
of minimization and worst-case analysis problems. The min-
imization problem is formulated as a convex optimization
problem that can be solved efficiently. The worst-case analysis
problem is solved analytically using an approximation for
the MSEs. We presented simulation results which illustrate
the improved performance of the proposed robust design
compared to the non-robust design in the presence of CSI
imperfections at the MIMO-relay.
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