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Abstract—In this paper, we are concerned with the performance of
turbo codes on Rayleigh fading channels when noncoherent detec-
tion is employed. Performance of turbo codes with noncoherent de-
tection on AWGN channels has been analyzed by Hall and Wilson.
They compared the performance of turbo codes with the achiev-
able information theoretic channel capacity for noncoherent detec-
tion on AWGN channels. We, in this paper, derive the information
theoretic channel capacity for noncoherent detection on Rayleigh
fading channels, and show that noncoherent turbo decoder achieves
performance close to this theoretical capacity (within 1.5 dB). We
further show that the performance of noncoherent turbo decoder
without the knowledge of channel fades is quite close (within 0.5 dB
at 10�5 BER) to that with perfect knowledge of the channel fades.
Optimum decoding of turbo codes requires the knowledge of chan-
nel SNR. With this requirement in mind, we propose online SNR
estimation schemes, based on the ratio of certain observables at the
output of the noncoherent detector, which when used in the turbo
decoder gives performance very close to that with perfect knowl-
edge of channel SNR.

Keywords – Turbo codes, fading channels, MAP decoding, nonco-

herent detection.

I. I NTRODUCTION

Turbo codes have been shown to offer near-capacity per-
formance on AWGN channels and significantly good per-
formance on fully-interleaved flat Rayleigh fading chan-
nels [1]–[4]. The performance of turbo codes onnonco-
herent AWGN channels has been examined by Hall and
Wilson in [5], where they considered DPSK (differen-
tial phase shift keying) and BFSK (binary frequency shift
keying) modulation schemes. In this paper, we analyze
the performance of turbo codes on Rayleigh fading chan-
nels with noncoherent detection using BFSK modulation.
We compute the information theoretic channel capacity
for noncoherent detection on Rayleigh fading channels,
and show that the noncoherent turbo decoder achieves
performance within 1.5 dB of capacity.

This work was supported in part by the Office of Naval Research un-
der Grant N00014-98-1-0875, by the TRW foundation, and by Nokia
Mobile Phones.

Optimum decoding of turbo codes requires the knowledge
of channel SNR [6],[7]. With this requirement in mind,
we propose an online SNR estimation scheme, based on
certain observables at the output of the noncoherent detec-
tor, for both the AWGN channel and the Rayleigh fading
channel. Our approach in this paper is similar to that in
[7], where we derived SNR estimation schemes for co-
herent detection. The proposed SNR estimation scheme,
when used in the noncoherent turbo decoder, gives perfor-
mance very close to that with perfect knowledge of chan-
nel SNR.
The rest of the paper is organized as follows. In Sec-
tion II, we introduce the system model and derive the
modified transition metric for noncoherent turbo detec-
tion of BFSK symbols on Rayleigh fading channels with-
out channel state information (CSI). In Section III, we
calculate the capacity of Rayleigh fading channels using
noncoherent BFSK with/without CSI. Section IV gives
the modified log-MAP algorithm. In Section V, we de-
rive SNR estimates on both AWGN and Rayleigh fading
channels with noncoherent detection. Results and discus-
sion are given in Section VI. Conclusions are provided in
Section VII.

II. SYSTEM MODEL

Following the notation in [8], we assume that the trans-
mitted symbols are BFSK modulated withs0 = [1; 0]T

and s1 = [0; 1]T denoting the vector representation of
BFSK symbols associated with the messagesm0 andm1,
respectively. The transmitted symbols are passed through
a fading channel and noise is added to them at the receiver
front end. The equivalent low pass model of the received
symbols is given by [8]

rc = �si cos � + nc (1)

and

rs = �si sin � + ns: (2)
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Here,si is the transmitted BFSK signal point correspond-
ing to the messagemi, i 2 f0; 1g. The received vectors
rc andrs denote the outputs of the quadrature demodula-
tors,� is a random phase which is distributed uniformly
over [0; 2�], and� is the random fade amplitude experi-
enced by the transmitted symbolsi. We assume that�’s
are i.i.d Rayleigh random variables with the density func-
tion given by

f�(a) = 2ae�a
2
; a � 0; (3)

we normalized the second moment of� to unity (i.e.,
E[�2] = 1). The noise vectorsnc andns denote the
in phase and quadrature phase noise whose components
have zero mean and variance�2, where,�2 = N0=2Es.
Given rc = x and rs = y, the optimum receiver setsbm equal to thatmi for which Prob(mijrc = x; rs = y)
is maximum [8]. With the signalsmi, i 2 f0; 1g being
equally probable, equivalently, we have to maximize

pr
c
;r
s
(x; yjmi) = E�

�
E�
�
pr
c
;r
s
(x; yjmi; �; �)

�	
; (4)

whereE�[� andE�[�] denote the expectation operations
with respect to� and�, respectively. The quantity
pr

c
;r
s
(x; yjmi; �; �) can be calculated as

pr
c
;r
s
(x; yjmi; �; �) = pn

c
(x� �si cos �)pns(y � �si sin �)

� e
��2

Es
N0 e

2Es
N0

(x�s
i
� cos �+y�s

i
� sin �)

� e
��2

Es
N0 e

2EsXi
N0

� cos(���i); (5)

whereXi =
q

(x:si)
2 + (y:si)

2 and�i = tan�1
�
y:s

i

x:s
i

�
.

From Eqn. (5)

pr
c
;r
s
(x; yjmi; �) � E�

�
Es

�N0

e
�(2+�2)

Es
N0 e

2XiEs
N0

� cos(���i)

�
� e

��2
Es
N0 I0

�
2�

XiEs

N0

�
; (6)

whereI0(�) is the modified Bessel function of the zeroth
order and first kind [8]. We can obtainpr

c
;r
s
(x; yjmi),

from Eqn. (6), as

pr
c
;r
s
(x; yjmi) � E�

h
e
��2

Es
N0 I0

�
2�

XiEs

N0

�i
� 2
e�2


1 + 

e
X2
i

2

1+
 ; (7)

where1 
 = Es=N0. Therefore, the optimum receiver has
to maximize the above quantity overi.

III. C HANNEL CAPACITY

In [5], Hall and Wilson obtained the capacity limits for
noncoherent detection on AWGN channel. In this sec-
tion, we obtain the capacity limits for noncoherent de-
tection on a Rayleigh fading channel using BFSK signal-
ing. Channel capacity is defined as the maximum over the

1In deriving Eqn. (7) we have used the result
1R

t=0

te�at
2
J0(bt)dt =

1
2a
e�

b2

4a , with J0(it) = I0(t), i =
p�1.

input distribution,PX (x), of the mutual information be-
tween the channel output (Y ) and the input (X), I(X;Y ).
For the fading channel, if the fading amplitude is known,
the mutual information is conditioned on this knowledge.
In the following, we considera) Rayleigh fading with
channel state information (CSI), i.e., perfect knowledge
of the fade amplitudes is available at the receiver, andb)
Rayleigh fading without CSI (NCSI).

A. Rayleigh fading with CSI

With perfect CSI, the conditional p.d.fsp(Xijsj ; �), i; j 2
f0; 1g can be computed in a straightforward way, and are
given by

p(X0js0; �) = 2
X0e
�(X2

0+�
2)
I0(2X0�
);

p(X1js0; �) = 2
X1e
�X2

1
 ;

p(X0js1; �) = 2
X0e
�X2

0
 ; and

p(X1js1; �) = 2
X1e
�(X2

1+�
2)
I0(2X1�
): (8)

The channel capacity is given by

CRay;CSI
BFSK

=

1Z
a=0

f�(a)

1Z
X0=0

1Z
X1=0

p(X0js0; a)p(X1js0; a) �

log

�
p(X0js0; a)p(X1js0; a)P1

i=0
P (si)p(X0jsi; a)p(X1jsi; a)

�
da dX0 dX1: (9)

Upon substituting the p.d.f’s of Eqn. (8) in Eqn. (9), we
obtain

C
Ray;CSI

BFSK
=

1Z
a=0

f�(a)

1Z
X0=0

1Z
X1=0

4

2
X0X1e

�(X2
0
+X2

1
+�2)


�

I0(2X0�
) log

�
2I0(2X0�
)

I0(2X0�
) + I0(2X1�
)

�
da dX0 dX1: (10)

B. Rayleigh fading without CSI (NCSI)

With no channel state information (NCSI), the conditional
p.d.fsp(Xijsj), i; j 2 f0; 1g are given by

p(X0js0) =
2X0


1 + 

e
�X2

0



1+
 ;

p(X1js0) = 2
X1e
�X2

1
 ;

p(X0js1) = 2
X0e
�X2

0
 ; and

p(X1js1) =
2X1


1 + 

e
�X2

1



1+
 : (11)

The channel capacity is given by

CRay;NCSI
BFSK

=

1Z
X0=0

1Z
X1=0

p(X0js0)p(X1js0) �
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Code Eb=N0 (min) Eb=N0 (min) Eb=N0 (min)
Rate AWGN Rayleigh, CSI Rayleigh, NCSI
1/4 6.72 dB 7.22 dB 8.02 dB
1/3 6.87 dB 7.47 dB 8.07 dB
1/2 6.91 dB 8.31 dB 8.51 dB
2/3 6.96 dB 9.96 dB 10.07 dB
4/5 7.67 dB 11.07 dB 11.57 dB

TABLE I

CHANNEL CAPACITY LIMITS FOR NONCOHERENTBFSK

log

�
p(X0js0)p(X1js0)P1

i=0
P (si)p(X0jsi)p(X1jsi)

�
dX0 dX1: (12)

Upon substituting the p.d.fs of Eqn. (11) in Eqn. (12), we
obtain

CRay;NCSI
BFSK

=

1Z
X0=0

1Z
X1=0

4
X0X1
2

1 + 

e
�

�
X2
0



1+

+X2

1


�
�

log

0
@ 2

1 + e
(X2

1
�X2

0
)
2

1+


1
A dX0 dX1: (13)

By evaluating the capacity expressions in Eqns. (10) and
(13) via numerical integration, we obtain the minimum
Eb=N0 required to achieve an arbitrarily small probability
of error for different code rates. We tabulated these val-
ues in Table I for code rates of interest. Also, the capacity
limits for the AWGN channel are given for comparison
purposes. The results in Table I show that noncoherent
BFSK does not benefit from letting the code rate dimin-
ish indefinitely. In Fig. 1, we have plotted the capac-
ity versusEs=N0 on Rayleigh fading channels with and
without CSI, with noncoherent detection. The capacity
for the AWGN channel is also shown. From Fig. 1, we
observe that the loss in channel capacity with no CSI is
quite small compared to the capacity with CSI. The same
observation can be made from Table I as well.

IV. L OG-MAP DECODER WITHNONCOHERENT

DETECTION

In this section, we modify the log-MAP decoder [10],[12],
for the case of noncoherent BFSK signaling. To do so, we
need to calculate the transition metric defined by
k(s; t) =
Prob(Xk; Sk = tjSk�1 = s), where
Xk = (Xs

k;0; X
s
k;1; X

p
k;0; X

p
k;1) for a rate-1/3 turbo code.

HereXs
k;0, Xs

k;1 are the envelope outputs corresponding
to the transmitted information symbolxsk. Xp

k;0, X
p
k;1

are the envelope outputs corresponding to the transmitted
parity symbolxpk. Herep 2 fp1; p2g, wherep1 signi-
fies the first parity andp2 signifies the second parity. It
is to be noted that, for the first decoder the received am-
plitudes due to transmitted symbol and parity (i.e., first
parity) have same time alignment, whereas for the sec-
ond decoder the received amplitudes are due to the inter-
leaved version of the transmitted symbols and again have
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Fig. 1. Channel capacity on the fully interleaved Rayleigh fading chan-
nel with noncoherent BFSK signaling. Also shown is the capacity
on the AWGN channel.

the same time alignment with the amplitudes due to the
second parity symbol. Also,Sk, Sk�1 are the encoder
states at time instancesk, k � 1, respectively. Applying
Baye’s theorem, we can write
k(s; t) as


k(s; t) = Prob(Xk; Sk = tjSk�1 = s)

= Prob(XkjSk = t; Sk�1 = s)Prob(Sk = tjSk�1 = s)

= p(Xkjxk)Prob(Sk = tjSk�1 = s)

= p(Xkjxk)Prob(xsk): (14)

The last step in the above equation is due to the fact that
the state transition between any given pair of statess and
t uniquely determines the information bitxsk. Define

ck(s; t) = log(
k(s; t))

= log(p(Xkjxk)) + log(Prob(xsk)): (15)

The first term in the above equation is derived as follows.
With perfect channel interleaving, we get

log(p(Xk jxk)) = log(p(Xs
k;0;X

s
k;1jxsk)) +

log(p(Xp
k;0

;Xp
k;1

jxp
k
)): (16)

Using Eqn. (7) in Eqn. (16), and discarding all the con-
stant terms and terms which do not depend on the code
symbolsfxkg, we obtain

log(p(Xk jxk)) =

2

1 + 

(Xs

k;0(1 � xsk) +Xs
k;1x

s
k +

Xp
k;0

(1� xp
k
) +Xp

k;1
xp
k
:

(17)

The second term in Eqn. (15) can be calculated as follows.
Define the quantitybLk as

bLk = log

�
Prob(xs

k
= 1)

Prob(xs
k
= 0)

�
: (18)
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This gives us Prob(xsk = 1) = ebLk
1+ebLk and Prob(xsk =

0) = 1

1+ebLk . With these, we have,

log(Prob(xsk)) = xskbLk: (19)

Combining the results of Eqns. (17) and (19) and substi-
tuting in Eqn. (15), we obtain

ck(s; t) = bLkxsk +

2

1 + 

(Xs

k;0(1 � xsk) +Xs
k;1x

s
k +

Xp
k;0

(1� xp
k
) +Xp

k;1
xp
k
): (20)

V. SNR ESTIMATION

Optimum decoding of turbo codes require the knowledge
of channel SNR [6],[7]. In [7], we proposed an SNR
estimation scheme over generalized fading channels and
applied it in decoding turbo codes with coherent BPSK
signaling. From Eqn. (20), we observe that noncoher-
ent turbo detection also requires the knowledge of chan-
nel SNR,
. In Sections V-A and V-B, we derive the
SNR estimation schemes for non-coherent detection on
an AWGN channel and for a Rayleigh fading channel, re-
spectively.

A. SNR Estimation on AWGN Channel
For the case of an AWGN channel, the inphase and quadra-
ture phase demodulator’s outputs are given by

rc = si cos � + nc
rs = si sin � + ns: (21)

We want to estimate the received SNR,
 = Es
2�2 = Es

N0
. In

Eqn. (21), the actual data polarity is unknown. Our inter-
est is to devise a blind algorithm which does not require
the transmission of known training symbols to estimate
the SNR. Accordingly, we formulate an estimator for the
SNR based on a block observation ofrc and/orrs as

zAWGN =
E
��
rc � rc

��2
E

h�
rc � rc

�2i : (22)

In the above formulation, we have used the observables at
the output of the inphase demodulator. The same result
can also be obtained with the observable,r s, at the output
of quadrature phase demodulator. The numerator in the
Eqn. (22) can be computed as

E
��
rc � rc

��
= E(cos2 �)E(si � si) + E(nc � nc) +

2E(cos �)E(si � nc)

=
1

2
+ 2�2; (23)

sinceE(jsij
2) = 1, E(cos �) = 0, andE(si � nc) = 0.

The denominator in the Eqn. (22) can be computed as

E

h�
rc � rc

�2i
= E

h�
jsij2 cos2 � + jncj2 + 2 cos �si � nc

�2i

= E(cos4 �)E(jsij4) + E(jncj4) +

4E(cos2 �)E

h�
si � nc

�2i
+

2E(cos2 �)E(jsij2)E(jncj2)

=
3

8
+ 8�4 + 4�2: (24)

From Eqns. (23) and (24),zAWGN can be obtained as

zAWGN =
2(2 + 
)2

16 + 16
 + 3
2
: (25)

For a given value ofzAWGN (computed from a block
observation of ther 0cs), the corresponding estimate of

can be computed from Eqn. (25). For easy implementa-
tion, an approximate relation betweenzAWGN and
 can
be obtained through an exponential curve fitting for Eqn.
(25). The exponential fit is given by


 = a3e

�
a0e

(a1zAWGN )+a2zAWGN

�
; (26)

wherea0 = �5:86 � 104, a1 = �18:99, a2 = �13:37,
anda3 = 2:66 � 104.

B. SNR Estimation on Rayleigh Fading Channel

For the case of a Rayleigh fading channel, the inphase
and quadrature phase demodulator’s outputs are given by
the Eqns. (1) and (2). We want to estimate the average
received SNR,
 = Es

2�2E(�2) = Es
N0

. Similar to the ap-
proach we have in Section V-A, we formulate an estimator
for the SNR, based on a block observation of ther c’s, as

zRay =
E
��
rc � rc

��2
E

h�
rc � rc

�2i : (27)

The numerator in Eqn. (27) can be computed as

E
��
rc � rc

��
= E(cos2 �)E(�2)E(si � si) + E(nc � nc) +

2E(cos �)E(�)E(si � nc)

=
1

2
+ 2�2: (28)

The denominator in the Eqn. (27) can be computed as

E[(rc � rc)2] = E[(�2jsij2 cos2 � + jncj2 + 2� cos �si � nc)2]
= E(�4)E(cos4 �)E(jsij4) + E(jncj4) +

4E(�2)E(cos2 �)E[
�
si � nc

�2
] +

2E(�2)E(cos2 �)E(jsij2)E(jncj2)

=
3

4
+ 8�4 + 4�2: (29)

From Eqns. (28) and (29),zRay can be obtained as

zRay =
(2 + 
)2

8 + 8
 + 3
2
: (30)

For a given value ofzRay (computed from a block ob-
servation of ther 0cs), the corresponding estimate of
 can
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True SNR,
 Block size=1000 bits Block Size=5000 bits
(dB) E[b
], dB SD [b
], dB E[b
], dB SD[b
], dB

1.23 0.78 2.688 0.845 0.522
2.23 1.97 1.814 2.03 0.351
3.23 3.15 1.117 3.19 0.214
4.23 4.21 0.618 4.25 0.117
5.23 5.10 0.302 5.13 0.056

TABLE II

MEAN AND STANDARD DEVIATION OF THE SNRESTIMATE,b
 , FOR

DIFFERENT VALUES OF THE TRUESNR,
 , FOR NONCOHERENT

AWGN CHANNEL.

True SNR,
 Block size=1000 bits Block Size=5000 bits
(dB) E[b
], dB SD [b
], dB E[b
], dB SD[b
], dB

1.23 1.11 1.570 1.20 0.299
2.23 2.21 1.176 2.28 0.225
3.23 3.26 0.882 3.31 0.170
4.23 4.23 0.678 4.27 0.132
5.23 5.10 0.540 5.13 0.106

TABLE III

MEAN AND STANDARD DEVIATION OF THE SNRESTIMATE,b
 , FOR

DIFFERENT VALUES OF THE TRUESNR,
 , FOR RAYLEIGH FADING

CHANNEL WITH NONCOHERENTBFSK.

be computed from Eqn. (30). For easy implementation,
an approximate relation betweenzRay and
 can be ob-
tained through an exponential curve fitting for Eqn. (30).
The exponential fit is given by


 = b3e
(b0e(b1zRay)+b2zRay); (31)

whereb0 = �7:63 � 10�7, b1 = 29:03, b2 = �11:75, and
b3 = 514:15.
Figure 2 shows the
 versusz plots corresponding to ex-
ponential fits for the AWGN and the Rayleigh fading chan-
nels as per Eqns. (26) and (31), along with the true value
plots as per Eqns. (25) and (30), respectively. It is seen
that the fit is very accurate over the SNR values of inter-
est. In order to obtain an estimate forzAWGN (zRay),
we replace the expectations in Eqn. (22) for AWGN (and
Eqn. (27) for Rayleigh fading) with the corresponding
block averages, yielding

bz =
[rc � rc]

2

(rc � rc)
2
: (32)

Substituting Eqn. (32) into Eqn. (25) for AWGN (and
Eqn. (30) for Rayleigh fading) we get the SNR estimates,b
, for the AWGN channel (and the Rayleigh fading chan-
nel). We tested the accuracy of the fit by evaluating the
mean and standard deviation of the SNR estimates,b
, de-
termined by over 20000 trials. The block sizes considered
are 1000 and 5000 bits (3000 and 15000 code symbols).
Tables II and III give these results. Note that the true SNR
value (
 = Es=N0) ranges from 1.23 dB to 5.23 dB in
Tables II and III, and corresponds toEb=N0 values in the

range 6 to 10 dB for a rate-1/3 turbo code. From Tables
II and III, it can be seen that the mean SNR estimatesb

through the exponential curve fit are quite close to the true
value of SNR
 and the standard deviation of the estimate
is reduced as the block size is increased.

VI. RESULTS AND DISCUSSION

Simulations were performed using the proposed online
estimator to provideb
 for the iterative decoding of turbo
codes on flat Rayleigh fading channels. For details re-
garding turbo coding and decoding, the reader is referred
to [9]. In this paper, we consider a rate-1/3 turbo code us-
ing two 16-state (constraint length = 5) recursive system-
atic convolutional (RSC) encoders with generator(21=37)8.
A random turbo interleaver is employed. The number
of information bits per frame is 5000. The transmitted
symbols are corrupted by flat i.i.d Rayleigh fading and
AWGN.
We used the log-MAP algorithm in the iterative decoder
[11],[12]. The number of decoding iterations is eight.
The decoder performance is evaluated for seven differ-
ent cases:a) coherent AWGN channel with BPSK signal-
ing andEs=N0 known to the receiver (coherent AWGN
(Ideal)),b) noncoherent AWGN channel with BFSK sig-
naling andEs=N0 known to the receiver (noncoherent
AWGN (Ideal)),c) noncoherent AWGN channel with BFSK
signaling andEs=N0 estimated at the receiver using the
exponential fit of Eqn. (26) (noncoherent AWGN (Est)),
d) Noncoherent Rayleigh fading channel with CSI and
Es=No known to the receiver (Rayleigh CSI (Ideal)),e)
Noncoherent Rayleigh fading channel with CSI and es-
timating the SNR using theexponential fit of Eqn. (31)
(Rayleigh CSI (Est)),f ) Noncoherent Rayleigh fading
channel without CSI andEs=No known to the receiver
(Rayleigh NCSI (Ideal)), andg) noncoherent Rayleigh
fading channel without CSI and estimating the SNR from
theexponential fit in (31) (Rayleigh NCSI (Est)). In cases
c), e), andg), theaverage SNR estimate is computed from
therc’s over each frame (i.e., 15000 symbol observations)
according to Eqns. (26) and (31). This estimated average
SNR is then given as the channel information to the turbo
decoder.
Figure 3 shows the simulated performance of the turbo de-
coder when the proposed SNR estimates derived in Sec-
tion V are used, relative to the performance when per-
fect CSI is used. For coherent BPSK, the performance
is within 0.7 dB of the channel capacity as previously
noted in the literature for BER=10�5 [1]. From Figure
3, we observe that, for BFSK on an AWGN channel, this
capacity relationship is preserved, as a bit error rate of
10�5 is achieved at 8.2 dB, which is about 1.3 dB away
from the limit of 6.87 dB (referEb=No(min) required
for rate 1/3 on AWGN in Table I). Similarly, for the
case of Rayleigh fading with CSI, bit error rate of10�5
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is achieved atEb=N0 = 9:0 dB, whereas, the capacity
limit is 7.47 dB (ref. Table I). For the case of Rayleigh
fading without CSI, a bit error rate of10�5 is achieved
atEb=N0 = 9:6 dB which is 1.6 dB away from the limit
of 8.07 dB (ref. Table I). Figure 3 also shows that the
performance loss in turbo decoding without CSI is within
0.5 dB compared with the case of ideal CSI. Finally, we
observe that the bit error performance of turbo codes on
noncoherent channels with estimated SNR is quite close
to the ideal SNR case (to within0:5 dB).

VII. C ONCLUSIONS

In this paper, we analyzed the performance of turbo codes
on Rayleigh fading channels with noncoherent detection
and without channel state information (CSI). We obtained
the modified turbo decoder transition metric for the case
of no CSI. We proposed an online SNR estimation tech-
nique, for decoding turbo codes, based on the ratio of cer-
tain observables at the output of the noncoherent detec-
tor, for both the AWGN channel and the Rayleigh fad-
ing channel. With information theoretic capacity calcu-
lations, we showed that, for Rayleigh fading channels,
the channel capacity with non-coherent detection with-
out CSI is quite close to the case with CSI. Finally, we
showed, through simulations, that the performance of a
noncoherent turbo decoder on Rayleigh fading channels
without CSI is quite close to the performance with CSI,
for both the cases of true SNR and estimated SNR, and is
just about 1.5 dB away from the performance on a nonco-
herent AWGN channel.
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