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Relay Precoder Optimization in MIMO-Relay
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Abstract—In this paper, we consider robust joint designs of
relay precoder and destination receive filters in a nonregenerative
multiple-input multiple-output (MIMO) relay network. The net-
work consists of multiple source-destination node pairs assisted
by a MIMO-relay node. The channel state information (CSI)
available at the relay node is assumed to be imperfect. We consider
robust designs for two models of CSI error. The first model is a
stochastic error (SE) model, where the probability distribution
of the CSI error is Gaussian. This model is applicable when the
imperfect CSI is mainly due to errors in channel estimation.
For this model, we propose robust minimum sum mean square
error (SMSE), MSE-balancing, and relay transmit power mini-
mizing precoder designs. The next model for the CSI error is a
norm-bounded error (NBE) model, where the CSI error can be
specified by an uncertainty set. This model is applicable when the
CSI error is dominated by quantization errors. In this case, we
adopt a worst-case design approach. For this model, we propose a
robust precoder design that minimizes total relay transmit power
under constraints on MSEs at the destination nodes. We show
that the proposed robust design problems can be reformulated as
convex optimization problems that can be solved efficiently using
interior-point methods. We demonstrate the robust performance
of the proposed design through simulations.

Index Terms—Imperfect CSI, MIMO relay, relay precoding, ro-
bust optimization.

I. INTRODUCTION

ELAY-ASSISTED wireless communication systems

have been studied widely [1]-[3]. Improvement in link
quality and reliability, and increase in coverage area are some
of the benefits resulting from the use of relaying in wireless
systems. Various relaying schemes have been proposed in
the literature. Among them, regenerative and nonregenerative
schemes have been studied widely [1], [2]. In regenerative
relaying, the relay nodes decode the received signal, re-encode
and then transmit it to the destination nodes. Whereas, in non-
regenerative relaying, the relay nodes scale the received signal
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and transmit it to the destination nodes. The nonregenerative
relaying is of practical interest as the signal processing involved
is less complex and is easier to implement. A widely studied
wireless relay-assisted system consists of a single source-des-
tination pair and multiple relay nodes. Relay precoder designs
for such a system have been reported in [4]-[6]. All the designs
in [1]-[6] consider single-antenna relay nodes. Use of relay
nodes with multiple-input multiple-output (MIMO) capability
has the potential for further enhancing the spectral efficiency
and the link reliability. Recently, studies on the application
of MIMO techniques in relay networks have been reported
in [7]-[9]. In [7], a relay precoder design that maximizes
the capacity between the source and destination nodes in a
nonregenerative relay system with single MIMO source-des-
tination pair, and a MIMO-relay is considered. A MIMO
point-to-multi-point system with a MIMO-relay is studied in
[8]. In [9], a source and relay precoder design based on the
minimization of mean-square error (MSE) for a three-node
multi-carrier MIMO-relay network is reported.

Most of the works mentioned above assume the availability of
perfect channel state information (CSI) at the relay node. In prac-
tice, the CSI available at the relay node is usually imperfect due
to different factors such as estimation error, quantization, feed-
back delay, etc. Moreover, the performance of the precoders de-
signed based on the assumption of perfect CSI degrades in the
presence of errors in the CSI. Hence, it is of interest to develop
relay precoder designs that are robust to errors in CSI. Robust
precoder designs for the conventional broadcast channels have
been widely studied [10]-[13]. Robust relay precoder designs
for single-antenna nodes with partial/imperfect CSI have been
studied in [14]-[16]. The robust precoder designs proposed in
[14] are based on the second-order statistics of the CSI. Whereas,
in [15], the robust designs consider only large-scale fading. A
robust relay precoder for minimizing total relay transmit power
under an SINR constraint at the destination node is considered in
[16]. A study on robust MIMO-relay precoder design with SINR
constraints for a multipoint-to-multipoint relay network has been
reported in [17]. Relay precoder designs for a system with mul-
tiple source-destination pairs and multiple MIMO-relay nodes
for perfect and imperfect knowledge of the second order sta-
tistics of channels are studied in [18].

In this paper, we propose joint designs of robust relay precoder
and destination filters for a MIMO-relay system using nonregen-
erative relaying with imperfect CSI at the MIMO-relay. More
specifically, we consider a system with multiple source-desti-
nation pairs assisted by a single MIMO-relay. The source and
destination nodes are single antenna nodes, whereas the relay
node has multiple receive and multiple transmit antennas. We
consider two widely used models for the CSI error [19], and pro-
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pose robust designs suitable for these models. First, we considera
stochastic error (SE) model for the CSI error, which is applicable
when the error is mainly due to inaccurate channel estimation.
The error in this model is assumed to follow the Gaussian distri-
bution. In this case, we adopt a statistically robust design. For this
model, we consider robust precoder designs that are based on 1)
sum mean square error (SMSE) minimization with a constraint
ontotal relay transmit power, ii)) MSE-balancing with a constraint
on total relay transmit power, and iii) minimization of total relay
transmit power with constraints on the MSEs of the destination
nodes. In case 1), we show that the proposed robust precoder/re-
ceive filters design problem can be solved by iteratively solving
a pair of subproblems. The first subproblem is formulated as
a convex optimization problem that can be solved efficiently
using interior-point methods [20]. The second subproblem can be
solved analytically. The proposed iterative algorithm is not guar-
anteed to converge to the globally optimal solution. In case ii) and
iii), we show that the robust design problems can be reformulated
as convex optimization problems with globally optimal solu-
tions. Further, we also consider the robust design of the minimum
SMSE relay precoder and the receive filters with constraints on
the power of individual relay transmit antenna. Next, we consider
a norm-bounded error (NBE) model for the CSI error, which is
applicable when the error is mainly due to quantization. In this
case, we adopt a min-max (worst-case) approach to the robust
design thatis based on the minimization of the total relay transmit
power with constraints on the MSEs at the destination nodes.
We show that this design problem can be solved by solving an
alternating sequence of minimization and worst-case analysis
problems. The minimization problem is formulated as a convex
optimization problem that can be solved efficiently using in-
terior-point methods. The worst-case analysis problem can be
solved analytically using an approximation for the MSEs at the
destination nodes. Here again, the proposed iterative algorithm is
not guaranteed to converge to the globally optimal solution.
Therest ofthe paperis organized as follows. The system model
is presented in Section II. The proposed robust precoder/receive
filters design for SE model is presented in Section III. The pro-
posed robust precoder/receive filters design for NBE model is
presented in Section IV. Section V presents the simulation results
and comparisons. Conclusions are presented in Section VI.

II. SYSTEM MODEL

We consider a wireless relay system with M source-desti-
nation node pairs, and a MIMO-relay node having N receive
and N transmit antennas, as shown in Fig. 1. The source and
destination nodes are each equipped with a single antenna. We
assume that there is no direct link between the transmit and
the destination nodes. We consider a nonregenerative relaying
scheme with half-duplex relay mode. In this mode, during the
first time slot, the #th source node transmits the symbol! z; € C

Vectors are denoted by boldface lowercase letters, and matrices are denoted
by boldface uppercase letters. []*" denotes transpose operation, [-]# denotes
Hermitian operation, [-]* denotes complex conjugation, and E{.} denotes the
expectation operator. & denotes the Kronecker product. :(-) and I(-) denote
real part and imaginary part of the argument, respectively. vec(-) stacks all the
columns of the argument into a single column vector. diag(-) generates a di-
agonal matrix with the argument on the diagonal. Iy denotes N x N identity
matrix.
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Fig. 1. MIMO-relay system model.

with E{|z;|*} = 1. Let o; ; € C represent the channel gain
from the ¢th source node to the jth receive antenna of the relay
node. Define a; = [o102---a; 87,1 < i < M, and
A = [a@; as---ayg]. The signal vector received at the relay
node is given by

y=Ax+p (1)
where y = [y1 y2--uyn]t, x = v meowam]t
o= [p1 p2- - pn]T, pe € C is the noise at the kth receive
antenna of the relay node. The elements of g are independent
and complex Gaussian random variables with zero mean and
E{|s|?} = 02,1 < k < M. During the second time slot, the
relay node transmits the received signal vector after multiplying
it by a precoding matrix W € CN¥*N Let 3; ; € C represent
the channel gain from the jth transmit antenna of the relay
node to ¢th destination node. Define 8; = [8i1 Bi2- - Bin],
1<i<M,andB =[] 85 - -ﬂff]T. The signals received
by the destination nodes, z;, 1 < ¢ < M, can be represented
vectorially as

>

z=BWy+v @)

where z = [z1 22 2x| T, v = [v1 w2 - vyt ,and v; € Cis
the noise at the sth destination node. The elements of v are inde-
pendent and complex Gaussian with zero mean and E{ |, |*} =
02,1 <k < M.Letl' = diag(y1,v2,- - -, Var ), Where ; is the
receive scaling factor at the sth destination node. The estimate
of the transmitted signal vector can be expressed as

x=Iz
=I'BWy +Twv
=I'BWAx +TI'BWu +TI'v 3)

where X = [Z1, T3 - - - Za7]T, and Z; is the signal estimate at the
i1th destination node. We consider CSI uncertainties that can be
modeled as

¢, 1<i<M (4)
T, 1<i<M (5)



UBAIDULLA AND CHOCKALINGAM: RELAY PRECODER OPTIMIZATION IN MIMO-RELAY NETWORKS

where ¢¢;, 8;,1 < ¢ < M are the true CSI, &;,Bi, 1<i< M,
are the imperfect CSI available at the relay node, and ¢;, 7, 1 <
1 < M represent the additive errors in the CSI. Equivalently,

A=A+E (6)
B=B+F (7)
A :A[&l aQ"'aM]sﬁ = [E1Bz§w]:ﬁ = [$1$2"'$M]:

and F = [Ty T2+ @ys]. In a stochastic error (SE) model, E
and F are the channel estimation error matrices. Further, we as-
sume that E and F are Gaussian distributed with zero mean and
E{vec(E)vec(E¥)} = ¢%1, and E{vec(F)vec(F7)} = oL
Such a model is suitable when the CSI error is predominantly
due to the channel estimation inaccuracies. An alternate error
model is a norm-bounded error (NBE) model, where we assume
that ||@;]| < 64,, and ||m;|| < bg,,1 < i < M. Equivalently, e;
belongs to the uncertainty set R, and 3; belongs to the uncer-
tainty set Rg,, where

Ra, = {{I¢ =2 + ¢, 1| < 60, } ®)

and
Ry, = {¢I6 =B+ millmill < 85, ©)

This model is suitable for systems where quantization of CSI is
involved [12].

III. ROBUST PRECODER DESIGN WITH
STOCHASTIC CSI ERROR

In this section, we describe the proposed robust design of
the relay precoding matrix W, and the receive filter I" for the
SE model of CSI error. We adopt a stochastic approach to the
robust design by minimizing the expected values of those ob-
jective and constraint functions that depend on the CSI error.
Such an approach ensures robust performance on the average,
though it does not guarantee robust performance for each indi-
vidual realization of the channel coefficients. We present relay
precoder/receive filter designs based on minimum SMSE and
MSE-balancing criteria.

A. Proposed Robust Minimum SMSE Design

In this subsection, we describe the proposed robust design of
the relay precoding matrix W, and the receive filter I' that min-
imize the SMSE under a constraint on the total relay transmit
power. The CSI available at the relay node consists of . A and
B whereas the actual channel corresponds to A = A+ E,
and B = B + F. Further, the CSI error covariances are as-
sumed to be known at the relay node. In this scenario, we adopt
a stochastic approach to the robust design by minimizing the
expected value of the SMSE?2 with respect to the CSI errors.
Mathematically, the robust design can be expressed as

E{c}
P < Pr

min
w,T

subject to (10)

2In the context of robust designs with stochastic CSI error, all the MSE-based
designs actually use the average or expected value of MSE in the optimization,
though we do not explicitly call them average MSE-based designs.

5475

where ¢ is the SMSE, P is the total relay transmit power, Pr is
the upper limit on the total relay transmit power, and the expec-
tation is with respect to the CSI error E and F'. In the rest of this
subsection, we reformulate the problem in (10) as a convex op-
timization problem. Based on (3), the SMSE can be expressed
as

M

e=>Y e=E{x-x|"}
=1

=tr(TBWA — I)(TBWA —I)#

+o2(TBWWHBHTH) 4 62v(TTH) (1)

where ¢; is the MSE at the ith destination node, and we have
used the fact that E{up”} = 021, and IE{VVH} = ¢21. Sub-

stituting the CSI error model A = A+EB=B+Fin (1),
we can express the expected value of the SMSE as

= = tr(CBWAARWHBHDH) _
+tr< I'Bw { EEH)}WHBHFH)

{ FFWAAHWHFHI‘H)}

2Rtr(TBWA)

{tr(FFWEEH wWHRH PH)}
+ o2ty (TBWWHBHH)
+E {tr(FFWWHFHFH)} oMY+ M (12)

where the expectation is over E and F. We use the following
Lemma I to further simplify the terms in (12).

Lemma I: Let X be a n X n random matrix with
E{vec(X)vec(X)¥} = 1,2, and U and V be matrices
of appropriate dimensions. Then E{tr(XUX"V}) =
o?tr(U)tr(V).

Proof:
E {tr(XUXHV)} =E {tz(X#VXU)}
=E {vec(X)"vec(VXU)}
=tr (UT ® V)E {vee(X)vee(X)H 1)
=?tr(U)tr(V).
The sequence of equalities given above follows from the
following properties of vee(-) and tr(-) operators for any
matrices A, B, and C of appropriate dimensions: i) tr(AB) =
vee(ATY ¥ vee(B), ii) vee(ABC) = (CT @ A)vee(B), iii)
tr(A @ B) = tr(A)tr(B), and iv) tr(AT) = tr(A). ]
Application of Lemma I in (12), and a few algebraic manip-

ulations lead to the following expression for the expected value
of the SMSE:

e=tr ((rﬁwﬁ _I)TBWA — I)H)
+ (r%tr(FﬁWWHﬁHPH)
+ obtr(WAAHWH)ir(THT)
+ MoZottr(WWtr(THT)
+ o2t (TBWWHBHT#)

+ opo2tr(WWer(ITH) + o26e(TT7). (13)
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Note that when 0% = 0, and 0% = 0, (13) reduces to (11),
which represents the SMSE with perfect CSI. The expected
value of the total relay transmit power can be expressed as

P=E {tr(wyyHWH)}
—E {tr (W(.& +E)xx" (A + E)HWH) }
+ o2 tr(WWH)
=t(WAATW) 4 (Mo} + 02) tr(WWH)  (14)

where the expectation operation is with respect to x, , and E.
We can observe from (13) and (14) that the constraint function
in (10) is a convex function of the W, whereas the objective
function is not jointly convex in W and I'. However, the ob-
jective function is convex in W for a fixed value of T" and vice
versa. This implies that we can solve the optimization in (10)
by solving two subproblems alternatively, each of which is a
convex optimization problem. However, we note that the solu-
tion thus obtained may not be globally optimal as the problem in
(10) is not a convex optimization problem. The first subproblem
involves the computation of the relay precoder W for a fixed
value of ', and the second subproblem is the computation of '
for a fixed value of W.

1) Robust Design of Relay Precoder Matrix W : The first
subproblem involves the computation of the relay precoder W
for a given value of the receive filter matrix I'. We can rewrite
(13) as

¢ =|TBWA — I||7 + op|TBWI[% + oF [ WA Z 7]/
+ Mogop|[WIEII® + o TBW| %

+ op IWIEINI + oyl (15)

Further, based on (15), we can express € in terms of w, where
w = vec(W), as

=|Miw —r|]* + (O’% + ai) | Maow||?
+ oz l|*IMswl|? + 0% (o7 + Mog) [|v]1*lw]?
+ o2l (16)

whereM; = AT @ (I'B), M, = I®(I'B),and M, = AT @1
Similarly, we can express the total relay transmit power as

P = || Mswl* + (Mo + o) [[wl|*. (17)

The subproblem of computing the robust relay precoder matrix
‘W for a given value of I can now be reformulated as the fol-
lowing convex optimization program:

min t? + (UE + UE)2 t% + ‘7%||'Y||2t§

w,t1,l2.13,t4
+ 0} (02 + Mo%) |v]*4

IMyw — ¢ < ¢,

|IMaw|| < ts,

IMaw|| < t3,

Il <t

2+ (Ma?;—&-az)ti < Pr

subject to

(18)
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where £, f2, 3, and %4 are auxiliary variables. We have dropped
the last term of (16) in the formulation in (18), as it does not de-
pend on W. The advantage of the convex formulation of the
robust precoder design as in (18) is that it can be solved effi-
ciently using interior-point methods [20], [21].

2) Robust Design of Receive Filter I': The second sub-
problem in the proposed robust design involves the computation
of the receive filter matrix I" for a given W . The computation of
the receive filter matrix I' that minimizes € is an unconstrained
optimization problem unlike the other subproblem. Note that,
the optimum value of v;, 1 < ¢ < M, satisfies the following
condition:

J€ Jg;
= =0,

B = 5o = 1<i<M

(19)

where & = E{¢;}. The estimate of the transmitted signal z; at
the zth destination node can be written as

M
z; = B Waixi + Z BWaz, +~viB;Wp + vivi.

k=1 ki
(20)

We can express the MSEs, ¢;,, 1 < ¢ < M, as

ei=|w; — ;|2
~ R 2
= |vi(B;+m ) W{a; + ¢;) — 1‘
M R 5
Y | B W@ e,
k=1 ki

+ 7 PBi+m ) WR,WH (B, +m) % + |y 202, (21)

Based on (21), the expected value of the MSE at the :th user can
be expressed as

M

G =iBiWa; — 17 + [nl* Y o[ Wa®

k=1
+ MyilPo g |8 WP + My Popo [ W %
M
—- N ~H
+nl Y IBWa + |[ylfol B WW ! B;
k=1,k#i
+ |’yi|20%aitr(WWH) + |y %o, (22)
From the optimality condition in (19) we have
OE{e} oOE{e}; 0
oG o
=1
:m.i:(”bbi), 1<i<M (23)
where a; = Biwai, and
M
bi=Y_ op|War|® +Mog|B;WI|* + Magorl|[ W[5 +0;
k=1

M
~ R o~ ~H .
+ §j 1B;Way|”+0.B,WW"B, +oiol|[W|5. (24)
k=1,k+#i
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TABLE I
ALGORITHM FOR COMPUTATION OF PRECODING MATRIX W AND
RECEIVE FILTER T

Select Nz (maximum number of iterations), 7%, (convergence threshold),
Initialize X0 = [W° 0]

Hn=0

2) while n < Npaz

3) Compute W+ using T'* in (18)
4) Compute T+ using W1 in (23)
5) xn+1:[wn+1 ,Yn+1

6) if ||x"+1 —x™|| < Ty, then

7) break

8) endif

Nn—n+1

10) endwhile

3) Iterative Algorithm for Solving (10): The complete algo-
rithm to compute the robust relay precoder matrix W, and the
matrix of receive filters for the destination nodes I', which es-
sentially solves (10), is given in Table I. At the (n + 1)th itera-
tion, the value of W is the solution to the following problem:

W" ! = argmin E(W,P""_l)
W:P<Pr

(25)

which can be solved using (18). Having computed W™+ T"+1
is obtained as the solution to the following problem:

It = arg mine(W"+1.T). (26)
r

The iterative optimization over { W} and {I"'} can be repeated

until optimization variables converge. From (25) and (26), we

have

WL T < g WL T < (W™ T™).  (27)

Coupled with the fact that the SMSE is lower bounded, (27) im-
plies that the proposed algorithm is guaranteed to converge to
a limit as n — oo. However, as noted earlier, convergence to
the globally optimal solution is not guaranteed. The iteration is
terminated when the norm of the difference in the results of con-
secutive iterations are below a threshold or when the maximum
number of iterations is reached.

4) Robust Design With Per-Antenna Power Constraints: As
each antenna at the MIMO-relay node usually has its own am-
plifier, it is important to consider precoder design with con-
straints on power transmitted from each antenna. For incorpo-
rating per-antenna power constraint in the proposed robust min-
imum SMSE design, only the precoder matrix design (18) has to
be modified by including the constraints on power transmitted
from each antenna as given below:

min 2+ (Ui + O'E)Z 2+ ok |ly|*2

W.t1,t0,t5.t
+og (o5 + Mog) [11°4
(IMyw —r| <.

[Maw]| < 2,

[Maw|| < ta,

[wl < L4,

subject to
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(Mog +0p) 1T @ ¢)w|”

N 2
+||AT @ gow| <P 1<k<M @8

where @, = [01x% -1 1 O1xx %], and P¥ is the upper limit on
the power for the kth relay transmit antenna. The receive filter
I" can be computed using (23). Hence, the algorithm in Table I
can be used to obtain the robust design with per-antenna power
constraints with W computed using (28) and I" computed using
(23). As in the case with the total power constraint, the resulting
solution is not guaranteed to be globally optimal. Further, the ro-
bust design with per-antenna power constraints is computation-
ally more complex compared to that with total power constraint
due to the additional SOC constraints in (28).

B. Robust MSE-Balancing Relay Precoder Design

When the CSI available at the relay node is imperfect, the
problem of robust design of relay precoder based on MSE-bal-
ancing with a constraint on the total relay transmit power can be
expressed as

min max €
s k!
subject to P < Pr. (29)
The problem given above is equivalent to
min t
AN
subject to G <t, 1<i<M,
P < Pr (30)

where t is a slack variable. The expression for €; given in (22)
can be rewritten as

& =B WA — &> + |vil* (Mo}, + O—;QL) 18, W|?
+ [vilPok (Mog 4+ 02) [W|%

+ [P0 B | WA F + |vil?o) 31

where e; is a column vector whose ith component is 1, and
the rest are 0s. The problem in (30) can be reformulated as the
following optimization problem:

min i
W.Lri,re,r3,m0,t

(r)7 + (r3)” + 02 (re)? + (ra)* < 931,
1B;WA — tei| < 7

(Mo2 +o2)|B;W| <1, 1<i< M
IMsw|| < 73

[wll <74
r3 4+ \/(Mo% +o2)rs

where v; = 1/v;, and 4,75, 75,74, 1 < i < M are slack
variables. The problem in (32) is a quasi-convex optimization
problem, which can be solved through a sequence of bisection
search and solution of a convex feasibility problem [20]. Sup-
pose t* is the optimal solution of the problem in (32). For a fixed

subject to

<VPr (32)
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TABLE 11
ITERATIVE ALGORITHM FOR THE ROBUST MSE-BALANCING
RELAY PRECODER DESIGN

Set the interval [b; by] that contains the optimum value of the objective.
Set desired tolerance K

HDn=0

2) while b, — b; < Kk

3 r— (b +bu)/2

4) Solve (32) for t = r

5) If feasible, by, < 7, else b; — r.
6) endwhile

value of ¢, the problem in (32) is a convex feasibility problem,
i.e., to find the set of optimization variables that satisfy all the
constraints. If the problem is feasible for a fixed value of ¢, we
can see that £* < ¢, otherwise ¢t* > ¢. Based on this fact, we can
devise an iterative algorithm to solve the problem in (32). The
iterative algorithm given in Table II involves a bisection search
in ¢, and a solution of a convex feasibility problem. As the ob-
jective ¢ represents MSE, b; can be initialized as zero, and b,
can be initialized as a sufficiently large value. The size of the
interval for search is reduced by half at each step, and so the it-
eration is guaranteed to converge in [log, ((b,, — b;)/k)] steps,
where x is the convergence threshold, and [x] represents the
lowest integer greater than or equal to x. Further, as the feasi-
bility problem is convex, this algorithm will converge to a glob-
ally optimal solution.

1) Robust Relay Power Minimizing Precoder Design: The
design of a robust relay precoder that minimizes the total relay
transmit power with constraints on MSEs at the destination
nodes is closely related to that of the MSE-balancing precoder
considered earlier. Such a precoder is of interest when there is
a requirement to maintain a specific quality-of-service (QoS) at
the destination nodes. This design problem can be stated as

min P
w,T

subject to G <mn, 1<i<M (33)

where 7; is the maximum allowed MSE (MSE target) at the ¢th
destination. Based on the earlier developments, this problem can
be reformulated as the following convex optimization problem:

min 2

W.IT',r1.m2,0r3,7m4,t
r3 + 4/ (iMa% + 0’3)’(’4

i 2 i 2
(r)) "+ (r) +o2(rs)*+(re)> <¢in;
|1B; WA — ;e < Ti
(Mo3+02)|BW| <rb, 1<i<M
[Msw| <rs

Wil <7s.

subject to <t

(34)

Being a convex optimization problem, it has a unique optimal
solution and can be efficiently solved using interior-point
methods. However, the precoder designed using (34) for given
CSI satisfies the MSE constraints only on the average, not for
each individual realization of the CSI error. The problem of
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robust design that satisfies MSE constraints for each realization
of the CSI error in a specified uncertainty set is addressed in
the next section.

IV. ROBUST PRECODER DESIGN WITH
NORM-BOUNDED CSI ERROR

In this section, we propose a robust design of the relay pre-
coding matrix W and the receive filter I' in the presence of CSI
error that follows the NBE model. The design seeks to minimize
the total relay transmit power while meeting MSE constraints at
all the destination nodes. When the CSI available at the relay is
imperfect with errors of bounded norm, we can make the relay
precoder and the receive filter robust by ensuring that the pre-
coder and the receive filter satisfy the MSE constraints for all
possible CSI errors satisfying the norm bound. Mathematically,
this problem can be represented as

min P
w.r
subject to ¢ <,

@ €Ra, B, €Rs, 1<i<M (35)

where P is the total relay transmit power, and ¢; is the actual
MSE at the 2th destination node. The problem above is equiva-
lent to

min T
W, I'r
subject to max P<r
a; €ER,, Vi

max

€ <1
@ €R., B, ERg, Vi

(36)
where 7 is an auxiliary optimization variable. Though an exact
solution to this problem is difficult, we propose a tractable
solution based on the cutting-set method [22]. The cutting-set
method is an effective technique to solve worst-case convex op-
timization problems with parameter uncertainty. The uncertain
parameters are assumed to belong to some given uncertainty
sets. In this method, the worst-case optimization alternates
between an optimization step and a worst-case analysis step.
The optimization step involves the computation of the optimal
solution for fixed values of the parameters, and the worst-case
analysis step involves maximization of the constraint functions
over the uncertainty sets. The cutting-set method leads to the
robust optimal solution if the worst-case analysis step results in
exact solution. The proposed solution involves solving an alter-
nating sequence of two subproblems, viz., 1) precoder/receive
filter design with fixed channel vectors, and ii) computation
of worst-case channel vectors for a fixed precoder and receive
filter. We note that the precoder/receive filter design with
perfect CSI is a special case of the problem described above,
which involves only solving once the first subproblem using the
perfectly known channel vectors. The following subsections
describe the solutions of the first and second subproblems
and the iterative algorithm to solve the overall robust design
problem.

A. Precoder/Receive Filter Design for Given Channel Vectors

The first subproblem in the proposed robust design is the
computation of the relay precoder W and the receive filter T’
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for a given set of channel vectors v;, 8;,1 < ¢ < M. This com-
putation involves the minimization of the total relay transmit
power under MSE constraints at the destination nodes. Mathe-
matically, this problem can be written as

min T
WwW.I'r
subject to P
€ <m, 1<i<M. (37)
The total relay transmit power can be expressed as
P=E{|Wy|?)
_IE{W I7\77 ®y ) (17\2 ®yT)~}
= W I_Nz ([E { H T})
(I_,w o (AAT +R,) ) W (38)

where w = vec(W7T),and R,, = E{pp™ }. The estimate of the
transmitted signal 2; at the sth destination node can be written
as

M
T =viB;Waz; + v, Z B;Wayzy, +v8,Wp + viv;
k=1k#i
M
=B (In@al)wri+ Y, B (Iv ® af ) Wa
k=1k#£i
N
+) 7B (In ® 1) Wi + vivi. 39)
k=1

From the expression given above, the MSE at the th destination
node can be written as

€; :[E{|./L\7 —lez}

= |78, (I\ ® a — 1|
M 5
vl > 18 (Iv @ af) W]
k=1, ki

N

Y 18 (I @i0) w[” 02, + hil??. (40)
k=1

The MSE constraints at the destination nodes can be written as

M
B, (Iy @ al) w1+ 12 S |8, (Iy @ af) W]
k=1,k#

. 12 5 < .
N i) W[ oy, ltel <mi, Vi

N
+ Y18 (T
k=1

M
=16 (Ivowal)w—y + Y |8 (Ivwal)w|
k=1k#i
N 5
+ 3018 (Iv @il ) W| 0, +02 <milyi Vi, (@1)
k=1
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where 1, = 1/4;. The precoder/receive filter design problem as
obtained by substituting (41) in (37) is not a convex optimiza-
tion problem. We can transform this problem into a convex op-
timization problem as follows. Let

Pl (4D

: ‘Pﬁq (P::, - Q/fi) Z’§+1 e

where pj, = B,(In®a )W.Letq’ = [¢igb - -~ ¢iy], where ¢}, =
B,(Ix @il)Wao,,. The constraints in (41) can be reformulated
as

2 : .
" < milyil®, Vi

I[p" o o] (43)

The precoder design that minimizes the total relay transmit
power under MSE constraints at the destination nodes can be
expressed as

min T

w {w:},7

subject to - wH (INQ 2 (AAY 4 R,J,)T) w7

i, 1<1

Ilp" o ou] <M (44)
where we have assumed v;, 1 < ¢ < M, are nonnegative
real numbers. As the first constraint in the problem in (44) is
a convex quadratic constraint and the rest are SOC constraints,
the problem given above is a convex optimization program. The
assumption that {1, } are nonnegative real numbers is required
in order to express (43) as SOC constraints in the convex formu-
lation in (44). If there is only a single constraint of the form (43),
i.e., M = 1,then (37) and (44) are equivalent as the phase factor
of ¢ can be absorbed into w without affecting the objective and
other constraints. However, when there are multiple constraints
of the form (43), i.e., M > 1, then the solution of (44) can pro-
vide only an approximate solution of (37) as the phase factors
of all the constraints cannot be simultaneously absorbed by w.

B. Computation of Worst-Case Channels

The second subproblem in the proposed robust design in-
volves the computation of the worst-case channels, i.e., those
channel vectors that belong to the uncertainty region and max-
imize the total relay transmit power and the MSEs at the desti-
nation nodes.

First, we consider the computation of the worst case channels
that maximize the MSEs for a given precoder and receive filter.
If the worst-case analysis problem can be solved exactly, then
the exact robust optimal solution to the problem above is pos-
sible. But, in the present problem, it turns out that an exact so-
lution to the worst-case analysis, i.e., the computation of ex;, 3;,
1 <4 < M that maximize P and¢;, 1 < ¢ < M, is not possible
due to the nonconvexity of this problem. Hence, we propose an
approximate solution to the worst-case analysis problem. We
can express the MSEs, ¢;, 1 < i < M, as

R 2
e = |v(B; + 7)) W(a; +¢,;) — 1’
M

+al? Y

k=1.k#i
+ |7 *(B; + m) WR, W (B, + 7)) + |0

‘(Ei ) W@ + qs,f)‘2

(45)
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Let a;, 1 < k < M, and 7 be the optimal solution of the
following problem:

max €
{QSk}Iy:u"i
subject to opll? < 6a,y 1<k <M,

]| < 8. (46)

Then &, = a; —I—Ei,, 1<k< M,andﬁL = Bi+fi correspond
to the worst-case channels that give rise to the worst-case
MSE at the :th destination node, given the imperfect CSI
({ak}ﬁl,ﬂi) at the relay, and the CSI error norm bounds
{8 }k1:1 and 6, . Note that the MSE at the 4th destination node
is a function of the source-to-relay channel vectors of all the
source nodes, i.e., &y, 1 < k < M. Referring to (45), we can
see that solving (46) exactly is quite difficult. To significantly
simplify the problem, we approximate ¢; in (46) by neglecting
those terms in (45) that involve second and higher orders of
{‘151«}}2/[:1 and ;. We can approximate the MSE at the 7th source
node as

i T+ 2R{(05 — 1) B W}~ 2R{(05 — 1)1, Way;}

M
+2 Z R{0B, W, }

k=1,k#i
M
+oRem | > 0 War + WR,WB" (47)
k=1,k#i

where 8;; = B; Wa;, and¥; is obtained by setting ¢; = x; = 0,
1 < i <€ M, in (45). Considering the terms involving ¢, and
7. in (47), and applying Cauchy—Schwartz inequality, we can
determine the worst-case CSI error vectors as follows:

6 = Ba, (6. — OVWHBH i (48)
(6;; — YWHB] ‘

G= oG WUBT WiVk4i  (49)
HikWHﬂfJ

., 0Og .

‘ll'L:#fi7 Vi (50)
[1£:]]

where

M
> 0hWa + WR,Wg"
k=1k#i

(51

Next, we consider the computation of the worst case channels
that maximize the total relay transmit power. The total relay
transmit power can be expressed as

M
P =) (a,+¢) " WIW(@+ ¢, + trace( WR, WH).

k=1
(52)
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As the last term in (52) does not depend on the CSI error, the
worst-case channel vectors maximizing the total relay transmit
power is obtained by solving

M

Z(ak + ) WHIW (@ + ¢,). (53)
k=1

max u
{o:lle:lI<ta; }7

The problem in (53) is equivalent to the following individual
problems for 1 < k < M:

(@, + ) "W W(@, + ¢,).

max

(54)
@l e ”S‘Sa,‘,

The constraint in (54) is always active. So, the optimality con-
ditions [20] can be written as

VLp=0 (55a)
¢r ¢y — 62, =0 (55b)
p>0 (55¢)

where V is the gradient operator, p is the Lagrange multiplier,
and L}, is the Lagrangian associated with (54),

Li = (@+an) "W W (G +¢,)+0 (876, — 82,) . (56)
From (55a) and (56), we get

b, = —(WEW + pI) ' WH Way. (57)

Let WHW = UAV# be the singular value decomposition

of WHEW , where U and V are unitary matrices, and A is a

diagonal matrix containing the singular values A; 1 < 7 < N.
Then, based on (57) and (55b), we can show that
1 b1, = gt A(A + pI) *Agy = 62,

N .

Z lgra?A] 52
Y

i=1

=0, (58)

where g, = VP ay,, and g3, is the ith element of g;,. The La-
grange multiplier p can be determined by solving (58).

We note that since the worst-case design in this subsection is
based on the approximate expression for MSE in (47), even if
the channel is in the assumed uncertainty region, some of the
resulting solutions might have slightly violated the MSE con-
straints. However, such violations are negligible as the effect of
second and higher order terms of CSI error is quite insignificant
in the case of small CSI error.

C. Iterative Algorithm for the Robust Design

The proposed robust precoder design involves iterating over
a sequence of minimization and worst-case analysis steps de-
scribed in the previous two subsections till a stopping criterion
is met. We start with the set S of channel vectors, which initially
contains only the imperfect CSI @;, 8;, 1 <4 < M available at
the relay node. The first step involves the solution of the opti-
mization problem in (44) for all elements of the set S. This step
computes W, I', and 7 for a given S. The second step is the
worst-case analysis as described in the previous subsection. If
the resulting worst-case channels violate the constraints in (44)
for the values of W, T', and 7 computed in the previous step,
these channel vectors are added to S. So, during the worst-case
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analysis step in each iteration, the set S of the worst-case chan-
nels may be expanded depending on the constraint violations.
During the minimization step in each iteration, the precoder
and the receive filter are optimized to meet MSE constraints
for increasing number of worst-case channels resulting in in-
creased robustness. These two steps are iterated till maximum
constraint violation max;(é; — 7;), where ¢€; is the worst-case
MSE at the :th destination node, becomes less than a certain
threshold. When the worst-case analysis problem has an exact
solution, these iterations lead to the robust optimal solution [22].
For the problem considered here, the worst-case analysis is ap-
proximate, and the iteration is not guaranteed to lead to the ro-
bust optimal solution. However, our simulations show that the
proposed design is robust to the CSI errors.

V. RESULTS AND DISCUSSIONS

In this section, we illustrate the performance of the proposed
robust designs of the MIMO-relay precoder and receive filter,
evaluated through simulations. We compare the performance of
the proposed robust designs with that of the nonrobust designs.
The channel fading is modeled as Rayleigh, with the channel
vectors iy, B, 1 < k < M, comprising of independent and
identically distributed (i.i.d) samples of a complex Gaussian
process with zero mean and unit variance. The noise at each
node is assumed to be zero-mean complex Gaussian random
variable.

First, we consider the performance of the robust MIMO-relay
precoder designs presented in Section III for the stochastic CSI
error model. For this model, results for the perfect CSI case is
obtained assuming A = A B = B and using o = o =0
in the algorithm in Table I. Results for the nonrobust design
is obtained assuming A = A+ E,B = B+ F, but setting
op = op = 0 in the algorithm in Table I and Table II. In other
words, in the case of nonrobust design, even though the actual
channels are different from the CSI estimates available at the
relay node, the precoder is designed neglecting this difference.
For a comparison of the performance of the proposed robust
design with that of the nonrobust design, first we consider the
average SMSE in the presence of CSI errors. For this purpose,
we consider a system with M/ = 3 transmit nodes communi-
cating with M = 3 destination nodes, and a MIMO-relay with
N = 3 Tx/Rx antennas. The average SMSE versus the SNR is
compared for different values of o, and o, and the results are
shown in Fig. 2. The SNR is defined as SNR = P/(No?.). The
results show that the proposed robust design outperforms the
nonrobust design. It is found from the results that the difference
between the performance of the robust and nonrobust designs
increases with the SNR. This can be observed in (16), where
the CSI error variances are amplified by the squared norm of
the precoding matrix, which is proportional to the relay transmit
power. Further, we compare the performance of nonrobust de-
sign and the proposed robust design in terms of average SMSE
versus CSI error variance. For this comparison, we consider two
system configurations, one with N = M = 3, SNR = 30 dB,
and the other with V. = M = 4, SNR = 20 dB. The results
are shown in Fig. 3. In both the configurations, the robust de-
sign is found to perform better than the nonrobust design. At
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Fig. 3. Average SMSE versus CSI error variance. N = A = 3, 4, Relay SNR
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higher CSI error variances, the performance gain achieved by
the robust design in terms of the average SMSE increases sig-
nificantly. For example, the difference in the average SMSE be-
tween nonrobust and robust design for o = o = 0.25, is
more than six times the difference for o = oF = (.15. The
convergence behavior of the proposed design is shown in Fig. 4.
We consider a setup with A = 2 source-destination pairs and
a MIMO-relay with N = 2 Tx/Rx antennas. We have shown
the convergence results for different values CSI error variances
and different initialization methods of the algorithm. We have
shown the results for initialization of the precoder matrix with a
random matrix and a unit matrix. Results show that initialization
with a random matrix results in faster convergence compared to
initialization with a unit matrix. We can observe that the algo-
rithm converges in less than 10 iterations when initialized with
a random matrix, whereas it converges in around 13 iterations
when initialized with a unit matrix. The performance of the ro-
bust MSE-balancing precoder design is shown in Fig. 5. For this
study, we consider a system with A/ = N = 3. The maximum
MSE among the destination nodes versus the SNR is obtained
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for different values of CSI error variance. As CSI error variances
increases, the performance improvement achieved by the robust
design compared to the nonrobust design is found to increase.
Next, we present the performance of the robust designs pro-
posed in Section IV for the norm-bound model of CSI error.
We compare the performance of the proposed robust design
with that of the nonrobust design. The nonrobust design of the
precoder and receive filter are obtained by solving (44) using
mmbak, ﬁk, 1 < k < M. In all the simulations for the NBE
model, we have assumed 1; = 7, 64, = 6g, = 0,1 <1 < M.
For a comparison of the performance of the proposed robust
design with that of the nonrobust design, first we consider the
cumulative distribution of achieved MSEs in the presence of
CSI errors. For this purpose, we consider a system with M = 4
transmit nodes communicating with M = 4 destination nodes,
and a MIMO-relay with N = 4 Tx/Rx antennas. The target
MSE is set as 0.2 for all destination nodes. To estimate the cu-
mulative distribution, we use ¢, Ty, 1 < k < M, satisfying
the norm constraints. The results are shown in Fig. 6. The results
show that the nonrobust design fails to meet the MSE target with

Fig. 6. Cumulative distribution of achieved MSE ¢; = ¢,1 < ¢ < M. Target

r

Ge

Fig. 7. Probability of outage Pr{e; > 1} versus channel estimation error
variance. Target MSE 5 = 0.1, 6 = 0.05, 0.1, 0.15, A = .V =4, 0‘ ==
0.1.

higher probabilities for larger values of the CSI error bounds.
The robust design results in MSE less than the target MSE even
in the presence of CSI errors. We also evaluate the performance
of the proposed design in the presence of CSI errors that are
Gaussian distributed. For this study, we consider a system with
M = N = 4, and the target MSE © = 0.1 for all destina-
tion nodes. The components of the CSI error vectors ¢,,, and 7y
are generated as independent and identically distributed com-
plex Gaussian random variables with zero mean and variance
2. We compare the performance of the nonrobust design and
robust design in terms of the probability of outage defined as
Pr{e; > n;} versus CSI estimation error variance. Probability
of outage for the nonrobust design and the robust design with
4 = 0.05, 0.1, 0.15 are shown in Fig. 7. The probability of
outage of the nonrobust design significantly increases with in-
crease in the CSI error variance, whereas the robust design re-
sult in zero or very low outage depending on design value of 8.
For example, when o, = 0.06, the probability of outage is neg-
ligibly small for the robust precoder designed with 6 = 0.15,
and it is 0.045 for § = 0.1, whereas it is 0.83 for the nonrobust
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design. Further, we study the performance of the proposed de-
sign in terms of total relay transmit power versus MSE target
for different values of CSI error bounds. For this purpose, we
consider a set-up with system parameters setas M = N = 4,
o> = o7 = 0.1. The total relay transmit power resulting from
the robust and the nonrobust designs in the presence of CSI er-
rors is estimated through simulations. The results are shown in
Fig. 8. The results show that the total relay transmit power re-
quired to achieve a given MSE target increases with increase in
the CSI error norm bound. Comparing with the results in Fig. 6,
we observe that this increase in transmit power is the price to
pay for ensuring that the MSE constraints are satisfied in the
presence of CSI errors. Finally, the convergence behavior of
the proposed design is shown in Fig. 9. We consider a set-up
with M = 6 source-destination pairs and a MIMO-relay with
N = 6 Tx/Rx antennas. The target MSE is 0.3 at all the desti-
nation nodes. We have shown the convergence results for CSI
error norms & = (.01, 0.03, and 0.07. From the results, we can
observe that the algorithm converges in less than four iterations
of the minimization and worst case analysis steps.
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VI. CONCLUSION

We presented MIMO-relay precoder/receive filter designs
that are robust to CSI errors following SE and NBE models.
For the SE model of CSI errors, we presented robust designs
based on minimum SMSE with a constraint on relay transmit
power, MSE balancing with a constraint on relay transmit
power, and minimization of total relay transmit power with
MSE constraints at the destination nodes. For the NBE model
of CSI errors, we presented a robust design based on relay
transmit power minimization with MSE constraints at the des-
tination nodes. We showed that these robust design problems
can be formulated as convex optimization problems that can
be solved efficiently. We presented simulation results that
illustrate the improved performance of the proposed robust
designs compared to the nonrobust designs in the presence of
CSI imperfections at the MIMO-relay.
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